
DELHI UNIVERSITY LIBRARV 

fl No. 1 ^ 

AC No. ' '' Dale of 

Tills boolc should be returned on or before the date last stampec 
below An overdue charge of S Paise will be collected for each 
day the book is kept overtime 





STUDIES IN SEMANTICS 
VOLUME I 


INTRODUCTION TO SEMANJ^’CS 



LONDON : GEOFFBEV CDUBEBLEGB 

ozvoaD uKxvEBsnr nsss 



INTRODUCTION TO 
SEMANTICS 


By RUDOLF CARNAP 

Professor of Philosophy, tn the University of Chicago 



CAMBRIDGE ■ MASSACHUSETTS 

HARVARD UNIVERSITY PRESS 

1948 





COPTRIGBT, 1942 

BY THE FBESIDENT AND FELLOWS OF HARVABD COIXEOE 

Third Printing 


PUNTED AT THE HARVARD UNZVERSDT PBZMTINO OPTICE 
CAMBRIDGE, UASBACBTrSETIS, 



PREFACE 


The purpose of this book 

In recent years many philosophers and scientists interested 
in the logical analysis of science have become aware that we 
need, in addition to a purely formal analysis of languag e,' an 
analysis of the signif3dng function of language — in other 
words, a theory of meaning and interpretation. ' It is the 
purpose of this book to furnish a theory of this kind, called 
semantics. It will be seen that this theory, if sufficiently 
developed, contains not only a theory of designation, i.e. 
the relation between expressions and their meaning, but also 
a theory of truth and a theory of logical deduction. 

Semantical concepts are often used, not only in science but 
in everyday life. \^en, for example, a person says that a 
certain word is used by him in a different sense than by some- 
body else, or that a certain assertion is true or that it is false, 
that a particular statement is analytic, i e. true for purely 
logical reasons, that another statement follows from the first, 
or is compatible with it or contradicts it, — then in all these 
cases he applies semantical concepts. Thus some of the prob- 
lems of semantics deal with familiar concepts and are by no 
means new. The task of a systematic construction of seman- 
tics is to find adequate, exact definitions for the customary 
semantical concepts and for new concepts related to them, 
and to supply a theory based on these definitions. 

The development of semantics 

Semantical concepts, especially the concept of /truth, have 
been discussed by philosophers since ancient times. But a 
systematic development with the help of the exact instru- 
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ments of modern logic has been undertaken only in recent 
years. This development originated with the Warsaw school 
of logicians. This group has made many contributions of 
great value to contemporary logic and the logical foundations 
of mathematics, their work has, for the time being, been in- 
terrupted by the invasion of Warsaw. There S. Lesniewski, 
in lectures from 1919 on, analyzed semantical concepts, espe- 
cially the concept of truth and the semantical antinomies; 
and T. Kotarbinski, likewise in lectures and later (1926) in 
his book, made an elaborate analysis of certain semantical 
and related pragmatical concepts. (For a summary in Ger- 
man of his book see R. Rand, Erkenntnis 7, 1938-39 ) On the 
basis of these preliminary analyses, Alfred Tarski (who is now 
in this country) laid the foundation of a systematic construc- 
tion. In his book on the concept of truth (Polish, 1933; Ger- 
man translation, 1936), he set forth a method for defining the 
semantical concept of truth with respect to deductive sys- 
tems and arrived at very important results, among them an 
answer to the question under what conditions a language of 
semantics is rich enough for the construction of an adequate 
definition of truth for a given system Unfortunately, the 
whole development of semantical investigations in Poland 
remained unlaiown to the outside world until 1936 because 
the pertinent publications were in Pohsh only. This fact, 
incidentally, confirms once more the urgent need for an inter- 
national auxiliary language, especially for scientific purposes. 

Tarski, both through his book and in conversation, first 
called my attention to the fact that the formal method of 
syntax must be supplemented by semantical concepts, show- 
ing at the same tune that these concepts can be defined by 
means not less exact than those of syntax. Thus the present 
book owes very much to Tarski, more indeed than to any 
other single influence. On the other hand, our conceptions of 
semantics seem to diverge at certain points. First — as will 
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be seen by a look at the Table of Contents of this book — I 
emphasize the distinction between semantics and syntax, i e. 
between semantical systems as mterpreted language systems 
and purely formal, uninterpreted calculi, while for Tarski 
there seems to be no sharp demarcation. Second, within se- 
mantics, 1 stress the distinction between factual truth, de- 
pendent upon the contingency of facts, and logical truth, 
independent of facts and dependent merely on meaning as 
determined by semantical rules. I believe that this distinc- 
tion is indispensable for the logical analysis of science; and 
one of the chief problems discussed in this book is that of 
representing this distinction, which has been made in some 
form or other by most philosophers since ancient times, by 
exact semantical definitions. Here again, Tarski seems to 
doubt whether there is an objective difference or whether the 
choice of a boimdary line is not more or less arbitrary, (The 
two points of divergence mentioned seem, incidentally, to go 
back to a common root, ndinely to the distinction between 
logical and descriptive signs.) At present, it is not quite clear 
to me whether the divergence is a genuine difference of opin- 
ion or perhaps merely a difference in emphasis, direction of 
attention, and preference in procedure. 

Arguments con and pro semantics 

While many philosophers today urge the construction of a 
system of semantics, others, especially among my fellow 
empiricists, are rather sceptical They seem to think that 
pragmatics — as a theory of the use of language — is unob- 
jectionable, along with syntax as a purely formal analysis; 
but semantics arouses their suspicions. They are afraid that 
a discussion of propositions — as distinguished from sen- 
tences expressing them — and of truth — as distinguished 
from confirmation by observations — will open the back door 
to speculative metaphysics, which was put out at the front 
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door. Some metaphj'sicians have indeed raised futile issues 
concerning truth, or rather the Truth, and I certainly should 
not hke to help in reviving them The same, however, holds 
for many other concepts, e g number, space, time, quality, 
structure, physical law, etc. Should we then refrain from 
talking about them in a non-metaphysical, scientific way? 
It seems to me that the only question that matters for our 
decision in accepting or rejectmg a certain concept is whether 
or not we expect fruitful results from the use of that concept, 
irrespective of any earlier metaphysical or theological doc- 
trines concerning it. 

Will the semantical method lead to fruitful results? Since 
the development of semantics is still in its very beginning, it 
is too early to give a well-founded answer But the use of 
this method for the construction of a theory of truth by 
Tarski and its use in the present book for the construction of 
a theory of logical deduction and a theory of interpretations 
of formal systems seem to justify the expectation that se- 
mantics will not only be of accidental help to pure logic but 
will supply the very basis for it In addition, I believe, se- 
mantics will be of great importance for the so-called theory 
of knowledge and the methodology of mathematics and of 
empirical science However, the form in which semantics is 
constructed in this book need not necessarily be the most 
appropriate for this purpose. This form is only a first at- 
tempt, its particular features, e.g. the contrast between se- 
mantics and s)mtax, and that between logical and factual 
truth, not to mention all the minor features, may possibly 
undergo fundamental changes in their further development. 
But it seems plausible to assume that both pure logic and the 
methodology of science wiU continue to require a method 
which — hke that of semantics and syntax at present — 
sacrifices through abstraction some of the features which a 
full, pragmatical investigation of language would take into 
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account, and thereby gains an exactness not attainable by 
tke empirical concepts of pragmatics. 

Plan of a series of books 

The present book is the first of a series of small books which 
will appear under the common title Studies in Semantics. The 
further units of this series will m general be independent of 
one another, but each of them presupposes this first volume, 
which gives a general introduction to the field and an expla- 
nation of the most important concepts, many of which will be 
used in later studies. The second volume (see Bibliography) 
will deal with the problem of whether a full formalization of 
logic is possible and how such a formalization can be made. 
Logic will then be regarded as represented by a semantical 
system, and a formalization of logic will consist in the con- 
struction of a corresponding calculus (syntactical system). 
A full formalization would be a calculus which mirrors all 
essential properties of the system of logic in a formal way 
such that the intended interpretation is the only one possible 
It will be shown that the customary forms of the calculus of 
logic (propositional and functional calculus) do not fulfil this 
condition. With the help of new basic concepts, to be used 
both in syntax and in semantics, a new calculus will be con- 
structed which represents a full formalization of logic. 

Use of symbols 

In the present book, s)Tnbols of symbolic logic are used 
chiefly in examples and seldom for the systematic construc- 
tion of semantics. Nevertheless, a knowledge of the elements 
of symbolic logic will generally be of great help in under- 
standing, because the general viewpomt of modern symbolic 
logic, if not its technical details, is essential for our conception 
of semantics. A survey of those symbols and terms of S3nn- 
bolic logic which are used in this book is given in §6. 
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While the first chapter contains explanations that are eas- 
ily comprehensible, the remainder of the book is on a mere 
tp. chni ra.1 level Some devices are used to facilitate reading. 
Material not absolutely necessary for an understanding of the 
main text is printed in small type, e.g. digressions into more 
technical problems, examples, proofs, references to other 
authors, etc. Among the numbered definitions and theo- 
rems, the more important are marked by ‘ ’. Each chapter 

and each section is preceded by a brief summary. This will 
enable the reader to look back over what has been covered 
and to anticipate the path immediately ahead, so that he will 
not feel lost in the jungle. 
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INTRODUCTION TO SEMANTICS 




A. SEMIOTIC AND ITS PARTS 

Semiotic, the theory of signs and languages, is divided into 
three parts, pragmatics, semantics, and syntax. Semantics is 
divided into descriptive and pure semantics, s}mtax is divided 
analogously into descriptive and pure syntax. The present 
book deals with pure semantics, pure syntax, and their rations. 

§ 1. Object Language and Metalanguage 

The language spoken about m some context is called the ob- 
ject language, the language in which we speak about the first is 
called the metalanguage. 

A language, as it is usually understood, is a s}rstem of 
sounds, or rather of the habits of producing them by the 
speaking organs, for the purpose of communicating with other 
persons, i.e of influencing their actions, decisions, thoughts, 
etc. Instead of speech soimds other movements or things 
are sometimes produced for the same purpose, e.g. gestures, 
written marks, signals by drums, flags, trumpets, rockets, 
etc. It seems convenient to take the term ‘language’ in such 
a wide sense as to cover all these kinds of systems of means 
of communication, no matter what material they use. Thus 
we will distinguish between speech language (or spoken 
language), language of writing (or written language), gesture 
language, etc. Of course, speech language is the most im- 
portant practically, and is, moreover, in most cases the basis 
of any other language, in the sense that this other language 
is learned with the help of the speech language. But this 
fact is accidental; any of the other kinds of language could 
be learned and used in a way independent of the speech 
language. 

If we investigate, analyze, and describe a language Li, we 
need a language for formulating the results of our in- 
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vestigation of Z,i or the rules for the use oiLi. In this case we 
call Zri the object language, the metalanguage. Tlje 
sum total of what can be known about Li and said in Lz may 
be called the metatheory of Li (inZj). If we describe in Eng- 
lish the grammatical structure of modern German and French 
or describe the historical development of speech forms or 
analyze literary works in these languages, then German and 
French are our object languages and English is our meta- 
language Any language whatever can be taken as an object 
language, any language containing expressions suitable for 
describing the features of languages may be taken as a meta- 
language Object language and metalanguage may also be 
identical, e g. when we are speaking in English about Eng- 
lish grammar, literature, etc. 

§ 2. Signs and Expressions 

The smallest units of a language are called signs, sequences 
of signs are called expressions. 

A continuous utterance in a language, e.g. a speech, a 
book, or a flag message, may be analyzed into smaller and 
smaller parts. Thus a speech may be divided into sentences, 
each sentence into words, each word into phonemes. A book 
or letter may be divided into (wntten) sentences, each sen- 
tence into (wntten) words, each word into letters of the 
alphabet, each letter into the simple strokes of which it 
consists. Where we stop the analysis is to some extent ar- 
bitrary, depending upon the purpose of our investigation. 
When interested in grammar, we may take (spoken or writ- 
ten) words or certain parts of words as ultimate units j when 
interested in spelling, letters, when interested in the histori- 
cal development of letter forms, the single form elements of 
the letters. When we speak in abstracto about analysis of 
language, we use the term ‘sign’ to designate the ultimate 
units of the expressions of the languages. Thereby it re- 



§ 3 SIGN-EVENTS AND SIGN-DESIGNS 5 

mains undecided whether words or letters or whatever else 
ara taken as signs; this may be specified as soon as we go 
over from the general discussion to a special investigation of 
some one language. 

By an expression in a language we mean any finite se- 
quence of signs in that language, no matter whether meaning- 
ful or not. Thus we treat all utterances in language as being 
of linear form. This is convenient because it enables us to 
specify the positions of signs in an expression by enumera- 
tion. A spoken utterance in one of the ordinary languages is 
a temporal series of sounds; a written utterance consists of 
marks ordered in lines, either of them can therefore easily be 
taken as linear, i e as one sequence Where in practice a 
second dimension is used — as eg. in written accents or 
simil ar discriminating marks, in a statistical table of figures, 
or in a diagram of a configuration m chess — it is always pos- 
sible by some device to regard the whole expression as linear 
(e g. by countmg the accent in ‘tres’ as the fourth sign, the 
‘s’ as the fifth). 

§ 3. Sign-Events and Sign-Designs 

The word ‘sign’ is ambiguous It means sometimes a single 
object or event, sometimes a kind to which many objects be- 
long Whenever necessary, we shall use ‘sign-event’ in the first 
case, ‘sign-(ie«gw’ in the second 

In the ordinary way of speaking about signs and expres- 
sions, e.g. letters of the alphabet, words, phrases, and sen- 
tences in English , certain ambiguities often occur. Thus, 
for instance, the word ‘letter’ — and analogously the words 
‘word’, ‘sentence’, etc. — is used in two different ways, as 
exhibited by the following two sets of examples: i. “There 
are two letters ‘s’ in the eighth word of this paragraph”; 
“The second letter ‘s’ in that word is a plural ending”. 
2. “The letter ‘s’ occurs twice in the word ‘signs’ “The 
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letter ‘s’ is in many cases used as a plural ending in Eng- 
lish”. In (i) we say “many letters ‘s’ ”, in (2) “the letter 
‘s’ ”, thus indicating that there is only one, hence the phrase 
“letter ‘s’ ” has two different meanings In (i), a letter is a 
single thing or event, e g. a body consisting of printer’s ink 
or a sound event, therefore, it is at a certain time-moment 
or during a certam time-interval, and at each time-moment 
within its duration it occupies a certain place. In (2), on 
the other hand, a letter is not a single thmg but a class of 
things to which many thmgs may belong, e g. the letter ‘s’ is 
that class of written or prmted marks to which aU lower case 
S’s belong. Although, in most cases, the context leaves no 
doubt as to which of the two meanings is intended, it will 
sometimes be advisable to distmguish them explicitly. In 
cases of this kind we shall use the term ‘event’ — or ‘letter- 
event’, and analogously ‘word-event’, ‘expression-event’, 
‘sentence-event’, etc. — for meaning (i), and the term 
‘design’ — or ‘letter-design’, and analogously ‘word- 
design’, ‘expression-design’, ‘sentence-design’, etc. — for 
meaning (2). 

In historical descriptions of particular acts of speaking or 
writing, expression-events are often dealt with. But they 
are usually characterized by the designs to which they be- 
long. When we say “Caesar wrote ‘vici’ ”, then we are 
speaking about a certain word-event produced by Caesar’s 
hand, but we describe it by its design; the sentence is meant 
to say. “Caesar wrote a word-event of the design ‘vici’ ”. 
When we are not concerned with the history of single acts 
but with the linguistic description of a certain language or 
the logical (syntactical or semantical) analysis of a certain 
language system, then the features which we study are com- 
mon to aU events of a design. Therefore, in this kind of in- 
vestigation, it is convenient to drop reference to expression- 
events entirely and to speak only about designs. Instead of 
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sa3Hbg, “Every event of the word-design ‘Hund’ is a nonn- 
e^nt (in German)”, we may simply say, “The word-design 
‘Hund’ IS a noun-design”. Smce in these fields we are deal- 
ing with designs only, we may establish the convention that, 
in texts belonging to these fields, e g. in this treatise, ‘word’ 
is to be understood as ‘word-design’, ‘noun’ as ‘noun- 
design’, and analogously ■with ‘sign’, ‘expression’, ‘sen- 
tence’, etc Thus we come to the ordinary formulation, 
“The word ‘ Hund’ is a noun”. In the same way, if we say 
in syntax that a certain sentence is provable in a certain 
calculus, or in semantics that a certain sentence is true, then 
we mean to attribute these properties to sentence-designs, 
because they are shared by aU sentence-events of a design; 
the same holds for all other concepts of syntax and semantics. 

An expression-event consists of (one or more) sign-events, 
and an expression-design consists of sign-designs. However, 
the relation is not the same in the two cases. In an expres- 
sion-event aU elements are different (i.e non-identical); 
there is no repetition of sign-events, because an event (e.g. a 
physical object) can only be at one place at a time. On the 
other hand, in an expression-design a certain sign-design may 
occupy several positions, in this case we speak of the several 
occurrences of the sign (-design) within the expression (-design) . 

Examples The first and the last letter-event m the eighth word- 
event of § 3 in your copy (-event) of this book (-design) are two bodies 
of ink They are diSerent (1 e non-identical), although similar (i e. 
of similar geometrical shape), their similarity enables you to recognize 
them as belonging to the same design Thus that word-event contams 
two letter-events ‘s’. On the other hand, the word-design ‘signs’ can- 
not contam two letter-designs ‘s’ because there is only one letter- 
design ‘s’, but this design ‘s’ occurs at two positions m the design 
‘signs’ just as one and the same color or kind of substance or disease 
or architectural style may occur at diSerent places, i.e. be exhibited 
by diSerent things 

In an exact exhibition, an expression-event may be represented 
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either as a (discrete, finite) series of sign-events or as a sequence with- 
out repetitions But an expression-design has to be represented aSj^ 
(finite) sequence of sign-designs because the same sign-design may 
occur in it several times (Concemmg the diSerence between series 
and sequences, see § 6 ) 

Whether m the metalanguage names of sign-events or names of 
sign-designs are assigned to the zero-level, i e taken as mdividual con- 
stants, depends upon the purpose of the mvestigation. If sign-events 
are dealt with at all (as in descriptive semiotic), they will m general 
be taken as mdividuals and hence be designated by mdividual con- 
stants In this case, a sign-design is a property or class of sign- 
events and hence to be designated by a predicate (level i, degree i, 
see § 6) If, however, only designs and not events are referred to — as 
is mostly the case m pure semiotic, especially m pure syntax and pure 
semantics — then sign-designs may be taken as individuals 

Another ambiguity of the word ‘word’ may be mentioned, although 
it IS of less importance for our subsequent discussions ‘Speak’, 
‘speaks’, ‘speakmg’, ‘spoken’ are sometimes, e g m grammar books, 
called four forms of the same word, but at other times four different 
words (of the same word group) We prefer the second use of the 
phrase ‘the same word (-design)’, hence applying it only in cases of 
literal similarity, i e where the word-events consist of letter-events of 
the same designs. 

§4. The Parts of Semiotic Pragmatics, Semantics, 
and Syntax 

In an application of language, we may distinguish three chief 
factors, the speaker, the expression uttered, and the designatum 
of the expression, i e. that to which the speaker intends to refer 
by the expression In semiottc^, the general theory of signs and 
languages, three fields are distinguished An investigation of a 
language belongs to pragmatics if explicit reference to a speaker 
is made, it belongs to semantics] if designata but not speakers 
are referred to, it belongs to syntax] if neither speakers nor 
designata but only expressions are dealt with 
t For terminological remarks concerning the terms marked by 
an obelisk, see § 37. 

When we observe an application of language, we observe 
an organism, usually a human being, producing a sound, 
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mark, gesture, or tlie like as an expression in order to refer 
by it to something, e.g. an object. Thus we may distinguish 
three factors involved: the speaker, the expression, and what 
is referred to, which we shall caU the designatum of the 
expression. (We say e.g. that in German ‘Rhein’ designates 
the Rhine, and that the Rhine is the designatum of ‘Rhein’; 
likewise, the designatum of ‘rot’ is a certain property, 
namely the color red; the designatum of ‘kleiner’ is a certain 
relation, that of ‘Temperatur’ a certain physical function, 
etc.) 

If we are analyzing a language, then we are concerned, of 
course, with expressions But we need not necessarily also 
deal with speakers and designata Although these factors 
are present whenever language is used, we may abstract from 
one or both of them in what we intend to say about the 
language in question. Accordingly, we distinguish three 
fields of investigation of languages If in an investigation 
explicit reference is made to the speaker, or, to put it in more 
general terms, to the user of a language, then we assign it to 
the field of pragmatics (Whether in this case reference to 
designata is made or not makes no difference for this classi- 
fication.) If we abstract from the user of the language and 
analyze only the expressions and their designata, we are m 
the field of semanticsf. And if, finally, we abstract from 
the designata also and analyze only the relations between the 
expressions, we are in (logical) syntaxf. The whole science 
of language, consisting of the three parts mentioned, is 
called semioticf. 

The distinction between the three parts of senuotic has been made 
by C. W. Morris [Foundations] (see bibhography at the end of this 
book) on the basis of earlier distinctions of ^e three factors men- 
tioned. There is a shght difference m the use of the term ‘pragmatics’, 
which is defined by Morris as the field dealmg with the relations be- 
tween speakers (or certain processes in them) and expressions. In 
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preictice, however, there does not seem to be a sharp line between 
investigations of this kind and those which refer also to designata^ 

Examples of pragmatical investigations are. a physiologi- 
cal analysis of the processes in the speaking organs and in the 
nervous system connected with speaking activities, a psy- 
chological analysis of the relations between speaking be- 
havior and other behavior, a psychological study of the 
different connotations of one and the same word for different 
individuals, ethnological and sociological studies of the 
speaking habits and their differences in different tribes, 
different age gioups, social strata, a study of the procedures 
applied by scientists in recordmg the results of experiments, 
etc Semantics contains the theory of what is usually called 
the meaning of expressions, and hence the studies leading 
to the construction of a dictionary translating the object 
language into the metalanguage But we shall see that 
theones of an apparently quite different subject-matter also 
belong to semantics, e g the theory of truth and the theory 
of logical deduction. It turns out that truth and logical con- 
sequence are concepts based on the relation of designation, 
and hence semantical concepts 

An investigation, a method, a concept concerning expres- 
sions of a language are called formalf if in their application 
reference is made not to the designata of the expressions but 
only to their form, i.e to the kinds of signs occurring in an 
expression and the order in which they occur. Hence any- 
thing represented in a formal way belongs to syntax. It can 
easily be seen that it is possible to formulate rules for the 
construction of sentences, so-called rules of formation, in a 
strictly formal way (see e.g the rules for S3 in §8). One 
might perhaps thmk at first that syntax would be restricted 
to a formulation and investigation of rules of this kind anH 
hence would be a rather poor field. But it turns out that, 
in addition, yules of deduction can be formulated in a formal 
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way and hence within syntax This can, among other possi- 
bilities, be done in such a way that these rules lead to the 
same results as the semantical rules of logical deduction. In 
this way it is possible to represent logic in syntax. 

The representation of certain concepts or procedures in a formal 
way and hence within syntax is sometimes called formalization The 
formalization of semantical systems, i e the construction of corre- 
spondmg syntactical systems, will be explained m § 36. 

The result that logical deduction can be represented in a formal way 
— in other words, the possibility of & formalization of logic — is one of 
the most important results of the development of modem logic The 
trend in this direction is as old as logic itself, but in different periods 
of Its development the formal side has been emphasized sometimes 
more and sometimes less (comp Scholz, Geschichte der Logik, 1931) 
The problem of the possibility of a fuU formalization of logic wdl be 
the chief subject-matter of [II] (see Bibliography) 

For terminological remarks concerning the terms ‘syntax’ and 
‘formal’, see § 37. 

§ 5 Descriptive and Pure Semantics 

Descriptive semantics is the empirical investigation of the 
semantical features of historically given languages Pure 
semantics is the analysis of semantical systems, 1 e systems of 
semantical rules Syntax is divided analogously. The present 
book IS concerned with semantical and syntactical systems and 
their relations, hence only with pure semantics and syntax 

Semantical investigations are of two different kinds; we 
shall distinguish them as descriptive and pure semantics. 
By descriptive semantics we mean the description and 
analysis of the semantical features either of some particular 
historically given language, e g French, or of aU historically 
given languages in general. The first would be special de- 
scriptive semantics, the second, general descriptive seman- 
tics. Thus, descriptive semantics describes facts; it is an 
empirical science. On the other hand, we may set up a sys- 
tem of semantical rules, whether in close connection with a 
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historically given language or freely invented; we call this 
a semantical system. The construction and analysis offse- 
mantical systems is called pure semantics. The rules of 
a semantical system S constitute, as we shall see, nothing else 
than a definition of certain semantical concepts with respect 
to S, e g. ‘designation in 5’ or ‘true in 5’ Pure semantics 
consists of definitions of this kind and their consequences; 
therefore, in contradistinction to descriptive semantics, it 
is entirely analytic and without factual content. 

We make an analogous distinction between descriptive 
and pure syntax (compare [Syntax] §§ 2 and 24), and divide 
these fields into two parts, spectal and general syntax (com- 
pare [Syntax] § 46). Descriptive syntax is an empirical in- 
vestigation of the syntactical featuies of given languages. 
Pure syntax deals with syntactical systems. A syntactical 
system (or calculus) K consists of rules which define syn- 
tactical concepts, eg ‘sentence in K\ ‘provable in K’, 
‘derivable va K\ Pure syntax contains the analytic sen- 
tences of the metalanguage which follow from these defini- 
tions. Both in semantics and in syntax the relation between 
the descriptive and the pure field is perfectly analogous to 
the relation between pure or mathematical geometry, which 
is a part of mathematics and hence analytic, and physical 
geometry, which is a part of physics and hence empirical 
(compare [Syntax] § 25; [Foundations] § 22). 

Sometimes the question is discussed whether semantics 
and syntax are dependent upon pragmatics or not. The 
answer is that in one sense they are but in another they are 
not. Descriptive semantics and syntax are indeed based on 
pragmatics. Suppose we wish to study the semantical and 
syntactical properties of a certain Eskimo language not 
previously investigated. Obviously, there is no other way 
than first to observe the speaking habits of the people who 
use it. Only after finding by observation the pragmatical 
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fact that those people have the habit of using tlie word 
'iglpo’ when they intend to refer to a house are we in a posi- 
tion to make the semantical statement “ ‘ igloo ’ means (desig- 
nates) house” and the syntactical statement “ ‘igloo’ is a 
predicate”. In this way all knowledge in the field of de- 
scriptive semantics and descriptive syntax is based upon 
previous knowledge in pragmatics. Lmgmshcs, in the widest 
sense, is that branch of science which contains all empirical 
investigation concerning languages. It is the descriptive, 
empirical part of semiotic (of spoken or written languages) ; 
hence it consists of pragmatics, descriptive semantics, and 
descriptive syntax. But these three parts are not on the 
same level, pragmatics is the basts for all of linguistics. How- 
ever, this does not mean that, within linguistics, we must 
always explicitly refer to the users of the language in ques- 
tion. Once the semantical and syntactical features of a 
language have been found by way of pragmatics, we may 
turn our attention away from the users and restrict it to 
those semantical and syntactical features Thus e.g. the 
two statements mentioned before no longer contain explicit 
pragmatical references. In this way, descriptive semantics 
and syntax are, strictly speaking, parts of pragmatics. 

With respect to pure semantics and syntax the situation 
is different. These fields are independent of pragmatics. 
Here we lay down definitions for certain concepts, usually 
in the form of rules, and study the analytic consequences of 
these definitions. In choosing the rules we are entirely free. 
Sometimes we may be guided in our choice by the considera- 
tion of a given language, that is, by pragmatical facts. But 
this concerns only the motivation of our choice and has no 
bearing upon the correctness of the results of otir analjrsis 
of the rules. (Analogy: the fact that somebody’s garden has 
the shape of a pentagon may induce him to direct his studies 
in mathematical geometry to pentagons, or rather to certain 
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abstract structures which correspond in a certain way to 
bodies of pentagonal shape, the shape of his garden guides 
his interests but does not constitute a basis for the results of 
his study.) 

This treatise is devoted to ptire semantics and pure syntax, 
or rather to the field in which semantical systems and syn- 
tactical systems, and in addition their relations, are analyzed. 
(There is so far no suitable name for this field, see termino- 
logical remarks, § 37, ‘Theory of Systems’) There will 
occasionally also occur examples referring to semantical 
or syntactical features of historical languages, say English 
or French, apparently belonging to descriptive semantics or 
syntax. But these examples are in fact meant as referring to 
semantical or syntactical systems which either are actually 
constructed or could be constructed in close connection with 
those languages. 

Examples Suppose that we make the statement, “The sentences 
‘Napoleon was born in Corsica’ and ‘Napoleon was not born in 
Corsica’ are logically exclusive (incompatible) in English’’ This is 
meant as based upon a system E of semantical rules, especially a rule 
for ‘not’, constructed in consideration of the English language The 
system E is tacitly or explicitly presupposed in this statement, it 
might be that a rule for ‘not’ has really been given previously, or it 
might be that it has not but easily could be given In any case, con- 
cepts of logical analysis like ‘logically exclusive’, ‘logically equivalent’, 
etc , can only be applied on the basis of a system of rules. 

The subject-matter of this treatise is restricted in stUl an- 
other direction, as compared with that of semiotic in general. 
Our discussions apply only to declarative sentences, leaving 
aside all sentences of other kinds, e.g questions, impera- 
tives, etc.; and hence only to language S3rstems (semantical 
systems) consisting of declarative sentences. Our terminol- 
ogy is to be understood in this restricted sense; ‘sentence’ is 
short for ‘declarative sentence’, ‘language’ for ‘language 
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(system) consisting of declarative sentences’, ‘English’ for 
‘that part of English which consists of declarative sentences’, 
‘interpretation of a sentence of a calculus’ for ‘interpreta- 
tion of the sentence as a declarative sentence’, etc. 

Not much has been done so far in the logical analysis of other than 
declarative sentences Concernmg imperatives and ought-sentences 
see’ E MaUy, Grundgesetze des SoUens, Elemente der Logik des Willens, 
1926, W Dubislav, “Zur Unbegrundbarkeit der Forderungssatze”, 
Theoria 3, 1937, J Jorgensen, “Imperatives and Logic”, Erkenntms 7, 
1938, K Monger, “A Logic of the Doubtful On Optative and Im- 
perative Logic”, Reports of a Math Colloquium, 2nd ser , no. i, pp S3~ 
64, R Rand, “Logik der Forderungssatze”, Zeitschr f Tkeorie d. 
Rechtes, 1939, A Hofstadter and J C C McKmsey, “On the Logic 
of Imperatives”, Phil of Sc 6, pp 446-457, 1939 Concernmg ques- 
tions see short remarks in [Syntax] § 76, and in Hofstadter and Mc- 
Kmsey, loc cit , p 454. 

§ 6. Survey of Some Symbols and Terms of Symbolic 
Logic 

Symbols and technical terms are listed here for later use in 
this book. Features deviatmg from other authors are chiefly 
found m the following paragraphs use of letters, termmology 
of designata, (series and sequences), German letters, meta- 
language 

t For termmological remarks concernmg the terms marked 
by an obelisk, see § 37 

In the subsequent discussions we shall often make use of 
symbolic logic, especially its elementary parts. Therefore 
a brief survey of the symbols, letters, and terms used will be 
given here. We shall later apply these symbols chiefly in 
examples of sentences in object languages, but occasionally 
also in a metalanguage. While we usually take the ordinary 
EngUsh word- lan g ua ge as metalanguage, it will sometimes 
be convenient, for greater clarity and precision, to use a few 
symbols in the metalanguage, either in combination with 
English words or alone. 
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SvitBOL 

Translation 

r 

I Proposthonal^ 
calcidus\ 

connectives 


one-place 

two-place 

connections 

negation! 

' disjunction! 
conjunction! 
imphcabon! 

. equivalence! 

. ’ 

*. -v---’ 

t p 

‘ . f)---' 

1 e - - -• 

‘not.. ' 

‘ . . or - - -’ 

‘ . and ’ 

‘not .or ' 

(or ‘if . then ’) 

‘ .if and only if ’ 

2 FuncitoruA^ 
calculus^ 



universality 

existence 

{'(/( * )’} 

‘(at) ( .* )’ 

‘for every 

‘for some (i e at least one) 

abstraction 

‘(x*)( * y 

(or ‘there is an x such that 
. * ’) 

‘the class of all x such that 

identity 


'(Xx,y)( X .y )’ 

‘* = y’ 

‘the relation between x and 
y such that x y , 

‘x IS identical with (i e the 
same object as) y’ 


Use of letters for the different types. 



Constants 

Variables 

individual signs 

‘a’, ‘b’, etc 

■*’, 'y', 'z', etc 

predicates (level r), degree i 

‘P’, ‘Q’ 

•F’.'G’ 

predicates (level i), degree a 

‘R’,‘S’ 

'B', 'L' 

functors 

‘k’, ‘1’ 

7’, 

propositional signs! 
signs without types 

•A’, ‘B’, etc 

'P', ‘ff’.etc 
‘s’, etc 


Examples of sentences. ‘P(a)’ means “a is P (i.e. has the 
property P) ” ; ‘ R(a,b) ’ “ a has the relation R to b ” ; ‘ M(P) ’ 
“P is M (i.e. the property P has the property of second 
level M)”. 

Individual signs designate the individuals of the realm in 
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question (objects); they belong to the zero level. Their 
prbperties and relations, and the predicates by which these 
are designated, belong to the first level. An attribute (i.e. 
a property or a relation) attributed to something of the level 
n, and the predicate designating it, belong to the level « + i. 
A predicate of degree i (also called one-place predicate) 
designates a property; a predicate of degree n («-place 
precficate) designates an >i-adic relation, i.e. a relation hold- 
ing between n members. 

Examples of functors, 'prod’, ‘temp’, ‘prod(OT,«)’ des- 
ignates the product of the numbers m and n, ‘temp(a!)’ the 
temperature of the body x. 

A definition has the form ‘. . . =Df ’; this means: 

“ is to be an abbreviation for ‘ ’ ” (see § 24 ). Some- 

times, instead of ‘ =Dt’, ' = ’ (between sentences) or ' = ’ 
(between other expressions) is used. ‘. . .’ is called the 
definiendum, ‘ ’the definiens. 

Classification of forms of sentences. Atomic sentences 
are those which contain neither connectives nor variables 
(eg. ‘R(a,b)’, ‘b = c’); a molecular sentence is one not 
containing variables but consisting of atomic sentences 
(called its components) and connectives (eg. ‘~P(a)’, 
‘A V B’); a general sentence is one containing a variable 
(e.g. ‘(a*)P(*)’). 

In a sentence of the form ‘ (a:) ( . .) ’ or ‘ (3*) (...)’ or an 
expression of the form ‘ (Xae) ( .x.)\ ‘ ix) ’, ‘ (3a:) ’, and 
‘(Xa:)’ are called operators (imiversal, existential, and 
lambda- operator, respectively), ‘. . .’is called the operand 
belonging to the operator. A variable at a certain place in 
an expression is called bound if it stands at that place in an 
operator or in an operand whose operator contains the same 
variable; otherwise it is called free. An expression is called 
open, if it contains a free variable; otherwise closed. (A 
class of sentences is called closed if all its sentences are 
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closed, this concept must be distinguished from that of a 
class dosed with respect to a certain relation.) An open ex- 
pression will also be called an expressional functionf; 
and, moreover, an expressional function of degree n, if the 
number of (different) variables occurring in it as free variables 
is n. An expressional function such that it or the closed ex- 
pressions constructed out of it by substitution are sentences 
is called a sentential functionf. 

Terminology of dcsignata. In this treatise, the following 
terms for designata will be used (Some of them do not seem 
to me quite satisfactory, they will be changed as soon as 
better ones have been proposed.) 


Signs ok Expressions 


individual constants 
predicates of degree i 
predicates of degree 2 
and higher 
functors 
sentences 


individuals 
properties (classes) 
relations 

functions (tUB) 
propositionsf 


Designata 


1 attri- 
/ butes 


functions 
(til) or 
conceptst 


> entitles 


Senes and sequences There are two difierent ways of ordering ob- 
jects in a linear order, it can be done by a series or by a sequence. A 
series of n objects is a transitive, irreflexive, and connected relation 
(‘ X precedes y ’) A sequence with n members is, so to speak, an enu- 
meration of the objects (at most n), it can be represented in two 
different ways (i) by a predicate of degree 2 which designates a one- 
many relation between the objects and the ordinal numbers up to n, 
(2) by an argument expression contammg n terms (m this case, the 
argument expression and the sequence designated are said to be of 
degree «) {Example Suppose we want to order the objects b, c, d 
in such a way that we take first b, then c, then d, then c again. Thus 
we have a sequence with » = 4 but only three objects This sequence 
may be represented in either of the following ways: (i) by ‘ {b,i, c;2, 
d>3i c,4j ’ 1 e as the relation which correlates the object b to the num- 
ber I, c to 2 and also to 4, and d to 3, (2) by ‘b,c,d,c’. If the objects 
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arc individuals, the expression in (i) is of the first level, that in (2) of 
th* zero level Thus method (2) leads to simpler formulations; we 
shall apply it in this book The sentence ‘T(b,c,d,c) ’ is usually para- 
phrased in about this way “The relation T (of degree 4) holds for the 
objects b, c, d and c in this order”, on the basis of method (2), we shall 
permit, in addition, the foUowmg formulation “The relation T (of 
degree 4) holds for the sequence (of degree 4) b,c,d,c ”] In a sequence, 
repetitions are possible, i e the same member may occur at several 
places (e g , c in the example given) In a series, this is impossible be- 
cause of its irreflexivity Therefore, in many cases we cannot use 
series but have to use sequences (e g in the representation of expres- 
sion-designs, § 3 at the end) 

German letters are used as signs of the metalanguage des- 
ignating kinds of signs or expressions of the object language, 
‘i’ designates (the class of) individual variables, ‘in’ individ- 
ual signs (including variables), ‘p’ predicate variables, ‘pr’ 
predicates (including variables), ‘f’ functor variables, ‘fn’ 
functors (mcluding variables), ‘f’ propositional variablesf, 
‘fe’ propositional signs (including variables), sentences 
(including propositional signs), ‘u’ variables (of any kind), 
‘c’ constants, ‘a’ signs, ‘ 21 ’ expressions, ‘i?’ classes of expres- 
sions (in most cases classes of sentences); ‘ 3:’ sentences and 
classes of sentences (see §9). ‘pr”’ designates predicates of 
degree n, ‘’"pr’ predicates of level m, e.g. ‘®pr^’ predicates of 
first degree and second level, analogously with ‘p’, ‘fu’, and 
‘ f ’. A constant of the metalanguage designating a particular 
sign (-design) or expression (-design) of one of the kinds men- 
tioned is formed with the help of a figure as subscript; a 
corresponding variable of the metalanguage with the help 
of a letter ‘i’, ‘j’, etc., as subscript. Thus ‘ini’ is the name 
(in the metalanguage) of a particular individual constant (of 
the object language), e.g. ‘a’; ‘in 2 ’ of another one, e.g. ‘b’, 
etc.; ‘^prj’ of. a predicate of first level and second degrte, e.g. 
‘ R ’ ; ‘ ©3 ’ of a particular sentence, e.g. ‘ Q(b) ’. “ If pr, occurs 
in then ...” is short for “if a predicate pr, occurs in a 
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sentence then . . designates that expres- 

sion which is constructed out of 2 Ij by substituting SI, for 
(i.e. by replacing b* at every place where it occurs as a free 
variable in SI, by 31 .). The designation of a compound ex- 
pression is formed by putting the designations of its parts 
one after the other in the order in which the parts occur in 
the expression; signs which are not letters (e.g. brackets, 
comma, connectives, etc ) are in this procedure designated 
by themselves Thus e.g. ‘ pti (1112, ini) ’ (with the above ex- 
amples) designates the expression 'R(b,a)’, @3 V ©2 is the 
sentence wliich consists of ©s (this may be 'Q(b) ’) followed 
by ‘V’ followed by ©2 

As metalanguage we shall usually employ the English 
word-language, but supplemented by symbols, for the sake 
of brevity and precision In this way, we shall use the Ger- 
man letter symbols just explamed, and occasionally also 
certain symbols of symbolic logic, among them variables 
(e.g. ‘F\ etc.), operators (e g. ‘ {x) ‘ (SE) ’, ‘(Xa:) etc.), 

the signs of identity (‘ = ’) and of definition (‘ =Df’)‘ ‘ =Df’ 
is to mean ‘is (hereby defined to be) the same as’ or ‘if and 
only if’. Further, with respect to classes, especially i?, we 
use the customary symbols of the theory of sets : ‘x e Si j’ means 
“ * is an element of i?, ” ; ‘ C i?, ’ means “ is a sub-class of 

Sj”; is the complement of i.e. the class of aU ele- 
ments (of the type in question) not belonging to -f is 

the sum of and i.e. the class containing all elements of 
and aU elements of if, X if, is the product of and 
S,, i.e. the class of all elements belonging to both classes. 
(If in S£, -1- 3 :,, I, or J, is not a class but a sentence ©*,, then 
its unit class {©*,} is meant as component of the sum.) {a:} 
is the class whose only element is x; {*1, *2, . . is the 
class whose elements are *1, *2, • . *». If SWt is a class of 
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classes, pT(9)i,) is the product of the classes of i0l, (if nH, is 
nuli, pr(3)J,) is the universal class). 

As first introductions mto symbolic logic for beginners see Cooley 
[Logic] and Tarski [Logic]. On a higher technical level see White- 
head and Russell [Princ. Math], Quine [Math. Logic]. 



B. SEMANTICS 

The construction of semantical systems is explained Seman- 
tical concepts are introduced, especially truth, designation, and 
other concepts defined with their help. 

§ 7. Semantical Systems 

A semantical system is a system of rules which state truth- 
conditions for the sentences of an object language and thereby 
determine the meaning of these sentences A semantical sys- 
tem S may consist of rules of formation, defining ‘sentence m 
S‘, rides of designation, defining ‘designation m S’, and rides 
of truth, defining ‘ true in S'. The sentence in the metalanguage 
is true in S’ means the same as the sentence ©, itself This 
characteristic constitutes a condition for the adequacy of defi- 
nitions of truth. 

By a semantical system (or inteipreted system) we 
understand a system of rules, formulated in a metalanguage 
and referring to an object language, of such a kind that the 
rules determine a truth-condition for every sentence of the 
object language, i e. a sufficient and necessary condition for 
its truth. In this way the sentences are interpreted by the 
rules, i.e. made understandable, because to understand a 
sentence, to know what is asserted by it, is the same as to 
know under what conditions it would be true. To formulate 
it in stiU another way: the rules determine the meaning or 
sense of the sentences. Truth and falsity are called the truth- 
values of sentences. To know the truth-condition of a 
sentence is (in most cases) much less than to know its truth- 
value, but it is the necessary starting point for finding out 
its truth-value. 

Example. Suppose that Pierre says; “Mon crayon est noir” (@i). 
Then, if we know French, we understand the sentence ©i although 
we may not know its truth-value. Our understanding of consists 
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in our knowledge of its truth-condition, we know that ©1 is true if and 
onljfcif a certam object, Pierre’s pencil, has a certain color, black. 
This knowledge of the truth-condition for ©1 tells us what we must 
do in order to determine the truth-value of ©1, i e to find out whether 
©1 is true or false, what we must do in this case is to observe the color 
of Pierre’s pencil. 

In what way can the truth-conditions for the sentences 
of a system be stated? If the system contains only a finite 
number of sentences, then we may give a full list of the 
truth-conditions, one for each sentence. This is done, for 
instance, in the ordinary cable codes. A code translates each 
sentence separately and thereby interprets it. Hence a code 
is a semantical system, but one of a primitive kind. We may 
thus distinguish two chief kinds of semantical systems, code 
systems and language systems. A code system lists the truth- 
conditions separately for each sentence, while a language 
system gives general rules for partial expressions of sentences 
in such a way that the truth-condition for every sentence is 
determined by the rules for the expressions of which it con- 
sists. In the case of the ordinary cable codes, flag codes, and 
the like, only the first form, that of particular rules, is possi- 
ble. In the case of a language system containing an infinite 
munber of sentences, only the second form, that of general 
rules, is possible, because we cannot formulate an infinite 
number of rules. There are cases of languages with a finite 
number of sentences where either form is applicable. 

Examples i We construct a semantical system Si in the following 
way Si (that is to say, the object language of Si) contams seven signs: 
three individual constants, ini, in2, itij, two predicates, pri and pr2, and 
the two parentheses '(’ and ')’. [In order to be able to write down 
actual examples of sentences of Si, we may choose some letters as the 
first five signs, e g. ‘a’, ‘b’, ‘c’, ‘P’, ‘Q'. But this choice is obviously 
irrelevant for the semantical properties of Si and is therefore, strictly 
speakmg, outside of pure semantics. Its role is the same as that of 
Hia grams in geometry; they facilitate the operations practically but 
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have no theoretical bearing on the proofs ] Sentences of Si are the 
expressions of the form iir (in). The truth-conditions are giventsep- 
arately for each sentence by the following rules: 

1. pti (tni) is true if and only if Chicago is large. 

2. pri (in2) is true if and only if New York is large. 

3. pti (ins) is true if and only if Carmel is large 

4. firs (tnO IS true if and only if Chicago has a harbor. 

5 l)r2 (m2) is true if and only if New York has a harbor. 

6 pr2 (m3) IS true if and only if Carmel has a harbor. 

2 We construct the semantical system S2 in the followmg way Sj 
contams the same signs and sentences as Si We give five particular 
rules each specifying the designatum of one of the five chief signs, and 
one general rule for the truth-conditions of the sentences: 

1. ini designates Chicago 

2. ina designates New York 

3 bis designates Carmel 

4. pti designates the property of being large. 

5 pr2 designates the property of having a harbor 

6 A sentence pr, (in,) is true if and only if the designatum of in, has 
the designatum of pr. (1 e the object designated by in, has the property 
designated by pr,). The systems Si and S2 contam the same sentences, 
and every sentence has the same truth-condition (interpretation, mean- 
mg) in both systems Hence they are essentially alike, but differ with 
respect to the kmds of rules applied. Si is a code system, S2 a language 
system 

As the previous and the following examples show, a 
semantical system may be constructed in this way. first a 
classijicahon of the signs is given, then rules of formation 
are laid down, then rules of designation, and finally rules 
of truth. By the rules of formation of a system S the term 
‘sentence of 5’ is defined, by the rules of designation ‘desig- 
nation in 5 ’ , by the rules of truth ‘ true in 5 ’ . The definition 
of ‘ true in 5 ’ is the real aim of the whole system S ; the other 
definitions serve as preparatory steps for this one, making 
its formulation simpler. On the basis of ‘true in 5’, other 
semantical concepts with respect to S can be defined, as we 
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shall see later. (The simplest one is the definition of falsity: 
a sgntence ©, of S is false in S =Df ©, is not true in 5 .) It 
is especially important to be aware of the fact that the rules 
of designation do not make factual assertions as to what are 
the designata of certain signs There are no factual assertions 
in pure semantics. The rules merely lay down conventions in 
the form of a definition of ‘designation in 5 ’; this is done by 
an enumeration of the cases in which the relation of desig- 
nation is to hold Sometimes the term ‘ designation ’ is also 
used for compound expressions and even for sentences, this 
will be discussed later (§12) In this case, the rules of desig- 
nation define by enumeration the preliminary term ‘direct 
designation’, and with its help the more general term 
‘designation’ is defined recursively. 

In the case of the very simple system So it can easily be shown that 
the rules of designation define ‘designation’ by enumeration We can 
transform those rules into an explicit definition 

X designates / m S2 =di (» = iiti and t = Chicago) or (* = in* and 
/ = New York) or (* = in* and t = Carmel) or (a. = pti and t = the 
property of being large) or (* = pr* and t = the property of having 
a harbor) 

i ’ IS here a variable not satisfying the ordmary rule of types, its range 
of values comprehends both individuals and properties The problem 
involved here will be discussed later, see § 12 ) 

It wiU now be shown that the whole set of rules of formation, rules 
of designation and rules of truth for S* can be brought into the form of 
a definition for ‘true m Sj’, based upon a classification of the signs 
of Ss (The classes to are meant as in, pr, { ‘ ( ’ } , and { ‘ ) ’ } respec- 
tively, but this need not be mentioned in the formulation of the 
system ) 

I Classification S2 contains four (mutually exclusive) classes of 
signs, Sli, Ss, and S4, Si contams (only) the signs Oi, a*, Os, S2, a* 
and Qe; Ss, a*; S4, a*. 

2. k.i IS true in Sj =Df ( 3 *) (Sy) (Sz) (HE) [Sl, consists of x, Os, y, 
a* in this order and x « Ss and y « Si and [(y = ai and z = Chicago) or 
(y = 02 and z = New York) or (y = Os and z = Carmel)] and [(* =04 
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and F = the property of being large) or (x = as and F = the property 
of having a harbor)] and F(2)] c 

By this definition, the system S: is established. 

A remark may be added as to the way in which the term 
‘ irue ’ is used in these discussions. We apply this term chiefly 
to sentences (and later to classes of sentences also). [The 
term may also be applied in an analogous way to proposi- 
tions as designata of sentences (see D17-1); but this use will 
not occur often in the following discussions, compare the 
terminological remarks in § 37.] We use the term here in such 
a sense that (o assert that a sentence is true means the same as 
to assert the sentence itself, e.g. the two statements “The 
sentence ‘The moon is round’ is true” and “The moon is 
round” are merely two different formulations of the same 
assertion. (The two statements mean the same in a logical 
or semantical sense, from the point of view of pragmatics, 
in this as in nearly every case, two different formulations 
have different features and different conditions of appli- 
cation; from this point of view we may eg. point to the 
difference between these two statements in emphasis and 
emotional function ) 

The decision just mentioned concerning the use of the term 
‘ true ’ is itself not a definition for ‘ true ’ It is rather a stand- 
ard by which we judge whether a definition for truth is ade- 
quate, i.e. in accordance with our intention. If a definition 
of a predicate pr, — e.g. the word ‘true’ or ‘valid’ or any 
sign arbitrarily chosen — is proposed as a definition of truth, 
then we shall accept it as an adequate definition of truth if 
and only if, on the basis of this definition, pt, f ulfill s the con- 
dition mentioned above, namely that it yields sentences like 
“ ‘The moon is round’ is ... if and only if the moon is 
round”, where pr, (e.g. ‘true’) is to be put at the place of 
This leads to the following definition D7-A. 

D7-A. A predicate pr, is an adequate predicate (and its 
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definition an adequate definition) for the concept of truth 
within a certain class of sentences i?, =Df every sentence 
which is constructed out of the sentential function ‘a: is F 
if and only if />’ by substituting })ri for ‘F’, any sentence ©t 
of for ‘p\ and any name (syntactical description) of ©* 
for ‘x’, follows from the definition of pr. 

Example Let ^ , contain the sentence ‘ Chicago is a city Let ‘ @1 ’ 
be a name of this sentence Suppose that somebody introduces the 
word ‘verum’ mto English by a certain definition D In order to ap- 
ply D7-A, we have to examine all sentences constructed m the way 
described m Dy-A By putting ‘verum’ for ‘F’, ‘Chicago is a city’ 
for ‘p\ and ‘©1’ for ‘x’, we obtam ‘©1 is verum if and only if Chicago 
IS a city’. If our examination comes to the result that D is of such a 
kmd that this and all analogous sentences follow from D, then, accord- 
ing to Dy-A, we shall call ‘verum’ an adequate predicate for truth and 
tlie proposed definition D an adequate definition for truth This is 
practically justified by the fact that the result mentioned shows that 
the new word ‘verum’ as introduced by D is used in the same way as 
tlie ordmary word ‘true’ accordmg to the decision mentioned above 

D 7 -A is the simplest form of the definition of adequacy; 
it refers only to the special case where the sentences to which 
the predicate for the concept of truth is applied belong to the 
same language as this predicate — in other words, where 
the object language is the same as (or part of) the meta- 
language. In general, object language S and metalanguage 
M are different. In this case, the following more general 
definition of adequacy applies. (This definition is due to 
Tarski; see below.) 

D7-B. A predicate pr, in ilf is an adequate predicate (and 
its definition an adequate definition) for the concept of truth 
with respect to an object language 5 =di from the defini- 
tion of pr, every sentence in M follows which is constructed 
out of the sentential function ‘a: is F if and only if />’ by sub- 
stituting pr, for ‘F’, a translation of any sentence ©* of S 
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into M for 'p\ and any name (syntactical description) of 
©fcfor'*’. s 

Example. Let 5 be a certain part of the German language, con- 
taining among others the sentence ‘Der Mond ist rund’ Let ‘@2’ be 
the name of this sentence We take English as metalanguage M. 
The translation of ©2 m A/ is ‘The moon is round’ Suppose that a 
definition D2 for the sign ‘T’ is proposed and that we wish to find out 
whether Dj is an adequate defimtion for truth with respect to the 
part S of the German language According to D7-B, one of the sen- 
tences to be exammed is constructed by substituting ‘T’ for ‘F’, the 
translation ‘The moon is round’ for ‘p’, and ‘©2’ for ‘x’. Thus we 
obtain the sentence ‘©2 is T if and only if the moon is round’. If this 
and all analogous sentences are found to follow from the definition 
Do of ‘T’, then Do is an adequate defimtion and ‘T’ an adequate predi- 
cate for truth in 5 

It can easily be shown that two predicates each of which is an ade- 
quate predicate for truth with respect to the same object language 5 
have the same e.\tension (they are equivalent, Dio-iib, and even 
L-equivalent, T22-13) 

It is especially to be noticed that the concept of truth in 
the sense just explained — we may call it the sevimihcal con- 
cept of truth — IS fundamentally different from concepts like 
‘believed’, ‘verified’, ‘highly confirmed’, etc. The latter 
concepts belong to pragmatics and require a reference to a 
person. 

In order to make clearer the distinction just mentioned, let us con- 
sider the following example ‘The moon has no atmosphere’ (©1); 
‘©1 IS true’ (©2), ‘©1 IS confirmed to a very high degree by scientists 
at the present time’ (©3). ©2 says the same as ©1, @2 is, like ©1, an 
astronomical statement and is, like ©1, to be tested by astronomical 
observations of the moon On the other hand, ©a is a historical state- 
ment, it IS to be tested by historical, psychological observations of 
the behavior of astronomers. 

j Wittgenstem ([Tractatus] 4 024, 4 46) has emphasized the point of 
•view that the truth-conditions of a sentence constitute its meaning, 
and that understandmg consists in knowing these conditions. This 
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view is also connected with his conception of logical truth (compare 
quotations given at the end of § 18A) 

Accordmg to Tarski ([Wahrheitsbegriff] p 267), S Lesniewski was 
the first to formulate an exact requirement of adequacy for the defini- 
tion of truth, in the snnple form of D7-A above (m unpublished lec- 
tures since 1919), and similar formulations are found in a Polish book 
on the theory of knowledge by T Kotarbmski (1926) F P Ramsey, 
in his review (1923) of Wittgenstem’s book, gives a related formula- 
tion’ “If a thought or proposition token ‘p’ says p, then it is called 
true if p, and false if (“Foundations of Mathematics”, p 275). 
Tarski himself gave the more general form (like D7-B above) of the 
definition of adequacy (his “Konvention SB”, [Wahrheitsbegriff] 
P 305) Further, he gave the first exact definition for truth with 
respect to certam formalized languages, his definition fulfills the re- 
quirement of adequacy and simultaneously avoids the antinomies con- 
nected with an unrestricted use of the concept of truth as e g in every- 
day language In the same work [Wahrheitsbegriff], Tarski comes to 
very valuable results by his analysis of the concept of truth and related 
semantical concepts These results are of a highly technical nature 
and therefore cannot be explained in this introductory Volume I 
The requirement mentioned is not meant as a new theory or con- 
ception of truth Kotarbmski has already remarked that it is the old 
classical conception which dates back to Aristotle The new feature is 
only the more precise formulation of the requirement Tarski says 
further that the characterization given is also m agreement with the 
ordmary use of the word ‘ true’ It seems to me that he is right m this 
assertion, at least as far as the use in science, in judicial proceedings, 
m discussions of everyday life on theoretical questions is concerned. 
But I will not stress this pomt, it may be remarked that Arne Ness 
has expressed some doubts about the assertion, based on systematic 
questionmg of people. At any rate, this question is of a pragmatical 
(historical, psychological) nature and has not much bearing on the 
questions of the method and results of semantics. 
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§ 8. Truth-Tables as Semantical Rules 

The customary truth-tables are semantical truth-rules in fhe 
form of diagrams The rules of formation, and likewise the 
rules of truth, for molecular sentences may be stated in the form 
of a recursive definition, specifying the condition first for atomic 
sentences and then for molecular sentences with reference to 
their components 

The semantical systems considered so far contain only 
atomic sentences. Now we come to systems possessing con- 
nectives and molecular sentences constructed with their 
help The number of sentences in a system of this kind is 
infinite. This is the case with nearly all symbolic systems 
usually dealt with, and also with the natural languages. [In 
English, for instance, for any given sentence, however long, 
we can construct a longer sentence by adding ‘ and the moon 
is round’, therefore the number of sentences is infinite.] 

The connectives are often introduced with the help of 
truth- tables. It is easily seen that a truth-table is nothing 
but a semantical rule m the form of a diagram. Take e g 
the table of disjunction (usually written in a less correct way 
with variables etc., of the object language instead of 
signs ‘ etc , of the metalanguage) : 

©. ©, ©, V ©I 

1 T T T 

2 T F T 

3 F T T 

4 F F F 

The four lines of the table are meant to say this: i. If ©, is 
true and ©, is true, v is true; 2. if ©, is true and 
is false, ©, v ©, is true; 3. if ©, is false and ©, is true, 
V ©, is true; 4. if ©, is false and ©, is false, @, V ©, is 
false. Hence the whole table says: ©, V ©, is true if and 
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only if is true or ©, is true or both. Thus the table states 
a tmth-condition for the sentences of the form v it 
sajrs the same as rule (4c) in the example S3 below. 

The customary truth-table for negation is this: 



~©, 

I T 

F 

2. F 

T 


It says: i. If ©, is true, ~©, is false, 2. if ©, is false, ~©, is 
true. In other words, ~©t is true if and only if ©, is false, 
i.e. not true. Hence it sa)^ the same as rule (4b) in the 
example S3 below. 

In the same way, the customary truth-tables for the other 
connectives are truth-rules in the form of diagrams. Some 
of them are reformulated in words in the rules of the example 
S4 below. 

The rules of formation for a system 5 in which the number 
of components in a sentence is not limited may be formulated 
in the following way First, the form or forms of atomic 
sentences of 5 are stated, and, second, the operations are 
described by which compound sentences of S may be con- 
structed out of sentences (and sometimes other expressions) 
of atomic form. Thus the definition of ‘sentence in 5 ’ is not 
an explicit but a recursive definition. The term defined oc- 
curs also in the definiens (see e.g. rules (2) for S3 below, 
where ‘ ©’ occurs in the definiens). This fact, however, does 
not make the definition circular. If we wish to determine 
whether a given expression SI* is a sentence, the definition 
refers us back to the question whether another expression 
3 I{ is a sentence. But it does so in such a way that St, is a 
proper part of 81 *. Therefore, after a finite number of ap- 
plications of the second part of the recursive definition we 
come to an expression of atomic form and hence to a solu- 
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tion with the help of the first part of the definition. The 
situation with the rules of truth is similar. They giye a 
recursive definition for ‘true in 5’ in strict analogy to the 
definition for ‘ sentence in S’. Therefore, for any given sen- 
tence ©t of S, the rules of truth determine a truth-condition, 
although m general they do not determine the truth-value 
of ©,. 

Examples of semantical systems To facilitate understanding, we 
formulate the rules in the following systems by using signs and ex- 
pressions of the object language m quotes The exact method using 
names of the signs (German letters) has been shown m § 7 

Semantical System S3 

1. Classification of signs Three in (‘a’, ‘b’, ‘c’)> two pr (‘P’, 'Q’)i 
further smgle signs. ‘ V ‘(’, ')’ 

2. Rules of formation An expression SIi m S3 is a sentence (©) in 
Ss =Df 81 * has one of the following forms. 

a pr(in),b (@,)V(©,) 

3. Rules of designation, a, designates (an entity) « in S3 =Df 0i is 
the first and « the second member m one of the following pairs: a ‘a’, 
Chicago, b. ‘b’. New York, c ‘c’, Carmel, d ‘P’, the property of be- 
ing large, e ‘Q’, the property of having a harbor 

4 Rules of truth ©* is true in Ss =d; one of the following three 
conditions is fulfilled. 

a ©It has the form pr, (in,), and the object designated by in, has 
the property designated by pr, 
b ©t has the form ~ (©,), and ©, is not true 
c. ©t has the form (©,) V (©,), and at least one of the sentences 
©, and ©, IS true 

Examples of application of the rules (While the rules require every 
component of a connection to be mcluded in parentheses, we shall omit 
the parentheses here and in later examples under the customary con- 
ditions.) Let us examine the expression ‘P(c) V ~Q(a)’ (8I1) on the 
basis of the rules of S3. By applying rules (2c) and (2b), and rule (2a) 
twice, we find that Sii is a sentence m 83 Now we apply rules (4) in 
order to construct a truth-condition for 3 Ii in S3 According to rule 



§ 9 . RADICAL CONCEPTS 33 

(4c), SIi is true in Sj if and only if ‘P(c) ’ is true or ‘ ~ Q(a) ’ is true or 
boljji. According to (4b), ‘~Q(a)’ is true if and only if ‘Q(a)’ is not 
true. Hence, 8I1 is true if and only if ‘P(c) ’ is true or ‘Q(a) ’ is not true 
or both. According to (4a) and (3), ‘P(c) ’ is true if and only if Carmel 
is large, and ‘ Q(a) ’ is true if and only if Chicago has a harbor There- 
fore, SIi IS true in S3 if and only if either Carmel is large or Chicago does 
not have a harbor or both Thus we have found a truth-condition for 
SI] m Sa as determmed by the rules of Sa But these rules do not suffice 
to determme the truth-value of SIi In order to find this we must 
know certam facts in addition to the rules This would lead us out- 
side of semantics mto empirical saence, m this case into geography. 

SematUtcal System S4 

1 Classification of signs The same signs as m S3, and in addition 
• > » = * 

2 Rules of formation (a), (b), and (c) as in S3, further: d (©i)»(©y); 
e (©.)D(©,),f (©0 = (©,) 

3 Rules of designation The same as m S3. 

4 Rules of truth (a), (b), and (c) as in S3, further’ 

d ©* has the form (©,) • (©,), and both ©, and ©, are true, 
e ©jb has the form (©,) 3 (©,), and ©, is not true or ©, is true 
or both 

f @* has the form (©,) = (©,), and ©, and ©, are either both 
true or both not true 

§ 9. Radical Concepts 

On the basis of the concept of truth, the following concepts, 
called radical semantical concepts, are defined ‘false’, ‘im- 
plicate’, ‘equivalent’, ‘disjunct’, ‘exclusive’, ‘comprehensive’ 
Theorems for these concepts are stated. 

By the rules of a semantical system S the concept of truth 
in 5 (for sentences) is defined, as we have seen. We shall now 
define other semantical concepts on this basis. These con- 
cepts are called radical concepts and their terms radial terms, 
in distinction to terms formed with prefixes (‘L-’ and ‘F-’, 
§§ 14 and 21). We add some theorems; these are based 
merely on the definitions, not on any postulates; hence they 
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are analytic. In the definitions and theorems we make no 
special assumptions concerning any particular features cf S. 
Hence these definitions and theorems belong to general 
semantics. For the sake of bre\'ity, we often omit the phrase 
‘in 5 ’ in connection with a semantical term, but it must be 
kept in mind that everj’ semantical term has a meaning only 
•with respect to a semantical system and therefore, in a com- 
plete formulation, must be accompanied by a reference to a 
semantical system 

Most of the theorems in this section are not of great im- 
portance in themselves but are lemmas to other theorems or 
serve for later reference Here and later, the more important 
definitions, theorems, postulates, etc , are marked by a plus 
symbol ‘ -f In referring to a definition, a theorem, a postu- 
late, etc., of the same section, we omit the section number 
(e.g. a reference ‘D3’ in this section refers to D9-3). 

We shall apply the semantical concepts not only to sen- 
tences but also to classes of sentences (including the null class 
and transfinite classes). Thus we may e g regard a book or 
a paper as a (finite) class of sentences, and a theory may be 
regarded as the class (in general transfinite) of all those 
sentences -which are deducible from a given finite set of 
sentences, e g. physical laws Now a book or a paper or a 
theory is meant as the joint assertion of all sentences belong- 
ing to it, hence it seems natural to call it true if and only if 
those sentences are true (Di). 

+D9-1. S. is true (in S) =di every sentence of S, is true. 

One possible way of defining the semantical terms for both 
sentences and sentential classes would be to define them for 
classes and then to add the general convention that a term 
may be applied to a sentence if and only if it applies to 
its unit class {®i}. Instead, we formulate the definitions 
with the help of ‘2;’ (§6); ‘2;,’ is a variable of the meta- 
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language whose range of values comprehends both sentences 
aad sentential classes of the object language 

+D9-2. S, is false (in S) = di belongs to S and is not 
true in S. 

+T9-1. is false if and only if at least one sentence of 
is false. (From D2 and i.) 

T9-2. Xt is not both true and false. (From D2.) 

T9-3. STi is either true or false. (From D2.) 

T9-4. If lUj C Sii and is true, then Sj is true. (From 

Di.) 

T9-5. If Si] C S, and is false, then is false. (From 

Ti.) 

T9-6. The class of aU true sentences of S is true. (From 

Dr.) 

T9-7. There is a false sentential class in 5 if and only 
if there is a false sentence in S. (From Ti; if is false, 
{©,} is false ) 

T9-8. is false if and only if it, is false or S, is 

false. (From Ti.) 

The relation of implication, to be defined now (D3), must 
be clearly distinguished from logical implication, to be de- 
fined later (‘L-implication’, § 14). [In order to stress the 
difference, the first is sometimes called material implication; 
see terminological remarks, § 37, Connections (i).] Analo- 
gously, equivalence (D9-4) must be distinguished from logical 
equivalence (‘L-equivalence’, § 14). Implication and equiva- 
lence as defined here are not logical relations, they do not 
require any connection between the subject-matter of SE, 
and that of Xj, but merely certain conditions with respect to 
the truth-values of and Xj. Therefore, these relations are 
much less important than the corresponding L-concepts and 
the corresponding concepts in syntax (C-concepts, § 28) ; 
they serve chiefly as a basis for these other concepts. The 
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same holds for the terms ‘disjimct’, ‘exclusive’, and ‘com- 
prehensive’ in relation to the corresponding L-terms ajjd 
C-terms. For the sake of brevity, we shall often write 
‘ I, — > 2:/ instead of ‘ Xj is an implicate of S,’ (or ‘ 2 :, im- 
plies I,’, a formulation we usually avoid). (Thus the arrow 
‘^’ is here not, as in Hilbert’s notation, a connective (of 
implication) but a predicate of the metalanguage designat- 
ing a certain relation between sentences, not between propo- 
sitions ) 

- 1 -D 9 - 3 . Xj is an implicate of 2 :, ( 2 :, implies X,, 2 :, — » 2 :^) 
(in S) = Df Zi and 2:^ belong to S, and either 2 ;, is false or 
2:, is true (or both). 

- 1 -T 9 - 10 . If Xt — » X, and 2 :, is true, 2, is true. (From 
D3 and 2.) 

-f-T9-ll. If 2 i 2 j and 2 , is false, 2 , is false. (From 
D3 and 2.) 

T9-12. If 2, is false, 2 , every 2 ,. (From D3.) 

T9-13. If 2 , is true, every 2 , -> 2 ,. (From D3.) 

T9-14. The relation of implication is 

a) reflexive (i e. 2, 2,), 

b) transitive (i.e., if 2, — > 2, and 2, 2*, then 

X^-*Xk). (FromT3, D3,Tio, T13, Ti2.) 

T9-15. If ©, € then ©,. (From D3, Di.) 

T9-16. If C then — > ff,. (From D3, Di.) 

T9- 17. 2 , — > if and only if 2 , — > every sentence of 

Sj. (From D3, Di, T13, T12; T15, Ti4b.) 

T9-18. 2, is not an implicate of 2, if and only if 2 , is 
true and 2 , is false. (From D3.) 

-I-D 9 - 4 . 2 , is equivalent to X, (in S) =Df 2 , and 2 , 
belong to S, and either both are true or neither of them is 
true. 

T9-20. Each of the following conditions is a sufficient 
and necessary condition for 2, and 2, to be equivalent (to 
one another) : 
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+a. T, and are both true or both false. (From 
D 4 , Da.) 

+b. 2 :, — > %j and Z, — » 2:,. (From D 4 , D 3 .) 

T9-21. Each of the followmg conditions is a sufficient 
and necessary condition for 2 t and 2 , not to be equivalent: 

a. Exactly one of them is true. 

b. Exactly one of them is false. (From Taoa.) 

T9-22. ©t and { are equivalent. (From Taoa, Di, 

Ti.) 

It is important to notice the difference (r) between a negation sen- 
tence, whether m a symbolic language (example @1 below) or in Eng- 
lish (©s), and a sentence about falsity (©3), and likewise (2) between 
an equivalence sentence (©4 and ©5) and a sentence about equivalence 
(©a), and ( 3 ) between an implication sentence (©7 and ©§) and a sen- 
tence about implication (©9). 

Examples. 

I. ©r. ‘~Q(c)’ 

©2'. ‘Carmel does not have a harbor’. 

©,;‘ ‘Q(c)’ IS false’. 

2 ©4:‘P(a) = Q(b)’. 

©6. ‘Chicago IS large if and only if New York has a harbor’. 

©e: ‘ ‘P(a)’ is equivalent to ‘Q(b)’ ’. 

3 ©7-‘Q(c)DP(b)’. 

©s' ‘If Carmel has a harbor. New York is large’ 

‘ ‘Q(c)’ implies ‘P(b)’ ’ (or ‘ ‘P(b)’ is an implicate of 

‘Q(c)’ ’ or ‘ ‘Q(c)’-^‘P(b)’ ’). 

©2, not ©3, is the direct translation of ©i into English, likewise, ©5, 
not ®e, of ©4, and ©3, not ©9, of ©7. Here, for the sake of simphcity, 

we have translated ‘ = ’ mto ‘ . . if and only if ’, and 

‘ . . . D ’ mto ‘if . . . then ’ These translations are often 

appropriate, but in these examples they deviate somewhat from the 
customary use of the word ‘if’ and the phrase ‘if and only if’ m Eng- 
lish, because these expressions are usually restricted to cases where 
there is a logical or causal or motivational connection between the two 
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members. A more precise but somewhat lengthy translation of ‘A D B ’ 
is ‘not A, or B and of ‘A = B ’ ‘A and B, or, not A and not B The 
chief distinction is between ©i and ©2 on the one hand and ©3 on the 
other ©1 belongs to a symbolic object language ©2 may be regarded 
as belonging either to English as an object language or, so to speak, 
to the object part of the Englih metalanguage, i e to that part which 
does not contam semiotical terms. On the other hand, ©3 belongs to 
the metalanguage and, moreover, to its semantical part. In the cases 
(2) and (3), the situation is analogous. 

D9-5. SE, is disjunct with (in S) =Df at least one of 
them is true (and hence, not both of them false). 

T9-25. If I, is disjtmct with then 2:, is disjunct with 
3:,. (From D5 ) 

D9-6. j£, is exclusive of X, (in S) = di not both of them 

are true (and hence, at least one is false). 

T9-27. and X^ are exclusive (of one another) if and 
only if Xi + X, is false. (From D6, T8, Ti.) 

We shall designate the null class of sentences in S, i.e. 
that class of the type of sentential classes which has no ele- 
ments, by ‘Aj’ or simply ‘A’ (Dy) and the universal senten- 
tial class in S, i.e. the class of all sentences of 5 by ‘V5’ or 
simply ‘V’ (D8). Then A is true (T32), it fulfills the condi- 
tion of Di that every sentence of it is true, because there 
is no such sentence There is no analogous theorem for V. 
Although in most semantical systems V is false, we cannot 
state it as a general theorem that V is false, but only that V 
is false if there is a false Xi at all in S (T43b). There are 
systems in which every sentence and hence every S, and 
every 3;, is true, including V (e.g. in the system Ss, which is 
like S2, § 7, except that ins designates San Francisco instead 
of Carmel). The fact that every system contains a true 
namely A, but not every system a false reveals an aston- 
ishing lack of symmetry in the edifice of semantics. We shall 
find in the discussion in [II] (see Bibliography) that this is 
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due to a lack of symmetry in the customary way of dealing 
with sentential classes. By employing new concepts, which 
are not definable by the concepts ordinarily used, it wiU be 
possible to gain symmetry for semantics and simultaneously 
for syntax. 

+D9-7. A (A^) =r)f the null sentential class. 

T9-30. For every A C 1?,. (From D7.) 

+T9-32. A is true. (From D7, Di; can also be seen with 
the help of T30, 6, and 4.) 

T9-33. Every 2:, — > A. (From T32 and 13.) 

T9-34 (lemma). If A-^ X}, then 2:^ is true. (From T32 
and 10.) 

T9-35. 2:, is true if and only if A — > I,. (From T34; 
T13.) 

+D9-8. V (V^) =Df the universal sentential class. 

T9-37 (lemma). Every ©, cV. 

T9-38 (lemma). Every S, C V. 

T9-39 (lemma). V — » every ©,, (From T37 and 15.) 

T9-40 ^emma). V — > every t,. (From T38 and 16.) 

+T9-41. V -* every 2:,. (From T3g and 40.) 

T9-42. Each of the following conditions is a sufficient 
and necessary condition for V to be true in 5: 

a. Every ©, in S is true. 

b. Every in S is true. 

c. Every I, in 5 is true. (From D8, Di.) 

T9-43. Each of the following conditions is a sufficient 
and necessary condition for V to be false in S : 

a. At least one sentence in 5 is false. 

b. At least one sentential class in 5 is false 

c. At least one 2;< in 5 is false. 

(From T42.) 

The term ‘comprehensive’ (Dg) is introduced only for the sake of 
corresponding L- and C- terms (Dr4-5, D30-6). 



40 B SEMANTICS 

D 9 - 9 . 2 . is comprehensive (in 5 ) =Df every sentence in 5 . 

T 9 - 50 . Each of the following conditions is a sufficient and necess^y 
condition for $, to be comprehensive: 
a I,— 'V (FromDg, T17) 
b. T, is equivalent to V. (From (a), T41 ) 
c 3 !, — » every ft,. (From (a), T40, Ti4b ) 
d. I,— » every T, (From D9, (c) ) 

We shall now define the concept of equivalence of seman- 
tical systems; it must clearly be distinguished from the con- 
cept of equivalence of sentences or sentential classes (D9-4). 

D9-11. The semantical system is equivalent to the seman- 
tical system S„ =Df the following two conditions are ful- 
filled: 

a. Sm and Sn contain the same sentences. 

b. For every is true in if and only if ©, is 

true in S„. 

T9-70. The systems Sm and S„ are equivalent if and only 
if the following three conditions are fulfilled. 

a. Sm and S„ contain the same sentences. 

b. For every <S„ if ©, is true in Sm, it is true in S„. 

c. For every if is false in S^, it is false in S„. 

(From Dii.) 

T9-71. If Sm and S„ are equivalent systems, then each of 
the following concepts (applied to sentences and sentential 
classes) has the same extension in S™ as in S„: a. truth, 
b. falsity, c. implication, d. equivalence, e. disjunctness, 
f. exclusion, g. comprehensiveness. ( (a), from Dii, Di; 
(b) to (g), from Dii and the definitions of these concepts, 
which are aU based on the concept of truth.) 
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§ 10. Further Radical Concepts 

Some concepts applicable to attributes are defined, among 
them ‘universal’, ‘empty’, ‘implicate’, ‘equivalent’ These 
concepts are absolute, 1 e not dependent upon language With 
their help, corresponding semantical concepts (‘ universal m 5’, 
etc ), applicable to predicates, are defined Further, the terms 
‘interchangeable’, ‘extensional sentence’, and ‘extensional 
system’ are defined Theorems for the concepts defined are 
stated 

There are some semantical properties and relations of 
predicates analogous to some of the properties and lelations 
of sentences defined in § 9 As a preliminary step to the 
introduction of these semantical terms we shall first define 
some terms which may belong to any suitable object lan- 
guage rather than to the metalanguage. (They are, however, 
not descriptive but logical in the sense to be explained in 
§ 13.) Therefore these terms are not accompanied by a 
reference to a language, but — as we shall say later (§17) — 
they are used in an absolute way The concepts designated 
by these terms are thus not dependent upon language; we 
call them absolute concepts (§ 17) 

In the following definitions, M and N are attributes of any 
degree, say n 'M{u) ’ means 'M holds for the argument «’ 
or possesses the attribute M\ where « is a sequence of n 
members belonging to types suitable for M. H is a relation 
of degree two; means ‘ff holds between x and y’. 

DlO-1. M is universal =Df for every u, M{u). 

DlO- 2 . M is empty =0f for every u, not M{u) (in other 
words, there is no u such that M{u)). 

DlO- 3 . M is non-empty =Df if is not empty (in other 
words, there is at least one u such that M(u)). 

DlO- 4 . iV is an implicate of M (or, M implies JV) =Df 
for every u, if M{u) then N(u) (in other words, the extension 
of M is contained in that of N). 
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DlO-5. M ia equivalent to iV =Df for every u, M{u) if 
and only if N(u) (in other words, M and N imply one an- 
other, they coincide, they have the same extension). 

DlO-6. M is exclusive of N =d[ there is no u such that 
Miu) and N(u). 

Further, the familiar concepts of the theory of relations 
belong to this kind of absolute concept, e.g. ‘symmetric’, 
‘non-symmetric’, ‘asymmetric’, ‘reflexive’, ‘non-reflexive’, 
‘irreflexive’, ‘transitive’, ‘non-transitive’, ‘intransitive’, 
‘connected’, ‘one-many’, ‘many-one’, ‘one-one’, etc. We 
shall give only one example here; 

DlO-7. H is synimeinc =T)t for every x and y, if H(x,y) 
then H(y,x). 

Now we decide to use the same terms as semantical terms 
also, hence for different but closely corresponding concepts. 
While the terms in their absolute use defined above are ap- 
plied to attributes, in their semantical use they will be ap- 
plied to those predicates which designate attributes of the 
kind specified. For these concepts, the dependence upon a 
language system is essential. Thus e g. (the property of be- 
ing) large is non-empty independently of any language, just 
because of the fact that there are some large things. On the 
other hand, the predicate ‘P’ is non-empty in S 3 (§ 8) be- 
cause of the same fact; the same predicate ‘P ’ may be empty 
in some other system because there it may designate some 
other property which happens to be empty. 

DlO-10. A predicate pr, is a. universal (b. empty, c. non- 
empty) in 5 =Df the attribute designated by pr, in 5 is 
a. universal (b. empty, c. non-empty, respectively). 

DlO-11. pr, is a. an implicate of (b. equivalent to, 
c. exclusive of) pr, in 5 =Df the designatum of pr, in 5 is 
a. an implicate of (b. equivalent to, c. exclusive of, respec- 
tively) the designatum of pr,. 
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DlO- 12 . A predicate pt, of degree two is symmetric in 5 = Df 
th»relation designated by pr, in 5 is symmetric. 

Analogous definitions may be laid down for the other terms 
of the theory of relations. 

The following concept is of interest chiefly because of the 
corresponding L- and C- concepts (D14-6, D31-6). 

DlO-15. SI, is interchangeable with Stj (in S) =t)f any 
closed sentence ©, is equivalent to every sentence con- 
structed out of by either replacing SI, at some place in ©, 
by SI, or SI, by SI„ and there is at least one pair of sentences 
©, and ©, of this kind. (The last condition is added in order 
to exclude trivial cases ) 

If a sentence ©, is constructed out of other sentences as 
components with the help of some of the ordinary sentential 
connectives (as eg. in S3 and S4, § 8 ) then the truth- value 
of @, depends merely upon the truth-values of its com- 
ponents. Therefore, a sentence of this kind is sometimes 
called a truth-function of its components; we shall call it 
extenstonal with respect to its partial sentences. This con- 
cept is defined m a general way in D20. 

DlO- 20 . ©, is extensional (in 5 ) in relation to a partial 
sentence ©, occurring at a certain place m =Df for every 
closed (§ 6) ©fc, if ' ©, is equivalent to ©i, then ©, is 
equivalent to the sentence constructed out of @, by replac- 
ing ©, at the place in question by ©*. 

D10'21 . The system S is extensional in relation to partial 
sentences =Df for every ©, in S, if ©, contains a closed sen- 
tence ©, at some place, then ©, is extensional in relation to 
©, at that place. 

TlO- 20 . If S is extensional in relation to partial sentences, 
then any two closed equivalent sentences in 5 are inter- 
changeable. (From D21, D20, Dis.) 
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§ 11. Variables 

«• 

If a system S contains variables, then, on the basis of the 
rules of designation and as basis for the rules of truth, we lay 
down first rules of values, and then either rules of determination 
or rules of fulfillment The rules of values specify which en- 
tities are the values of the variables of the kinds occurring m S, 
the rules of determination specify which attributes are deter- 
mined by the sentential functions in 5, the rules of fulfillment 
specify which entities fulfill the sentential functions in 5 

The examples of semajitical systems discussed so far (Si to 
S4, §§ 7 and 8) are constructed in a very simple way. They 
lack one important feature, variables The chief applica- 
tion of variables is in expressing universal and existential 
propositions. 

If a system S is to contain variables, the classification of 
signs, which precedes the formulation of rules, has to specify 
the kinds of variables. The rules of formation refer to these 
kinds in describing the forms of sentences Then, in a rule 
of values related to the rules of designation, it is stated for 
each kind of variable which entities are to be values of the 
variables of that kind Their class is sometimes caDed the 
range of values of the variables in question. If an expres- 
sion 3(, or a sign n, designates a value of a variable b„ we call 
31, a value expression and a, a value sign of s, A rule of 
values might e g. state that the range of values of the in- 
dividual variables i in the system S comprehends all space- 
time points, or aU physical things, or aU events, or aU human 
beings in general, or all human beings living at a certain 
time, etc The values of the i are then called the individuals 
in S. A rule for another kind of variables, say }), might state 
that aU properties of individuals are their values, or all 
second-degree relations of individuals, or all attributes of 
any degree of individuals, or aU properties of any finite level, 
or all attributes of any finite level, etc. A rule for still an- 
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other kind of variables, say f, might state that the proposi- 
tioiis (designata of sentences) are their values. 

Further, for a system S containing variables, rules have to 
be given specifying which entities are determined by the 
expressional functions (ie expressions with free variables, 
see § 6) of various forms, and especially which attributes are 
determined by sentential functions These rules which de- 
fine ‘determination in 5’ are called rules of determination. 

Then, with the help of the concepts defined by the preced- 
ing rules, especially the range of values of a variable and the 
attribute determined by a sentential function, truth rules for 
general sentences have to be laid down. 

Example of a semanhcal system containing variables We construct 
the system Sa out of S3 (§ 8) by addmg new signs and rules (Se con- 
tams only individual variables, all sentences are closed, all operands 
have molecular form, 1 e they do not contain operators ) Here agam, 
to facilitate understanding, we sometimes use expressions of the 
object language included m quotes 

Semantical system So 

1 Classification of signs In addition to the signs of Sg, So contams 
‘3’ and an infinite number of i (‘a:’, ‘y’, etc ) 

2 Rules of formation An expression 31*. in So is a sentential function 
m So =Di has one of the followmg forms' a l)T(i), jS ~(3l,), where 
31, IS a sentential function, 7 (31,) V (31,), where 31, and 31, are sen- 
tential functions contammg the same variable 

An expression SIa m So is a sentence (©) in So =Df 31* has one of the 
following forms: a pr,(m,), wherein, is a constant, b ~(©,), c (©,) 
V (©,), d. (i,) (31,), where 31, is a sentential function containing t,, 
e. (3t,) (3f,), where 31, is a sentential function contammg t, 

3A. Rules of designation The same as m S3. (We might, of course, 
add m So more pt and in and then specify here the designatum of each 
of these signs ) 

3B. Rules of determination. A sentential function 31* determines in 
So the property R =Df one of the followmg three conditions is ful- 
filled: 
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a. St* has the form ^ir, (i,), and ^Jr, designates F, 

b. Stt has the form and F is the property of not haying 

the property determined by 31., 

c. Slfc has the form (31.) V (SI,), and F is the property of having 
either the property determmed by 31, or that determined by 
SI, or both 

3 C. Rule of values Values of the i in S# are the towns in the United 
States. 

4 . Rules of truth ©a is irue m Se =dj one of the following condi- 
tions is fulfilled' 

(a), (b), and (c) as in S 3 

d. ©A has the form (i,) (31,) and every value of 1, (i e every town 
in the United States) has the property determined by 81, 

e has the form (3i,) (31,) and at least one value of i, has the 
property determined by SI,. 

The rules, especially those of determination, become more 
complicated in a system where operators withm operands 
and therefore sentential functions of higher degree occur 
(e.g. ‘(*)(3y)( . » . . y . .)’)• Here, an order of the vari- 
ables must be specified, an alphabetical order, so to speak. 
It is very convenient for many purposes, and especially for 
the formulation of rules for systems containing variables, to 
supplement the English word language (as metalanguage) 
by adding variables and the operators ‘(a:)', ‘(3*)’> 
‘(Xx)’. 

Examples of rules of determinahon {‘M’ is used as a ^p") 

1. If (the sentential function) 81, determmes (the attribute of 

degree ») M and if i* is the wth in alphabetical order among the n 
variables occurring freely m SI„ then the sentential function (of degree 
n-^) (it) (31,) determmes (Xxi.aca, . . ^Cm-i,*Tn+i, • . . a:n)[(*m)Af(*i, 
* 2 , »„)] (this IS an attribute of degree m-i). (Formulated 

in words and variables but without symbolic operators, it would run 
like this, “(it) (81,) determmes that relation which holds between Xi, 
Xt , . . am-!, Xm^. 1 , . . a„ if and only if for every individual M holds 
between a,, a 2 , . . a„, . . a„”.) 

2 . Under the same conditions (3it)(8I,) determines (Xai,a 2 , . . 
2fm— 1 , a,n+l, • • 2!n) ^(‘^^Jib) M'(ai, a 2 , • • an)]. 
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If S contains other kinds of variables, then the rules of 
vjdues for these kinds are of course different from the ex- 
amples given here (as shown by the examples given at the 
beginning of this section). But the form of rules of determi- 
nation is in all essential respects similar to that of the ex- 
amples just given. 

The concept of fulfillment to be defined now is closely 
related to that of determination. 

Dll-1, u fulfills in 5 =Df there is an M such that SI, 
determines M, and that Af(«) (i.e. there is an attribute M 
of degree n such that the sentential function SI, of degree n 
determines M and that M holds for u, which is a sequence 
of degree n). 

Examples, i. The ordered pair (le sequence of two members) 
Castor, Pollux (a pau of objects, not of names') fulfills the sentential 
function ‘seisteinBruder von y’m German 2 Chicago fulfills ‘P(a;)’ 
in S( 3 Suppose that the system S? contains Se and, m addition, 
predicate variables (‘F’ etc) The simple formulation “Chicago, 
large fulfills ‘F(*)’ in S7” is, unfortunately, not permitted by the tra- 
ditional English grammar, therefore we have to replace it by the fol- 
lowmg clumsy formulation; “The pair consistmg of Chicago and the 
property of being large fulfills 'Fix)’ m S?”. 

Di defines * fulfillment’ on the basis of ‘determination’; 
the latter term is hereby supposed to be defined by rules of 
determination. The inverse procedure is also possible; 
‘determination’ can be defined on the basis of ‘fulfillment’ 
(DA). SI, is here a sentential function of degree », M an 
attribute of degree n,u a, sequence of degree n. 

Dll-A. SI, determines M in S =m for every «, M{u) if 
and only if u fulfills SI,. 

Thus f ulfill ment may serve as the basic concept in the 
construction of a semantical system, defined by rules of 
fulfillment instead of rules of determination. (For the formu- 
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lation of rules of fulfillment, as for those of determination, 
it is convenient but not necessary to make use of the con- 
cept of designation to be defined by rules of designation.) 
Then determination would be defined on the basis of ful- 
fillment as in DA, and truth on the basis of determination, 
as e g. in the truth rules of Sa. 

There is another way of defining truth directly on the 
basis of fulfillment without the use of the concept of determi- 
nation The definition can be given an especially simple 
form (DB below) if we make use of the concept of the null 
sequence (i e the sequence which has no members, analogous 
to the null class) and regard a sentence as a sentential func- 
tion of degree zero Analogously, we may regard a proposi- 
tion as an attribute of degree zero [This widening out of 
the concepts would of course involve certain modifications in 
previous explanations and definitions, especially with respect 
to the concept of fulfillment ] 

Dll-B. is true in 5 =Df the null sequence fulfills 

Tarski [Wahrheitsbegriff] bases his definition of truth on the con- 
cept of fulfillment or satisfying (but in a way technically different 
from that mdicated here) This procedure seems to have certain 
advantages in those cases where it can be applied, namely for lan- 
guages contammg variables 

In a later volume of these studies it is planned to make a systematic 
comparison of the different forms of bases for semantical systems. 

Previously we defined ‘universal', etc., for attributes 
(Dio-i, etc.) and ‘universal in S’, etc., for predicates des- 
ignating those attributes (Dio-io, etc.). We now define 
the same terms for sentential functions determining those 
attributes 

Dll-2. A sentential function SI, is a. universal (b. empty, 
c. non-empty) in S =d£ the attribute determined by SI, 
in S is a. imiversal (b. empty, c. non-empty, respectively). 
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Dll-3. A sentential function 21, is a. an implicate of 
(bi equivalent to, c. exclusive of) a sentential function 
21 j in 5 =Df the attribute determined by 21, in S is a. an im- 
plicate of (b. equivalent to, c. exclusive of, respectively) the 
attribute determined by 2 Ij in S. 

§ 12. The Relation of Designation 

It is convenient to adopt for semantical discussions a use of 
the term ‘designation’ which is wider than the ordinary use, so 
that we may speak of the designata not only of individual 
constants and predicates but also of functors and sentences. 
A general convention for this wider use is laid down (D12-B) 

To which signs and expressions of a semantical system S 
(i e of its object language) is it possible and advisable to 
apply the relation of designation? So far we have applied 
it to individual constants and predicates of different levels 
and degrees. In a similar way it may of course be applied to 
functors of any type occurring m S But it is possible to en- 
large the domain of application to a considerable extent, and 
it seems convenient to do so for the signs and expressions of 
S of all those types for which variables occur in the meta- 
language, even if this includes the type of sentences and the 
types of sentential connectives. We use as metalanguage in 
this section the English language supplemented by variables, 
including propositional variables. Instead of ‘ designates v 
in S’ we write ‘Des 5 («,ii)’ or simply ‘Des(«,i>)’ where the 
context makes clear which system is meant. 

Instead of, and in analogy to, the rules of truth based on 
the narrower concept of designation in the previous form of 
a semantical system (e g. S 3 in 1 8) we should have here rules 
of designation for sentences and, in addition, a general ex- 
plicit definition for truth, the latter has the same form m aU 
systems and may therefore be stated once for aU in general 
semantics (Di). 



so B. SEMANTICS 

D12-1. ©, is true in 5 =Dt there is a (proposition) p such 
that Des(©„^) and p. 

In order to satisfy the ordinary rule of types, we should 
have to use different terms for the relation of designation as 
applied to individuals, attributes (of different types), and 
propositions, e.g. ‘Deslnd’, ‘DesAttr’, ‘DesProp’. It is, 
however, much more convenient to use only one term ‘Des’. 
This does not lead to ambiguities because the t3^e of the 
second argument makes clear which kind of designation is 
meant. But this use presupposes a suitable structure of the 
metalanguage so as to avoid the restrictions by the ordinary 
rule of types m this point (see remark below). 

Example In order to reformulate the system S3 (§ 8) in the way 
described, we replace (3) by (3A) and (3B), and (4) (§ 8) by (3C) and 
(4) (here) (3A) and (3B) are exphcit defoitions, (3C) is recursive, 
like (4) in § 8. 3A, B, and C could be combined into one recursive 
definition for ‘ Des<„’ 

3. Rules of designation 

A. For individuals. 

Desindsi (in,,x) =Df one of the following three conditions is 
fulfilled: 

a. fat, = ‘a’, and x = Chicago, 

b. in, = ‘b’, and * = New York, 

c. uii = ‘c’, and * = Carmel. 

B. For attnbutes. 

DesAttrst (pr„F) =Df one of the following two conditions is 
fulfilled: 

a. pr, = 'P’, and F = (thepropertyof being) large, 

b. pr, = ‘Q’, and F = having a harbor. 

C. For propositions. 

DesPropSt i&k,p) =Df one of the following three conditions is 
fulfilled: 
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a. ©i has the form ^)t, (in,), and there is an F and an x such 
that DesAttr(pr„F) and Deslnd(m„*), and p = (the prop- 
osition that) xvs,F 

b. ©ft has the form ~©„ and there is a g such that 
DesProp(©„5), and p = not q. 

c ©ft has the form ©, V ©„ and there is a y and an r 
such that DesProp(©„g') and DesProp(©„r), and p = 
q 01 T 

4 Rule of truth. 

©ft is true in Sz =01 there is a (proposition) p such that 

DesProp(©ft,/») and p 

Application of the rules It follows from (sAa), (sBa), (sCa), that 
DesProp(‘P(a)’, Chicago is large), and hence with (4), that ‘P(a)’ is 
true in S3 if and only if Chicago is large. A similar result holds for 
each of the other sentences of S3 Therefore, the definition of ‘true in 
Ss’ given by the rules stated above fulfills the requirement of adequacy 
(§ 7), it is merely another formulation for the same system Ss. 

Accordmg to the ordinary ride of types, usually called the simple 
theory of types, a particular argument-place beside a particular predi- 
cate may be filled only by eiqiressions which aU have the same type 
and hence the same level and the same degree Therefore, on the basis 
of this rule, we could not have ‘x’, ‘F’, and 'p’ as second arguments 
to the same predicate ‘Des’, as we had above [The same holds for 
‘Chicago’ and ‘the property ’ as second arguments for ‘desig- 

nates’ m the formulation of rule (3) for Ss in § 8, that already was a 
violation of the rule of types ] We may, however, modify the rule of 
types by admittmg transfinite levels, a predicate of level w is allowed 
to take as arguments expressions of any finite level, including sen- 
tences, which we assign to the zero level. If we assign ‘Des’ to this 
level &), then its use mstead of ‘Desind’, ‘DesAttr’, and ‘DesProp’ in 
the examples mentioned, and likewise its use with arguments of still 
other types, is correct Another way of accommodating ‘Des’ as here 
used would be to use as metalanguage a language system without 
distinctions of types or levels, systems of this kmd have recently been 
constructed especially by Qume [Math Logic] and Bernays {Journ. 
Symb. Logic, 1937 and 1941). 

Concerning the simple theory of types see [S3mtax] § 27, [Lo- 
gistik] §§ 9 and 13. Concerning tran^nite levels see [Syntax] § 53 
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with references to Hilbert and Godcl, Tarski [Wahrheitsbegriff], 
p. i36f. 

Sometimes objections are raised, especially by empiricists, 
against the wider use of the relation of designation and es- 
pecially against its application as a relation between sen- 
tences and propositions It is said that, while object names 
' (individual constants) and predicates do designate some- 
thing, namely objects and properties or relations, a sentence 
does not 'design ate' anything, it rather describes or states 
that something is the case. This may indeed be tiue with 
respect to the customary use of the words ‘designation’, ‘to 
designate ’, etc , m English It is obviously not in accordance 
with ordinary usage to say “ ‘P(a)’ designates Chicago is 
large”, and the same holds for corresponding sentences in 
languages of similar structure First, English grammar does 
not admit a sentence in the position of grammatical object. 
This difficulty, however, can easily be overcome by insert- 
ing ‘that’ after ‘designates’. Second, ‘to designate’ would 
ordinarily not be used in this case But this does not seem 
to me to be a sufficient reason against its wider use as a 
technical term Very often, m transferrmg a word from 
the ordinary language into the language of science, we en- 
large its domain of application The only question in such 
a case seems to be a question of expediency, and the decision 
will depend chiefly upon whether the similarity between the 
cases of ordinary application and the new cases is strong 
enough for the enlargement to seem natural. In the case 
under discussion there seems to be a strong analogy between 
the different cases, in spite of the difference in t3q;ies, this 
will soon become clear. 

This analogy will also help us to remove from our path 
some other stumblingblocks. 'With respect to some of the 
tjqies to which the relation of designation is here applied, 
the puzzling question is sometimes raised, what exactly is 
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the kind of designata of the expressions of the one type or the 
othe?? Thus it is e g. discussed whether the designatum of 
a thmg-name (e g. ‘Chicago’) is the corresponding thing or 
its unit-class (eg whether it is Chicago or {Chicago}). 
Further, the question is discussed whether the designatum 
of a predicate of first degree is a property or a class In both 
cases it is said as an argument m favor of the second answer 
that a designatum should always be a class. If designata of 
sentences are admitted at all, the question is raised whether 
they are states of aftaiis (or possible facts, conditions, etc., 
which seems chiefly a termmological difference) or rather 
thoughts 

Let us suppose for the moment that we understand a given 
object language S, say German or S3 (§ 8) , in such a way that 
we are able to translate its expressions and sentences into 
the metalanguage M used, say English (including some vari- 
ables and symbols) It does not matter whether this under- 
standing is based on the knowledge of semantical rules or is 
intuitive, it is merely supposed that, if an expression is given 
(say e g ‘Pferd’, ‘drei’ m German, ‘P’, ‘P(a) ’ in S 3 ), for all 
practical purposes we know an English expiession corre- 
sponding to it as its “literal translation” (eg ‘horse’, 
‘three’, ‘large’, ‘Chicago is large’) Then we will lay down 
a definition of adequacy for the concept of designation, 
which is not itself a definition for a term ‘Des^ ’ (or ‘to desig- 
nate in S’) but a standard with which to compare proposed 
definitions. In a similar way, we had before a definition of 
adequacy for truth (D7-B), and later we shall have one for 


L-truth (D16-1). ‘Adequacy’ means here simply agreement! 
with our intention for the use of the term. 


D12-B. A predicate of second degice pi, in .11 is an ade- 


quate predicate for dengnalwn in 5 = Df every sentence in M 
of the form pr, (?!,, JU) where ?I, is a name (or a syntactical 


description) in M of an expression 51, „ of S (belonging to one 
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of the kinds of expressions for which ptj is defined) and SI* 
is a translation of STm into M, is true in M. 

If pr, is adequate then we also call its definition and its 
designatum, i.e the relation defined as designation, ade- 
quate. This definition of adequacy leaves open the question 
of which types are admitted as arguments for pr,, it deter- 
mines only how a predicate for designation is to be used for 
certain types ij we choose to use it for these types Hence 
we may, for instance, restrict its use, in the sense of the ob- 
jection mentioned, to in and pr But it is proposed here to 
use it for all t)q)es for which there are variables in M, i e 
to admit as a second argument Sit any value expression of 
any variable in M. The practical justification for the given 
definition of adequacy lies in these two facts' i. It supplies a 
general rule for all the different t)q)es, in a simple way; 
2. it seems to be in agreement with the ordinary use of ‘ desig- 
nation ’ as far as this use goes. 

On the basis of an adequate relation of designation, the 
question of the designatum of an object name is to be 
answered in favor of the object (see example 2 a below) as 
against its unit class. 

Examples i If ‘Deso’ is an adequate predicate (in M, i e English) 
for designation in German, then the following sentences are true: 
a. ‘DesoCPferd’, horse)’, b ‘DesG(‘drei’, three)’ 2 If ‘Dessj’ is 
defined as indicated above (taking the place of ‘Deslndgs’, 'Des- 
Attrsa’, ‘DesPropsa’ simultaneously), then it is an adequate 
predicate for designation in Sa Among other sentences, the following 
must become true: a. ‘Dess 3 (‘a’, Chicago)’, b ‘Dessa(‘P’, large)’; 
c. ‘Dessa(‘P(a)’, Chicago is large)’, and they are indeed true, as we 
have seen before We see that adequacy requires us to write in the 
argument-place of ‘Des’ ‘large’ instead of ‘largeness’ (as English 
grammar would demand after the word ‘designates’) or ‘the property 
of bemg large ’ (as we formulated it previously) or ‘ the class of large 
things’, and hkewise ‘horse’ mstead of 'the property of being a horse’ 
or ‘the class of horses’ 'This shows that we can assign designata to 
predicates without using either the term ‘property’ or ‘class’. [The 
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question whether a designatum, e g large, is a property or a class wiU 
thas not disturb us in using the relation of designation, but it, too, 
must finaEy, of course, be answered The answer will depend upon 
the structure of the languages used, especially with respect to exten- 
sionality The same holds for the question whether sentential desig- 
nata are truth-values or whatever else. It is planned to discuss these 
questions in a later volume of these studies in connection with the 
discussion of extensional and non-extensional language systems ] 

We define ‘synonymous’ on the basis of ‘designation’ 
(D 2 ). Thus the term ‘synonymous’ may be applied in a 
narrower or wider way according to the narrower or wider 
domain of application chosen for ‘designation’. 

D12-2. 31, in Sm is synonymous with SI, in S„ =Df 81, 
designates in Sm the same entity as 3Ij in S„ 

Thus the relation of synonymity is in general not restricted 
to the expressions of one system. Most of the semantical 
relations can be applied to expressions of diferent systems, 
even those which, for the sake of simplicity and in considera- 
tion of their most frequent use, we have defined with respect 
to one system. 

Example. ‘Gross’ m German is synonymous with ‘P’ in S5 because 
DescC gross', large) and DessjCP', large) 

Examples of other semantical relations for two systems Instead of 
D9-4, we might take the following definition 
D 12 -C. I, m Sm IS equivalent to I, in S„ =di either S, is true in 
Sm and X, is true m Sn, or X, is false m Sm and is false m Sn. 

The same could be done with ‘implicate’, ‘exclusive’, ‘disjunct’, 
and also with the corresponding L-terms (§ 142, see remark at the end 
of § 16), hut not with the corresponding C-terms in syntax (§ 28). 
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This chapter is concerned with the problems of logtcal truth 
(‘L-true’), logical deducibility (‘L-implicate’), and related con- 
cepts (L-concepts) It will become clear that logic, in the sense 
of a theory of logical deduction and thereby of logical truth, 
is a special part of semantics The task of defining the L-con- 
cepts not only for particular systems (special L-semantics) but 
for systems in general (gener^ L-semantics) involves peculiar 
difficulties At present, no complete solution of this problem is 
known 

'§ 13. Logical and Descriptive Signs 

In preparation for the later discussion of L-concepts, the dis- 
tmction between logical and descriptive signs is explained By 
descriptive signs we mean those designating thmgs or events, 
their properties or relations, etc The two kinds of signs can 
easily be defined with respect to any given system (special 
semantics), but a definition for systems in general (general 
semantics) is not yet known 

The problem of the nature of logical deduction and logical 
truth is one of the most important problems in the founda- 
tions of logic and perhaps m the whole of theoretical philoso- 
phy Although in the development of modern logic much 
has been done to throw more light on this problem, especially 
by Frege, Russell, and Wittgenstein, it can still not be re- 
garded as completely solved. 

In this chapter, we shall look at the old problem from a 
new standpoint. The view will here be explained that logic 
is a special branch of semantics, that logical deducibility and 
logical truth are semantical concepts. They belong to a 
special kind of semantical concepts which we shall call 
L-concepts. (For logical truth we shall use the term ‘L- 
true ’ , for logical deducibility ‘ L-implicate ’ .) It wiU be shown 
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that the L-concepts differ in a peculiar way from the radical 
seAantical concepts which we have discussed above. If the 
rules of a semantical system S and thereby the concept of 
truth in S are given, then the L-concepts are thereby also 
determined in a certain sense, nevertheless, the task of de- 
fining them on the basis of the radical concepts (e g. ‘ desig- 
nation’ and ‘true’) involves some peculiar difficulties. Thus 
this chapter is, even more than the others, of a preliminary 
nature, it contains more open questions than answers. 

The discussion of the L-concepts wiU begin in the next 
section. At present, we shall deal with a distinction between 
two kinds of expressions, we call them descriptive and logical 
expressions. We shall see later (§ 16 at the end) that there 
is a close relation between the concepts ‘descriptive’ and 
‘logical’ and the L-concepts. The former concepts are, like 
the L-concepts, of great practical importance in the logical 
analysis of languages, but for them also no satisfactory 
precise definition in general semantics is known. As de- 
scriptive are classified names of single items in the world, 
i.e. of single things or parts of things or events (e g. ‘ Napo- 
leon’, ‘Lake Michigan’, ‘the sun’, ‘the French revolution’), 
signs designating empirical properties, including kinds 
of substances, and relations of things, places, events, etc. 
(e.g. ‘black’, ‘hot’, ‘dog’, ‘silver’, ‘father’, ‘citizen’), 
empirical functions of thmgs, pomts, etc. (e.g. ‘weight’, 
‘age’, ‘temperature’, ‘I.Q.’, ‘price’). Examples of signs 
which are regarded as logical are the sentential connectives 
(‘~’, ‘v’, etc.), the sign of the universal operator (‘for 
every’), the sign of the element-class relation (‘c’, ‘is a’), 
auxiliary signs (e.g parentheses and comma as ordmarily 
used in symbolic logic, punctuation marks in the written 
word languages), the sign of logical necessity in a (non- 
extensional) system of modalities (‘N’). Further, all those 
signs are regarded as logical which are definable by those 
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mentioned; hence e g. the sign of the existential operator 
(‘3’, or ‘for some’)) signs for imiversal and null classes of 
all types, the sign of identity (‘ = ’, ‘is the same as’), aU signs 
of the system of [Princ Math] by Whitehead and RusseU 
and of nearly all other systems of symbolic logic, aU signs 
of mathematics (including arithmetic, analysis of real num- 
bers, infinitesimal calculus, but not geometry) with the 
meaning they have when applied in science, all logical mo- 
dalities (eg. Lewis’ ‘strict implication’). A defined sign is 
descriptive if its definiens contains a descriptive sign, other- 
wise logical An expression is called descriptive if it contains 
a descriptive sign, otherwise logical. (Descriptivity is, so to 
speak, a dominant property, logicality a recessive one.) 

When we are constructing a semantical system 5 we usu- 
ally have in mind a specific meaning for each sign; and then 
we lay down the rules in accordance with this intention. In 
a case like this it is not difficult to define ‘logical sign in 5’ 
and ‘descriptive sign in 5’ in such a way that the distinction 
is in accordance on the one hand with our general conception 
of the distinction as explained above and, on the other hand, 
with the meanings intended for the signs and formulated by 
the rules The distinction will usually be made in the simple 
form of an enumeration either of the logical or of the de- 
scriptive (primitive) signs or of kinds of signs as listed in the 
classification of signs with which the construction of the 
system begins. 

Examples With respect to each of the systems Si and S2 (§ 7), S3 
and Si (§ 8), and Sa (§ ii), the distmction with respect to constants 
can be made in the following simple way (concernmg variables, see 
below) The individual constants and predicates are descriptive, the 
other constants logical With respect to languages I and II m [Syntax] 
the distmction for the primitive signs is likewise simple; the primitive 
predicates and functors are descriptive, all other primitive signs, in- 
cluding the variables, are logical ([Syntax] §§ 8 and 29). 
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As to variables, it might seem at first glance as if they must 
be r«garded as logical signs. A closer analysis shows, how- 
ever, that with respect to some languages this would not be 
in agreement with the intended distinction. This is the case 
for a variable whose range of values is specified by a de- 
scriptive eiqiression of the metalanguage. It seems that a 
variable of this kind should be regarded as a descriptive 
variable. However, the whole question is in need of further 
study. (The question is not merely a terminological one; 
which terminological decision in this point leads to simpler 
general theorems about logical and descriptive signs and 
their relation to L-concepts is an objective question.) 

Example The range of values of the variables in the system Se 
(§11) IS the class of the towns in the United States. The English 
translation of a sentence of the form ‘(ac)( )’ is ‘For every town 

X in the United States, ’, which is clearly descriptive Hence it 
seems natural to call descriptive 

So far we have discussed the distinction between logical 
and descriptive expressions only in the form m which it ap- 
pears when we have to do with a particular semantical 
system, in other words, as a question of special semantics. 
The problem is more difficult in the form it takes in getteral 
semantics. Here it is the question whether and how ‘logical’ 
and ‘ descriptive ’ can be defined on the basis of other semanti- 
cal terms, e.g. ‘designation’ and ‘true’, so that the applica- 
tion of the general definition to any particular system will 
lead to a result which is in accordance with the intended dis- 
tinction. A satisfactory solution is not yet known. 

The possibihty and the method of solution depend upon the kind 
of metalanguage M chosen A solution seems possible if we presuppose 
that M IS constructed in such a way that its rules, as formulated in the 
metametalanguage MM, mvolve a correspondmg distmction of the 
signs of M From another point of view, some light will be thrown on 
the question by the results of a discussion of the sentential connectives 
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in [ll] . It IS planned to discuss the general question in a later volume 
of these studies 

§ 14. L-Goncepts 

An L-term (eg ‘L-true’) is to apply whenever the corre- 
sponding radical term (eg ‘true’) applies on the basis of 
merely logical reasons, in contradistinction to factual reasons 
Later, our problem will be to transform this vague characteriza- 
tion mto a precise definition In this section, five L-terms are 
taken as primitive terms for a set of postulates (Pi to 15) On 
the basis of these postulates, theorems are stated Then defini- 
tions for further L-terms are laid down 

Logic, in the sense of the theory of logical deduction, tvill 
here be shown to be a part of semantics. This, however, 
does not contradict the possibility of dealing with logical 
deduction in syntax also. We shall see later (in Chapter E 
and, more in detail, in [II]) that what is usually called formal 
logic is the construction of a formal procedure in syntax cor- 
responding to the semantical procedure 

We begin with a discussion in general semantics We have 
previously defined the concepts of equivalence and implica- 
tion (§ 10). They, however, are not logical concepts; as was 
emphasized, they must be distinguished respectively from 
logical equivalence, in the sense of agreement in meaning or 
content, and logical implication, in the sense of logical de- 
ducibility or entailment. For these latter concepts, we shall 
use the terms ‘ L-equivalence’ and ' L-implication’ (for ter- 
minological remarks, see § 37' Prefixes, and Connections). 
If we had a definition for L-implication we could easily define 
L-equivalence as mutual L-implication ; the problem will be 
how to define L-implication. 

Further, there are other logical concepts very much used 
m the logical analysis of science and closely connected with 
those just mentioned. Above all, there is the concept of 
logical truth, truth for logical reasons in contradistinction to 
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empirical, factual reasons. The traditional term for this 
concept is ‘analytic’; we shall use the term ^L-true,’ for the 
sake of analogy. As a correlate to logical truth we have the 
concept of logical falsity, falsity for merely logical reasons, 
logical self-contradiction, for it, the term ‘contradictory’ is 
often used, we shall use here the term ‘L-false\ The terms 
constructed with the prefix ‘L-’ out of the original semantical 
terms are called L-terms, the concepts designated by them, 
L-concepts Later we shall introduce the prefix ‘F-’, and in 
syntax the prefix ‘C-’. The unprefixed semantical terms 
(e g ‘designation’, ‘true’, ‘implicate’, etc ) are called radical 
terms] the designated concepts, radical concepts. For other 
radical concepts we shall also introduce corresponding 
L-concepts, eg if two sentences are disjunct (Dq-s) for 
logical reasons, we shall call them L-disjunct; if they are 
exclusive (D9-6) for logical reasons, we shall call them 
L-exclusive. 

The L-concepts — irrespective of the terminology used 
for them — are of the greatest importance for the logical 
analysis of science Suppose that a certain physical theory, 
formulated as a class of laws f?,, is investigated and compared 
with another theory There are many questions which 
are beyond the scope of a merely logical analysis and require 
factual observation, eg the questions to what degree the 
particular laws belonging to iii or their combination are 
confirmed by the available evidence, whether ^2 is confirmed 
to a higher or lower degree than iJi, etc On the other hand, 
there are questions of another kind, usually called logical 
questions, whose answers are not dependent upon the result 
of observations and therefore can be given before any relevant 
observations are made. These questions involve L-concepts 

Examples of answers which might be given to logical questions con- 
ceimng two theories and as results of logical analysis (formu- 
lations m our L-terminoIogy are added in parentheses) i The law 
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©1 in Si does not have any factual content but is merely analytic 
(“@i is L-true”), hence it is unnecessary to look for a confirmation 
of @1 by the observation of facts, since ©i is in accordance with all 
possible facts, it follows that the simplified theory Si' obtamed from 
Si by omitting ©i asserts just as much as the original theory Si (“Si' 
is L-equivalent to Si”) 2 The law ©2 m Si, although it has factual 
content (“©2 is not L-true”), follows from another law ©3 in Si (“©2 
IS an L-implicate of ©s”), hence the omission of ©2 in addition to ©1 
leads to a theory S/' which is likewise not weaker than Si (“ Si" is 
also L-eqmvalent to Si”) 3 The laws ©4 and ©3 m S2 contradict 
each other, are logically incompatible with each other (“©4 and ©6 are 
L-exclusive ”) , hence S2 contains a contradiction, is mconsistent 
(“S2 IS L-false”), therefore there is no purpose in looking for a con- 
firmation of S2 by observation, because such a confirmation is impos- 
sible 4 The three theories S3, S4, and Ss constitute an exhaustive 
set of competitive theories, that is to say, for merely logical reasons at 
least one of them must hold (“S3, S4, and Ss are L-disjunct with one 
another”) 

The above explanation of the meaning which we intend 
for the L-terms, i e. of the way in which we intend to use 
these terms, is obviously rather vague. We have not said 
what, exactly, we mean by “logical reasons” for truth as 
against factual reasons, or by “logical deduction” as against 
other kinds of deduction. A precise account of the meaning 
of the L-terms has to be given by definitions for them, and 
the chief aim of the following discussions will be to look for 
suitable ways of arriving at these definitions. The explana- 
tions merely circumscribe what it is we are looking for. In 
order to make this circumscription more precise we shall now 
formulate some postulates. They are in agreement with our 
intention with respect to the L-terms, and they will guide 
our search for definitions Not every definition compatible 
with these postulates will necessarily be acceptable to us, i e. 
agree with our intention. But no definition will be accepted 
unless it is in accordance with each of these postulates (with 
the possible exception of Pi 4 and 15; see below). We do not 
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try to make the number of these postulates as small as possi- 
ble, nor to make the set complete This set is to serve only a 
provisional purpose. We shall later (§ 20) come to a system 
of general semantics using a new concept; it will be shown 
that the present postulates P14-1 to 15 are all provable as 
theorems in that later system on the basis of definitions 
without use of postulates. And it is planned to construct in 
a later volume of these studies a set of postulates for general 
semantics on a still different basis of concepts which are not 
available at the present stage of our discussions. 

Primitive terms for the postulates: 

1. ‘True’. (We make further use of the radical terms de- 
fined in § 9 on the basis of ‘true’.) 

2. a. ‘L-true’, b. ‘L-false’, c ‘L-implicate’, d. ‘L-equiva- 
lent e ‘L-disjunct (Later we shall see that (a) and (d) are 
definable by the other ones.) 

The postulates may be divided into four groups. 

1. Pi to 4 state the relation of inclusion between 
L-concepts and the corresponding radical concepts. 

2. P5 to 10 state general properties of L-concepts. 

3. Pi I to 13 concern relations between sentences and 
sentential classes. 

4. P14 and 15 state a particular property of L-truth and 
L-falsity which wiU be discussed later. 

In this postulate system, we take the sentences in S as 
individuals; hence, the values of the variables etc., 
are the individuals, of ‘®,’, etc , the classes of individuals, 
of ‘S:,’, etc., both. The L-terms are applied, as the radical 
terms were earlier, both to sentences and sentential classes. 
We write ‘L-true’ instead of ‘L-true in S’, and likewise with 
the other semantical terms. Instead of ‘ 2;, is an L-implicate 
of S:,’ (or ‘Zi L-implies I/), we often write ‘ I, T? Z,’. 
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+P14-1. If is L-true, it is true. 

+P14-2. If Sij is L-false, it is false. 

+P14-3. If I? %, then St, St,. 

P14-4. If E, and E, are L-disjunct (with one another), 
they are disjunct. 

+P14-5. L-implication is transitive (i e. if E, T? E„ and 
E, "i? El;, then E, T? E*). 

+P14-6. If E, T? E, and E, is L-true, E, is L-true. 

-I-P14-7. If E, I? Ej and E, is L-false, E, is L-false. 

P14-8. For every ©, 

-1-P14-9. E, is L-equivalent to E, if and only if E, 1? E, 
and E, T* E,. 

P14-10. If E, is L-true, E, and E, are L-disjunct (with 
one another). 

P14-11. If ©, 6 then il, T*' ©,. 

P14-12. If E, 1? every element of then E, ’V’ 

P14-13. If every element of is L-true, j?, is L-true. 

+P14-14. If E, is L-true, then every E, T? E,. 

-t-P14-15. If E, is L-false, then E, V every E,. 

Now we shall show that these postulates are in agreement 
with the previous explanations. (These considerations are 
necessarily as vague as those explanations.) Pi, 2, and 4 
are obvious on the basis of the explanations P3 si in agree- 
ment with the conception generally held that logical im- 
plication (deducibility, logical entailment) is narrower than 
(material) implication, P3 states nothing more than this: if 
E, 1? E, and E, is true, E, is also true The transitivity 
stated by P5 is obviously in agreement with the conception 
of deducibility, no matter whether “by logical means” or 
otherwise P6 is easily seen to fulfill our intention, if some- 
thing is true for logical reasons and something else follows 
from it for logical reasons, then that is also true for logical 
reasons. P7 is justified by an analogous remark: if by logical 
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means (whatever that may be) we can show that % is false 
anft also that X, follows from S,, then we have shown by 
the same logical means that 3 :, is false. P8 is trivial. P9 
states, in accord with the previous explanation, that 
equivalence is mutual L-implication. Pro is m accordance 
with the explanations, if X, is true for logical reasons, then 
for logical reasons at least one of 2;, and X, is true. Pii to 
13 are simply based on our convention to regard the asser- 
tion of a sentential class as the joint assertion of its sentences. 
Therefoie we have called Si, true if and only if all its sen- 
tences are true (D9-1). On the basis of this definition, if 
is true any of its sentences is necessarily also true (Pii). 
And if every sentence of i?, follows logically from certain 
premisses, then if, itself follows from these premisses (Pi 2). 
And if every sentence of is true for some reasons, then j?, 
is true for just the same reasons, if the reasons for the first 
are logical (whatever that may mean), those for the second 
are logical as well (P13) The status of the last postulates, 
P14 and 15, is controversial. Some logicians would not ac- 
cept these postulates. But they are m accordance with our 
conception of L-implication. This can best be seen if we for- 
mulate the explanation of our use of the term ‘L-implica- 
tion’ in this way. 2:, 1? Zj if and only if it is impossible for 
logical reasons that 2, be true and 2, be false. Now this is 
obviously the case if 2j is true for logical reasons (P14) , and 
likewise if 2, is false for logical reasons (Pis). 

Fundamentally, it is not a question of truth but a question of con- 
vention whether we want to take the term ‘L-implication’ in such a 
wide sense as to include the cases referred to in P14 and 15 or in a 
narrower sense As always m questions of this kmd concerning extreme 
cases, which frequently occur in logic and mathematics, the guiding 
principle is the simplicity of the resulting theorems The question here 
IS of the same nature as the following ones . “What shall we understand 
by ‘x-l-o’, ‘*.0’, etc ?”, “Shall we take theconceptof sub-class 
m such a wide sense as to mclude the cases AC F and FC V for any 
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class E or not? ” The latter question is not a mere analogy to our prob- 
lem Regarded from a certam pomt of view the question of P14 anu 1 5 
is just a special case of application of the question just mentioned, this 
wiU be shown in § 18 It is weU known that the acceptance of the wider 
concept of sub-class leads to a considerable simplification m the theory 
of sets, although most beginners at first raise objections against it. 
There can be no doubt that the theory of logical deduction also be- 
comes much simpler if framed so as to include Pr4 and 15 than other- 
wise, although the feelmgs against both, and espeaally against P15, 
are psychologically well understandable 

The wider concept of logical implication here accepted is in agree- 
ment with that of C I Lewis, which he took as a basis for his system 
of “strict implication" and defended agamst several objections 
([Logic] pp 174!, 248ff) (Strict implication is a relation between 
propositions, while L-implication is the corresponding relation between 
sentences (see § 17), this difference, however, is irrelevant for the 
question discussed here ) 

The following tJieorems are based on the postulates Pi to 
15 As far as radical concepts are concerned, the proofs of 
the following theorems make use also of the definitions in 
§ 9 and the theorems based on these definitions (without 
postulates) in § 9. 

T14-1. Xi is not both L-true and L-false. (From Pi> 
P2, T9-2.) 

- 1 -T 14 - 2 . If Xi and X, are L-equivalent, they are equiv- 
alent (From P9, P3, T9-2ob ) 

+T14-3. 

a. If Xt and I, are L-equivalent and St is true, 
Xj is also true. (From T2 and T9-2oa.) 

b. Analogously with ‘false’ instead of ‘true’. 

c. With ‘L-true’. (From P9, P6.) 

d. With ‘L-false’. (From P9, P7 ) 

T14-4. For every fli, I? (From Pii, P12.) 

T14-5. L-imphcation is refleidve (i.e. for every S„ 
S, 1? Sj. (From P8, T4.) 
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+T14-6. L-equivalence is a. reflexive, b. sy mm etrir^ 
c. ftransitive. (From P9, T5; Ps ) 

T14-7 (lemma). ©, 't' {@»}. (From P8, P12.) 

T14-8 (lemma). {©,} 1? ®, (From Pii ) 

T14-9. { ©»} and are L-equivalent. (From T7, T8, 
P9.) 

T14-10. If C Si, then S, T? S,. (From Pii, P12.) 
T14-11. If an element of S, is L-false, S, is L-false. 
(From Pii, P7.) 

T14-12. If Sj C S, and S, is L-true, is L-true. (From 
Tio, P6 ) 

T14-13. If Sj C S, and Sj is L-false, S, is L-false. 
(From Tio, P7.) 

-t-T14-14. If 2:, is true and X, "i? I,, then X, is true. 
(From P14-3, T9-10 ) 

T14-18. The class of the L-true individuals (i.e. sen- 
tences in S) is L-true. (From P13.) 

T14-19 (lemma). If S, is L-true, every element of S, 
is L-true. (From Pii, P6.) 

-t-Tl4-20. Si is L-true if and only if every element of S, 
is L-true. (From T19, P13.) 

T14-21 (lemma). If Sti S„ then I, T? every element 
of S,. (From Pii, P5 ) 

T14-22. Ji 1? S, if and only if 2:, 1? every element of 
Sj. (From T21, P12.) 

T14-23. If 2:. T? S, and 2:, T* Si, then 2:, 1? S, + Si. 
(From T22.) 

T14-24 (lemma). If S, l? S„ then S, T? Si -h S,. 
(From T4, T23.) 

T14-25 (lemma). If S, 1?S, and Si -1- S, is L-false, 
then Si is L-false. (From T24, P7.) 

Theorems concerning A and V. 

T14-30 (lemma). Every S, 1? A. (From P12.) 
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T14-31 (lemma). Every ©, A. (From T7, T30, 

PsO 

+T14-32. Every 2, 1* A. (From T30, T31; also directly 
from Pi 2.) 

+T14-33. A is L-true. (From P13; or from T18, T30, 
P6.) 

T14-34. If A 1? Z], Z, is L-true. (From T33, P6.) 
T14-40 (lemma). V 1? every Sj. (From Tio.) 

T14-41 (lemma). V 1? every ©,. (From Pii.) 
-t-T14-42. V T? every 2, (From T40, T41.) 

T14-43. The following conditions for a system S coin- 
cide (i.e. if one is fulfilled, any other one is fulfilled): 

a. V is L-false in S. 

b. There is an L-false (but not necessarily an 
L-false ©,) in S. 

c. There is an L-false 2, in 5. 

(From T40, P7; T42.) 

The following theorems depend upon the controversial 
postulates 14 and 15. 

T14-50 (lemma) If 2, is L-true, then A T? 2,. (From 

P14.) 

-1-T14-51. 

a. 2, is L-true if and only if A 1? 2,. 

b. 2, is L-true if and only if Z, is L-equivalent to 
A. (From Tso, T34; T32, P9.) 

T14-52. If 2, and 2, are both L-true, they are 
L-equivalent to one another. (From P9, P14.) 

T14-53. If 2. and 2, are both L-false, they are 
L-equivalent to one another. (From P9, Pi 5.) 

T14-54 (lemma). If 2, is L-false, 2, 1? V. (From P15.) 
T14-55. If 2, is L-false, 2, is L-equivalent to V. (From 
P9 , Ts 4, T42.) 
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T14-56. If is L-true, then (From T 4 , 

Pf 4 , T 23 .) 

T14-57. If + iEj is L-false and is L-true, then is 
L-false. (From Ts6, P7.) 

T14-58. If Sj is L-false, then S:, is L-false if and only 
if Xx T? Xj. (From P7, P15.) 

T14-59. If { ©„ ©,} 1 ? Xk and is L-true, then <S, T? 
Xk- (From P 8 , P 14 , P 12 , Ps ) 

If T50 is taken as postulate P14A instead of P14, and Ts4 as PisA 
instead of Pis, then the resulting postulate set Pi to 13, 14A, isA 
yields the same theorems as Pi to 15 In the new system, P14 as 
theorem can easdy be proved on the basis of P14A (= T50), T32, and 
Ps, and likewise Pis on the basis of PisA (= Ts4), T42, and Ps 

We have taken five L-terms among the primitive terms for 
the postulates Are all of them necessary? With respect to 
the corresponding radical terms we have seen (§ 9 ) that 
‘false’ and ‘implicate’ can be defined on the basis of ‘true’. 
However, an analogous procedure is not possible for the 
L-concepts in general semantics. Neither is ‘L-false’ de- 
finable by ‘L-true’, nor ‘L-implicate’ by ‘L-true’ and 
‘L-false’. 

In the special semantics of some systems, an analogous order of 
definitions is possible, but only with the additional help of some other 
concepts, e g negation and conjunction Let us consider a system S 
of such a kmd that, first, for any open sentence if such occur at 
aU in 5 (e.g ‘R(a:,y)’), there is a correspondmg closed sentence, desig- 
nated by ‘ ( )©,’ (e g ‘ (») (y)R(*,y) second, for any closed sentence 
©, there is another sentence which is its negation, designated by 
and third, that for any sentential class i?, there is a sentence 
which is the conjunction of designated by ‘conj(®,) ’, 1 e such that 
conj(^,) is L-equivalent to S, (The systems Sa and S4 in § 8 fulfill 
these conditions ) 

If ‘L-true m 5 ’ for sentences is given, we may lay down the follow- 
ing definitions: 

D 14 -A 1 . is L-true =di conj’(K,) is L-true. 
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D14-A2. is L-false =Df ~( )®i is L-tnie. 

D14-A3. is L-false =Df conj(S,) is L-false 

D14-A4. i?, "I?®, =Df^t+ {~()©j} is L-false. (Compare [5y»- 
taoc\ § 34 f, definition of ‘consequence in II’.) 

D14-A5. ®, T?©, =Di {©.1 T?©,. 

D14-A6. 1, 1? = Df T? every sentence of 

It is, however, easily possible to define ‘L-true’ and 
‘ L-equivalent ’ in the following way, in accordance with 
Tsia and Pg. 

D14-B1. 3:, is L-true =Df A "I? 

D14-B2. 3;. is L-equivalent to 3:, =Df 3:. and 

3:^ T? 3:.. 

If we adopt DBi, we may omit P6, 13 and 14; if we adopt 
DBa, we may omit Pg. Hence an alternahve system could 
take ‘L-false’, ‘L-implicate’, and ‘L-disjunct’ as primitive 
L-terms and would consist of Pi to 5, 7, 8, 10, ii, 12, 15, 
DBi, and DB2. This system yields the same theorems as 
the original. 

We shall now lay down definitions for more L-concepts, on 
the basis of the five concepts occurring in the postulates Pi 
to 15. These new L-concepts are not as important as those 
five. They will, however, occasionally be applied in later 
sections, especially those defined by Di, 4, and 5; and the 
remarks preceding D5 have some bearing on later discussions. 

-t-D14-l. 3:, is L-determinate (in 5) =Df Si is either 
L-true or L-false. 

T14-64. If every in 5 is L-determinate, then every 
I, in 5 is L-determinate. (From P13, Tii.) 

D14-2. 3:, is L-exclusive of Z, (in 5) =Df S, -f Z, is 
L-false. (If 3:, or 3:^ is a sentence ©*, then {©*} is to be 
taken as component of the sum.) 

T14-70. If Z, and Z, are L-exclusive (of one another), 
they are exclusive. (From P2, Tg-i, Dg-6.) 
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T14-71. If is Ir-false, 3:, is L-exclusive of every S,. 
(FJfom T13.) 

T14-72. If 3, and 3^ are L-exclusive and 3, is L-true, 
then 3, is L-false. (From D2, T57.) 

T14-73 (lemma). If 3, is L-exclusive of A, 3, is 
L-false. (From T72, T33.) 

T14-74 (lemma). If 3» is L-false, 3, is L-exclusive of 
A. (From D2, T9; also from T71 ) 

T14-75. 3, is L-false if and only if 3, is L-exclusive of 
A. (From T73 and 74.) 

T14-76. If 3j is L-exclusive of 3* and 3, T? 3fc, then 
3j + 3, is L-false, and hence 3, is L-exclusive of 3,. [Proof. 
If the condition is fulfilled, Xj 4- 3^ is L-false (D2); hence 
also X, + Xic + 3, (T13), hence also 3, + 3, (T2s) ] 

D14-3. 3; is L-dependent upon 3, (in S) =Df % is 
either an L-imphcate of 3, or L-exclusive of 3,. [Explana- 
tion. If 3, is L-dependent upon 3„ then either the truth 
or the falsity of 3j can be logically inferred from the truth 
of 3.] 

T14-80. If 3, is L-false, every 3, is L-dependent upon 
3,. (From P15 ) 

T14-81. If 3, is L-true and X, is L-dependent upon 3„ 
then X, is L-determinate (From P6, T72 ) 

T14-82. If 3, is L-determinate, then 3, is L-dependent 
upon every 3,. (From P14, T71.) 

T14-83. X, is L-determinate if and only if 3, is L- 
dependent upon A. (From Di, T51, T7S, D3.) 

T14-84. If 3, is L-dependent upon 3* and 3, T? 3^, then 
3, is L-dependent upon 3,. (From D3, Ps, T76.) 

D14-4. 3, is L-complete (in S) =Df every sentence 

(in 5) is L-dependent upon 3,. [Explanation. If 3» is 
L-complete, then from its truth the truth or falsity of every 
other sentence and sentential class is logically deducible; 
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in other words, the assumption of I, decides about all ques- 
tions expressible in 5 .] 

T 14 - 88 . 3;, is L-complete in S if and only if every 
(in S) is L-dependent upon 3 :,. (From P12, T76, Pii.) 

T 14 - 90 . If I, is L-false, 3 :, is L-complete. (From T80 ) 

T 14 - 91 . V is L-complete. (From T41.) 

T 14 - 92 . If 3 :, 1? 3 ;^ and 3 :, is L-complete, I, is L- 
complete. (From T84 ) 

T 14-93 (lemma). If there is a 3 ;, in 5 which is L-true 
and L-complete, then every 3 :, in S is L-determinate. (From 
T81, T88.) 

T 14 - 94 . The following conditions for a system 5 coincide : 

a. A is L-complete in S. 

b. Every 3^1 in 5 is L-complete. 

c. Every 3 :; in 5 is L-determinate. 

d. Every in 5 is L-determinate 

e. There is a 3 :, in 5 which is L-true and L-com- 
plete. 

(From T32, T92; T83; T33, T81, T64, T93.) 

On the basis of L-implication, L-truth is definable in gen- 
eral semantics (DBi) but it turns out that L-falsity is not. 
The reason for this is that there is a 3 :, which is L-true in 
every system, namely, A; but there is no which is L- 
false in every system, and there is not even in every system 
an L-false Z,. This reveals again the lack of symmetry in 
the customary foundations of logic. We found it earlier with 
respect to the radical concepts (see remarks before D9-7) 
and now with respect to the L-concepts If we take ‘L- 
implicate’, ‘L-true’, and ‘L-false’ as basis, then ‘L-exclu- 
sive’ is definable (D2) but ‘L-disjunct’ is not and has there- 
fore to be taken as primitive in the present system, although 
the two concepts show some sort of analogy (compare D20-9 
and 10). This fact is another symptom of the as3mimetry 
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mentioned. (This asymmetry will be analyzed and over- 
cofhem [II].) 

One might perhaps feel inclined to consider the following 
definition, in analogy to DBi. 

D14-G1. Xi is L-false (in S) = Df T? every sentence in 
5 (and hence V). 

(An analogous definition has sometimes been taken for the 
corresponding syntactical concept ‘C-false’, see § 29.) How- 
ever, the definiens of DCi cannot be taken as a definiens for 
‘L-false’; it is rather the definiens for ‘L-comprehensive’ 
(Ds). The two concepts ‘L-false’ and ‘L-comprehensive’ are 
closely related to one another and even coincide in most 
systems (see Tio7b and examples), in the special semantics 
of systems of this kind the definition DCi would therefore 
be adequate But since there are other systems, although 
not frequently used, in which there are L-comprehensive but 
no L-false classes, DCi would be inadequate with respect to 
those systems and hence inadequate in general semantics. 

If I, L-imphes all sentences of S, and hence, so to speak, 
comprehends all their contents, we shall call it L-compre- 
hensive: 

D14-5. jC, is L-comprehensive (in S) =Df T? every 
sentence in 5. 

T14-100. V is L-comprehensive (From T41.) 

T14-101. If Zi is L-false, S:, is L-comprehensive. (From 
Pi 5.) The converse does not hold generally but only under 
certain conditions; compare Tio7b. 

T14-102. Each of the following conditions is a sufficient 
and necessary condition for 2:, to be L-comprehensive: 

a. I, T? V. 

b. 2:, is L-equivalent to V. 

c. 2:, T? every (in S). 

d. 2:, 1? every 2:, (in S). 

(From T22; (a), T42; T22; (c).) 
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T14-103. If 2:, is L-comprehensive, I, is L-complete. 
(From Tio2d.) 

T14-104. If 3 :, is L-comprehensive, it is comprehensive. 
(From P3, D9-9.) 

T14-105. The following conditions for 5 coincide* 

a. Every L-comprehensive 2 :, in S is L-false. 

b. V is L-false in S. 

c. There is an L-false S, in S. 

d. There is an L-false I, in S. 

(From Tioo, Tioaa, P7; T43.) 

T14-106. If 2;. T? 2:^, and 2, is L-comprehensive, then 
2 , is L-comprehensive. (From Ds, P5.) 

T14-107. If S contains an L-false 2 „ the following holds: 

a. V is L-false in S. 

b. ‘L-false in S’ and ‘L-comprehensive in S' coin- 
cide. 

(From T105 and loi.) 

The condition in T107 is fulfilled by most of the language 
systems practically used. If (but not only if) S contains a 
sign of negation, say ‘ ~ ’, then it contains an L-false class, 

e.g. {®„ ~®x}, even if it does not contain an L-false sen- 
tence. (Hence the condition is fulfilled e g. by the systems 
S3, S4 (§ 8), and So (§ ii). On the other hand, the systems 
Si and S2 (§ 7), which contain atomic sentences only, fulfill 
the condition of T108.) 

T14-108. If 5 does not contain an L-false the following 
holds: 

a. No is L-false in S. 

b. No 2 , is L-false in S. 

c. V is not L-false, but L-comprehensive in S. 

(From T 9 , Tioo.) 

D14-6. St, is L-interchangeable with SIj (in 5 ) =Df any 
closed sentence ©, is L-equivalent to every sentence con- 
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structed out of ®, by either replacing SI, at some place in S 
b)! SIj or Slj by Sl„ and there is at least one pair of sentences 
and of this kind. 

The difference between this L-concept and the correspond- 
ing radical concept (D 10-15) is this. If two expressions are 
interchangeable, then the exchange of one for the other in a 
closed sentence does not change its truth-value but might 
change its logical content Both remain unchanged if the 
expressions are not only interchangeable but L-mterchange- 
able. 

T14-112. If SI, and 31^ are L-mterchangeable, they are in- 
terchangeable. (FromTa) 

In many systems, ‘interchangeable’ and ‘synonymous’ 
coincide, and also ‘L-interchangeable’ and ‘L-synonymous’. 
But, in general, the first concept in each pair is weaker than 
the second. If SI, and SIj are interchangeable in S, then their 
designata have all properties in common which can be ex- 
pressed (by closed sentences) in S but are not necessarily 
identical. If they are L-interchangeable, then this is the case 
for logical reasons, i e. on the basis of the semantical rules, 
but the designata may stiU be different. If, however, SI, 
and 31, are synonymous, then their designata are identical; 
therefore they have all properties in common whether ex- 
pressible in 5 or not. And if SI, and SI, are, moreover, L- 
S3monymous, then the semantical rules show us that the 
designata are identical, hence the expressions have, so to 
speak^ the same meaning. 

D14-7. S, is L-perfect (in 5) =di for every ©„ if i? ©, 
then @, € S,. 

The defining condition means that any logical deduction 
starting from any sentences of S, leads always again to a 
sentence of 

Tarski’s Theory of Systems (see remark on D30-7) can also be 
applied to the L-perfect classes. 
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T14-116. ill is L-perfect if and only if for every if 
S, 1? then SI C il,. (From D7, Pii, P5, P12.) 

T14-117. The folloAving classes are L-perfect • 

a. The class of the L-true sentences (in S). (From 
D7 ,Pi3,P6.) 

b. The class of the true sentences (in S). (From 
D9-1, T14 ) 

c. V. (From D7.) 

T14-118 (lemma). For every 3;„ the class of the sentences 
which are L-implicates of 3:, is L-perfect. (From D7, P12, 
P5-) 

T14-120. If il, and Sij are L-perfect and L-equivalent to 
one another, then il* = (From T116 ) 

If SDlj is a class of sentential classes, ‘pr(ail,)’ designates 
the product of the classes in 2)1.. (If 2)1, is nuU, then pr(2)l,) = 
V) 

T14-121. If the classes in 2R, are L-perfect, then pr(2)l,) is 
L-perfect. 

Proof Let pr(2)Z,) T? and il, € 2)1, Then pr(2)J,) C hence 
ill T? pr(2)J,) (Tio), hence il, (P5), hence <k>k « ili (D7) Since 
this holds for every il, in 2)?„ ©t « pr(2)l,). Therefore, pr(2)?,) is 
L-perfect 

T14-122. If and are L-perfect, then il, X S, is L- 
perfect. 

If il, and are L-perfect, il, -f- is not necessarily also 
L-perfect, but Lc(il, -1- il,) (as defined by D23-F1) is L- 
perfect (T23-F21) and is L-equivalent to -t- (T23- 

F13). Compare remark on T30-84. 

T14-123. Let 2)1, be a class of L-perfect classes. If is 
an L-implicate of every class in 2)l„ then il, C pr(2)l,) and 
pr(2)l,) 1? S,. (From T116, Tio.) 

T14-124. If fi, is L-false and L-perfect, then St = V. 
(From Pi sO 
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D14-8. S is an L-determinate system =Df every sen- 
terK:e in S is L-determinate 

A system of this kind does not contain any ^factual sen- 
tences (D21-1), only L-true and L-false sentences. Expressed 
in terms of L-ranges (§18) there are only the two extreme 
L-ranges (As and Vs). Many of the systems dealt with in 
symbolic logic are L-determinate. Systems of this kind often 
contain a large number and even an infinite number of sen- 
tences, but they are, nevertheless, in a certain sense poor in 
means of expression Only two propositions (§ 17) can be 
asserted or represented. For all L-true X are L-ecjuivalent 
to one another (T52), and likewise all L-false X (T53). 

T14-130. Each of the following conditions is a sufl&cient 
and necessary condition for S to be an L-determinate system. 

a. A is L-complete in S. 

b. Every 2:, is L-complete in S 

I c. There is a in 5 which is both L-true and L- 
f complete. 

d. Every in S is L-determinate. 

(From T94 ) 

The system Pi to 15 is far from complete Especially with respect 
to ‘ L-disjunct’ , hardly anything is determined We shall mention 
here three fundamental assumptions PE i to 3 concerning this concept 
without trying to analyze them into sunpler postulates The concept 
‘L-dis]unct’ IS here applied not only to two sentences or sentential 
classes but to any (possibly mfinite) number of sentences or sentential 
classes, m the sense that for purely logical reasons at least one of them 
must be true Thus we must speak here of a class of classes SDh [The 
reason why a procedure of this kmd is necessary for this concept but 
not for the other L-concepts is not any special nature of this concept 
but rather the lack of symmetry mentioned above (see remark pre- 
cedmg DCi) ] We will not add to the previous system Pi to 15 either 
PEi to 3 nor other postulates on the basis of which these could be 
proved. We shall later (m § 20) construct a much simpler system of 
L-concepts in which Pi to 15 and also PEi to 3 will be provable. The 
concept ‘L-disjunct’ will be used very seldom in this book. Only 
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once (m the proofs for T19-E20 and 21) shall we refer to PE2 and 3. 

P14-E1. If 2;, IS L-exclusive of and X, is L-disjunct with Xk, 
then 3;, Xk 

P14-E2. Let 9JZ, be a class of classes each of which contains only 
two sentences which are L-disjunct and L-exclusive of one another 
Let be the class of aU classes which contain exactly one sentence 
out of each class m SOL Then the classes m SK, are L-dis]unct with 
one another 

P14-E3. If the sentential classes of 9K, are L-disjunct with one an- 
other and and ©j, are such that, for every i?, in 9jl„ il, -|- 
then il, 1? ©A 

We can easily see that these postulates are in agreement with the 
previous intuitive explanations of the L-concepts If, for logical 
reasons, 2!, -|- X, is false and hence at least one of them is false and 
either X, or Xl is true, then, likewise for logical reasons, if S, is true, 
X, must be false and hence Xk must be true (PEi) If, for logical 
reasons, exactly one sentence m each pairm SD?, is true, then there must 
be a class in 3)1] which is true, namely the class which picks the true 
sentence out of each pair (PE2) If, for logical reasons, there is a class 
ill in 3)1, which is true, and if, furthermore, for every class Si, in 
S. + 1? ®A.i then il, -h ® 1 1? ©n, that is to say, if all sentences of 

and of Ri are true, then @* is also true Since all sentences of Sti 
are true, it follows that, if all sentences of are true, ©^ is true 

(PE3) 

§ 15. L-Goncepts in Special Semantics 

We lay down L-rules for the system S3 (§ 8) in the following 
way. We decide to apply an L-term (e g ‘L-true in S3’) if and 
only if the corresponding radical term (e g ‘true m S3’) can be 
shown to hold by makmg use of the semantical rules of Ss only, 
without referring to facts This decision is m agreement with 
the previous characterization of the L-concepts if the phrase 
‘on the basis of logical reasons alone’ is understood as ‘on the 
basis of the semantical rules of the system in question ’. 

So far we have discussed the L-concepts in general seman- 
tics, i.e. without reference to any particular semantical sys- 
tem. We will now interrupt this general discussion and turn 
to special semantics. The examples studied here may furnish 
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some helpful suggestions for the general analysis, to which 
we shall return later. 

Let us consider the semantical system S3 given earlier 
(§8) and the following examples of sentences of this system 
(written here with the customary omission of parentheses) : 

©i.‘P(a)v~P(a)’. 

©2:‘~(P(a)v~P(a))’. 

©3-‘P(a)’. 

@4: ‘P(a) V Q(b)’. 

©«.‘Q(b)vP(a)’. 

©1 is a famous example (principle of excluded middle) of 
the kind of sentence called anal)d;ic in traditional terminol- 
ogy. How can we define the term ‘L-true in S3’ in such a 
way that it will be applicable to this and similar examples? 
Axe we to lay down primitive sentences and rules of inference 
as is customary in the systems of symbolic logic? We shall 
apply this method later within syntax, but here it is not 
necessary. We need no special rules in addition to those of 
S3 in order to show that ©1 is true. If ‘P(a)’ is true, then, 
according to rule (4c) of S3 (§ 8), ©1 is true, and if ‘P(a) ’ is 
not true, then, accorduig to (4b), ‘ ~P(a) ’ is true, and hence, 
according to (4c), ©1 is true again. Hence ©1 is true in any 
case, no matter what is the case with ‘P(a)’ From the 
semantical rules alone it does not follow whether ‘P(a)’ is 
true or not. In order to decide this question we have to ob- 
serve facts. But we found that ©1 is true without making 
use of any factual knowledge, by using merely the semantical 
rules. We previously characterized L-true sentences as those 
which are true on logical grounds, without, however, specify- 
ing what are logical as against factual grounds Now we see 
how that charactenzation can be made more precise. The 
logical grounds on which L-truth is based are the semantical 
rules. A sentence of S3 is L-true in S3 if and only if it is true 
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in S3 in such a way that its truth follows from the semantical 
rules of S3 alone. 

In the same way it is characteristic of an L-faise sentence 
that it is false in such a way that its falsity can be shown by 
using merely the semantical rules. We found that @1 is 
true in any case Therefore, according to rule (4b), ©2 is not 
true, and hence, according to the definition of ‘false in S3’, 
is false. Therefore, we call ©2 L-false Next we consider ©3 
and ©4. On the basis of the mterpretations of these sentences 
previously given we see that ©4 follows logically from ©3; 
therefore we should wish to call ©4 an L-tmplicate of ©3 
But we need no procedure of deduction leading from ©3 as 
a premiss to ©4 as a conclusion. We merely show that, on 
the basis of the rules of the system S3, if ©3 is true, ©4 can- 
not be other than true In this case it is very simple to show 
this, because one application of rule (4c) is sufficient, in other 
cases it would be more complicated. The result of the ap- 
plication of (4c) in this case may also be formulated in this 
way: either ©3 is false or (i e if ©3 is not false but true) ©4 
is true, in other words ©4 is an implicate of ©3 Generally, 
©, is an L-implicate of ®, in S3 if the semantical rules of S3 
suffice to show that ©, is an implicate of ©, in S3. 

' In the case of L-eqmvalcnce the situation is quite analogous. 
When we imderstand the sentences ©4 and ©e on the basis 
of the rules of S3, we see that they assert the same although 
we may not know whether what they assert is the case or not. 
Therefore we want to caU them L-equivalent. By merely 
applying rule (4c) we can show that, if ©4 is true, ©5 is true 
and vice versa; in other words, that ©4 and ©5 are equivalent. 
To put it m general terms, ©, and ©, are L-equivalent in S3 
if and only if the semantical rules of S3 suffice to show that 
they are equivalent in S3. 

} The result found with respect to the system S3 may be 
generalized. We shall be in accordance with our original in- 
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tention with respect to the L-concepts and wnth the essential 
features of the traditional use of these concepts if we adopt 
the following convention W'e shall apply the concept of 
L-truth to a sentence ©, m a semantical system 5 if and 
only if ®, is true m 5 in such a way that its truth follows 
from the semantical rules of S alone without the use of any 
factual knowledge And likewise we shall use an L-term cor- 
responding to another radical term if and only if the semanti- 
cal rules suffice to show that the radical term applies. This 
convention applies not only to the L-terms mentioned be- 
fore (besides ‘L-true’ ‘L-false’, ‘L-imphcation’, ‘L-equiv- 
alence’, and ‘L-disjunct’) but also to others (‘L-exclusive’, 
‘L-comprehensive’, ‘L-designation’, ‘L-fuffilhnent’, ‘L-de- 
termination’ (of an attribute by a sentential function), 
‘L-synonymous’, ‘L-universal’, ‘L-empty’, etc). 

The given characterizations of L-concepts are not defini- 
tions of these concepts, but rather requirements which the 
definitions to be constructed either in general or in special 
semantics should fulfill The nature of these requirements 
and the problem of definitions for the L-concepts in general 
semantics in accordance with the requirements iviU be dis- 
cussed in the next section Here we turn back to system S 3 ; 
we shall lay down definitions for L-terms with respect to S3, 
hence in special semantics. 

Semantical system S3 (§ 8) 

S L-rtdes If in a sentence ®, » difierent atomic sentences occur as 
components, then there are 2" distributions of the two truth- values 
among these components As long as we do not apply rule (4a), each 
of these distributions may be regarded as a possible case For each 
of these distributions, the rules (4b) and (4c) determme a truth-value 
for ©, In the truth-table of ©„ constructed m the customary way 
(see § 8), each distribution is represented by a Ime 

a. is L-true m Sa =di @1 is true by virtue of rules (4b) and (4c) 
for every distribution of the truth-values among the components, 
in other words, the truth-table of shows ‘T’ on each line. 
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b. ®, is L-fahe m S3 =d£ ~©i is L-true, in other words, the truth- 
table of ©, shows ‘F’ on each line. 

Since S3 contains 6 atomic sentences, a truth-table containing aU of 
them as arguments has 2® lines In what now follows, by the truth- 
table of a sentence ®,, we understand its truth-table with respect to 
all 6 atomic sentences as arguments whether they occur in ©, or not. 
The truth-table of a class of sentences is (m accordance with D9-1) 
constructed by putting ‘T’ on just those lines on which the truth- 
tables of all sentences of Si, bear ‘T’. 

c ® , is L-irue in S3 = or the truth-table of bears ‘ T ’ on each line 
d il, is L-false m S3 =Df the truth-table of has ‘T’ on no line, 
e, S, 1? I, m S3 =Df the truth-table of I, has ‘T’ on every line 
on which the truth- table of has ‘T’ 
f I, IS L-eqiiivaknl to in S3 =Df the truth- tables of Z, and S, 
have ‘T’ on the same Imes 

g. I, IS L-exchmve of I, in S3 == nt on no line of their truth-tables 
do both have a 'T’. 

h. jC, is L-disjuncl with in S3 =Dt on every line of their truth- 
tables at least one of them has a ‘T’. 

It is easily seen that ©, is L-true m S3 if and only if the rules of Sb 
and, moreover, only the rules (4b) and (4c), suffice to show that ©’ 
is true Hence the given definition of 'L-true in S3’ is in accordance 
with the characterization given earlier and fulfills the requirement of 
adequacy to be formulated later (§ 16) The same holds for the other 
definitions of L-terms m So Further, it can be shown that the postu- 
lates for L-concepts P14-1 to 15 are fulfilled, mcludmg the two con- 
troversial ones (P14-14 and 15) 

The definitions of L-concepts for the system St (§ 8) are perfectly 
analogous, i e they may be formulated in exactly the same words. 
The same holds for similar language systems containing only molecular 
sentences and a finite number of atomic sentences logically independent 
of one another, but not containing variables. 



§ 16 L-CONCEPTS IN GENERAL SEMANTICS 83 
§ 16. L-Goncepts in General Semantics 

Generalizing the result found m § 15 for S3, a predicate or 
concept IS called adequate for L-truth if it holds for a sentence 
©, if and only if the sentence of the metalanguage M saymg 
that ©, is true is L-true m M (Dr) No complete solution of 
the problem of definmg an adequate concept of L-truth m gen- 
eral semantics is given, but several ways believed to lead to 
such a solution are outlined One of these ways presupposes 
M to contain logical modalities and hence to be non-exten- 
sional (la) In another one, M is split up into Mi and M2 
where M2 contains the L-semantics or the syntax of Mi (ib) 
In the two last cases (2a and b), M is supposed to contain the 
concepts ‘descriptive’ and ‘logical’ 

In our previous discussion we foimd a characteristic fea- 
ture of the L-true sentences of a semantical system S, their 
truth follows from the rules of S alone This characterization 
as it stands cannot be taken as a definition of ‘L-true mS\ 
If we expand the phrase ‘the truth of ©, follows from the 
semantical rules of 5’, we see that it does not belong to the 
metalanguage M, in which the definition of ‘L-true in S’ 
has to be formulated, but to the metametalanguage MM, 
i e. the language in which the rules for M are formulated. 
‘. . follows from . . alone’ means ‘. follows logically 
from . . or in our terminology, ‘ is an L-implicate of . . ’. 
Hence, the full formulation of the above phrase is like this: 
“The sentence (in M) ‘ ©, is true in 5’ is an L-implicate in 
M of the rules of S”. Now, the rules of S are nothing else 
than a definition of ‘true in 5’; and if a definition is incor- 
porated in a system (here in M), any sentence which is an 
L-implicate of it is L-true in that system. Therefore we may 
reformulate the above phrase in this way: “The sentence 
‘©, is true in 5’ is L-true in M”. This phrase, however, 
speaks about M and hence belongs to MM but not to M. 
Therefore it cannot be taken as a definiens for ‘ ©, is L-true 
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in 5’. It rather expresses a requirement which must be ful- 
filled for all sentences of 5 if the term ‘L-true in 5’ is to be 
in agreement with our intention and traditional use, or, as 
we may say briefly, if the definition of ‘L-true in 5’ is to be 
accepted as adequate Therefore we shall formulate the re- 
quirement as a definition (in AIM) of adequacy (in M). 

D16-1. A predicate pr, in the metalanguage Af of a seman- 
tical system 5 is an adequate predicate for L-truth in 5 =Df 
if ptj IS an adequate predicate for truth in S (§ 7) and Sli, 
is a name (or a syntactical description) in M of a sentence 
of S, then pr,(3Ii.) is true in AI if and only if prj(2fj,) is 
L-true in M. 

If pr, fulfills this condition, we call its definition an ade- 
quate definition for L-truth in S, and we call the property 
designated by pr, an adequate concept of L-truth in 5. The 
definition Di uses the term ‘L-true in ilf ’ and thus presup- 
poses that M has been constructed as a semantical system 
and that, in addition to a definition for ‘true in H/’, a defini- 
tion for ‘L-true in M’ has been given in AIM In analogy 
to the definition of adequacy with respect to L-truth, ade- 
quacy with respect to each of the other L-concepts can be 
defined. 

So far we do not have a definition for ‘L-true in 5’ in gen- 
eral semantics but only a definition of adequacy which may 
serve as a standard for the exainmation of any definition of 
L-truth proposed either in general or in special semantics. 
As far as special semantics is concerned, the task of defining 
L-truth does not involve great difficulties For each particu- 
lar semantical system S we can lay down a definition for 
‘L-true m S’ besides that for ‘true in 5’, and likewise defini- 
tions for the other L-concepts in such a way that they are 
adequate. Only in general semantics do serious difficulties 
arise. Here the problem is how to define L-concepts on the 
basis of other semantical concepts in a general way such that 
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the application to any particular semantical system furnishes 
adequate L-concepts. 

There seem to be different ways of sohing this problem. 
For two of them we shall give some brief indications below; 
a third one will be discussed later (in § 20). Further inves- 
tigations arc needed in order to find out the particular fea- 
tures, advantages, and disadvantages of each of these and 
possibly other ways. 

Two ways (i) and (2) are here indicated, and in each of them two 
alternatives (a) and (b) For each of these nays, the metalanguage 
must fulfill certam conditions. 

1. ilf IS constructed in such a way that M itsdf, and not only HM, 
contains concepts describing logical deduction in M or in a part of M. 
Then the characterization given earher can be turned into a definition 
of L-concepts m M 

la. M IS constructed as a non-extensional language (see D10-21 
and § 17) containing signs for logical modahties, e g ‘N’ for logical 
necessity. Then the definitions could be stated in the following way 
(leaving aside here certain complications) 

D16-A1. IS L-true in S =Df N(I, is true m 5) 

D16-A2. 2. -r I, in 6' =Df N(X.-^ X, in S) 

The definitions for the other L-terms are analogous If M contains 
a relation of designation for S applied also to propositions, then, in- 
stead of DAi, DBi might be taken into consideration 

D16-B1. iT, is L-true in 5 =01 Des^fJ,, A V ~.A.) 

Here, instead of ‘AV ~A’, any other sentence -shich is L-true in 
M may be written ‘ Des^ ’ is here a modal, non-e.xtensionaI term. In 
order to make this method (la) feasible, the task must first be solved 
of constructing a non-extensional logic of modahties containing not 
only (like Lewis’ system) the logic of propositions but, in addition, the 
logic of functions up to a level higher than any level occurring in any 
of the object languages to be covered by that system of general 
semantics 

lb. M consists of two parts Mi and 3/., where Mi contains the 
radical terms of general semantics (‘designation’, ‘true’, etc.) and 3f* 
contains the means of logical deduction in Mi either in a syntactical 
or in an L-semantical form. (Here it is necessary to split up M into 



86 C L-SEMANTICS 

these two parts because a language cannot contain the whole syntax 
or the whole L-semanlics of itself ) Thus, in M 2, we should define 
either C-concepts (§ 28) with respect to Mi or L-concepts with respect 
to Ml. In the first case it would have to be done in such a way that the 
C-concepts represent a formalization of logical deduction m Mi (m 
other words, that ‘C-true m Mi is an adequate predicate for L-truth 
in Ml) In the second case, it would be a task of special semantics to 
be solved by the means explained m § 15 Then we lay down the 
definition DCi, form (a) for the first case, (b) for the second, and 
analogous definitions for the other L-concepts 

D16-C1. 0, IS L-true m 5 =di the sentence of Mi ‘0, is true in S’ 
is a. C-true (b. L-true) in J/i (More precisely, uithout the use of 
quotes' There is a predicate pr, and an expression SIi in Mi such that 
the foUowmg holds, pr, is an adequate predicate for truth m 5 (§ 7), 
SIi designates 0, m Mi (1 e , it is a syntactical description of 0, in 
Ml), and the full sentence of pr, with the argument is C-true in 
Ml) 

This definition is itself m 3/2 and hence in M (It w ill have to be 
exammed whether an extensional language system M would do for 
this method.) 

2. Let us suppose that the system of general semantics formulated 
m M already contains the concept ‘desotptne’, and hence also its 
correlate ‘logical’ (Here it does not matter whether ‘descriptue’ is 
defined on the basis of radical semantical terms, e g ‘ designation’ and 
‘ true or is taken as an additional primitive term of the system of gen- 
eral semantics, compare § 13 ) 

2a. We restrict ourselves to those object languages which contam, 
for any descriptive constant a, occurring, a correspondmg (logical) 
variable P. (i.e. such that a, is a value-sign of b„ see § 11). (This re- 
striction IS the disadvantage of this method ) 

D16-E1. A sentential function SI, is a logical sentential function cor- 
respondmg to a sentence 0 . =di 21, is constructed out of 0, by re- 
placmg all descriptive signs occurring m 0, by correspondmg (logical) 
variables (E.xample ©, ‘R(a,b) V R(b,c)’, 21, ‘E{x,y) y ) 

D16-E2. 0, IS L-true m 5 =di a (and hence any) logical sentential 
function correspondmg to 0, is universal m 5 (D11-2) (in other words, 
everything fulfills this sentential function). 

The defimtions of the other L-terms would be analogous Let 0, 
be a logical sentence (1 e a sentence not containing descriptive signs) 
It follows from the definition that 0, is L-tiue if and only if it is true. 



§ 16. I^CONCEPTS IN GENERAL SEMANTICS 87 

because a sentential function of degree zero is universal if and only if 
it IS fulfilled by the null sequence 

The method of basing the definition of the L-concepts on the dis- 
tinction between logical and descriptive signs with the help of the 
concept of the logical sentential function correspondmg to a sentence 
was first applied in [Syntax] § 34d, in the definition of ‘analytic in 
language II’, rule DA iCb TIus definition represents a formaliza- 
tion of the concept of L-truth m the special syntax of a particular 
language system Tarski [Folgerung] has utilized this method for 
definitions of L-concepts in general semantics, the definitions Ei and 
2 above show the essential features of his procedure This change of 
the definition from a syntactical to a semantical one is an essential 
improvement In semantics we can say “for every object ”, but 
m syntax only “for every descriptive sign”, the latter formulation is 
often not adequate because not aU values of the variables m 5 are 
necessarily designated by signs m 5 Tarski expresses, however, some 
doubt whether the distinction between logical and descriptive signs 
and hence also between L- and F-truth is objective or perhaps more or 
less arbitrary. 

The formulations given here show only the chief features of the 
definitions. The actual definitions will be more complicated because 
of the fact that logical relations may hold between the designate of 
the descriptive signs [Suppose e g that the rules of designation state 
that ‘a’ designates Chicago and ‘b’ also designates Chicago Then 
the sentence ‘a = b ’ should be regarded as L-true because its truth can 
be established by the use of the semantical rules alone But the 
sentential function ‘x = y’ is obviously not universal Suppose, 
further, that the rules state that ‘Q’ designates horse and ‘P’ desig- 
nates white horse, then ‘(a:)(P(a;) DQ(x))’ should be regarded as 
L-true although ‘ (*) (F(x) D G(x)) ’ is not universal ] 

2b. The restriction involved in method 2a can be avoided with the 
help of the concept of the logical attribute determined by a sentence In 
special semantics, this concept is to be defined by a recursive definition 
analogous to the definition of ‘the attribute determined by a sentential 
function’ (§ ii), but making use of the term ‘descriptive’ also In 
general semantics that concept could be taken as primitive, in addi- 
tion to designation with respect to descriptive signs On this basis, 
truth and L-truth could be defined m about the following way. 

D16-F1. ©, is true =Df the logical attribute determined by ©, 
holds for the sequence of the designata of the descriptive signs of ©,. 
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D16-F2. ©, is L-true =Df the logical attribute determined by ©< 
IS universal. 

Examples Wi is the logical attribute determined by the sentence 
©1, likewise Wj for ©2 ©i ‘(a-i;)R(a:,a)’, Wii (Xy, 5 )[( 3 *)fl’(a:,y)]; 
©2: ‘P(a) V ~P(a)’, W2: (\x,F)(F(x) V ~P(.'i:)) W2 is universal, 
Wi is not, therefore ©2 is L-true, ©i is not 

It was remarked earlier (at the end of § 12) that the radical 
semantical relations, e g S5monymity and equivalence, can 
also he applied as holding between members in different 
semantical systems The same holds for L-relations, e.g. 
L-implication and L-equivalence. A definition for an L-rela- 
tion used in this wider way is adequate if it holds in just 
those cases where the sentence of M which says that the cor- 
responding radical concept holds follows from the rules of 
the two systems and hence is L-true in M. Thus e.g. we may 
find that we can show by merely referring to the rules of S„ 
and S„ that 2, in S„ is equivalent to 2, in S„ (D12-C) ; then 
2 , in Sm is L-equivalent to 2j in S„ 

§ 17. Correspondence between Semantical and Abso- 
lute Concepts 

We decide to apply some radical terms (e g ‘true’) not only 
to expressions (e g ‘the sentence ‘P(a)’ is true in S’) but also 
to the designata of those expressions (e g ‘ the proposition P(a) 
IS true’) In the second case, no reference to a language system 
is made, the concept is not a semantical but an absolute concept. 
An analogous procedure is carried out for L-terms A non- 
extensional metalanguage is needed for this purpose Modali- 
ties, including Lewis’ concept of strict implication, are absolute 
L-concepts, applied to propositions, not to sentences 

AH semantical concepts are based on relations between 
expressions of a language system S and entities in the realm 
of designata of expressions of 5 Some semantical concepts 
are themselves relations of this kind, e g. designation (§§ 7 
and 12), determination of an attribute by a sentential fimc- 
tion (§11), fulfillment of a sentential function by a sequence 
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of entities (Dii-i). Semantical concepts of a second kind, 
although based on relations of the kind just mentioned, are 
themselves attributed only to expressions, not to designata, 
e.g truth and the other radical concepts defined by it, and 
the corresponding L-concepts. Now, for any semantical 
concept Ms of this kind of degree n there is a corresponding 
concept Ma of degree n such that, whenever holds for n 
expressions, then Ma holds for the designata of these expres- 
sions. (Here the wider use of the concept of designatum is 
applied, as explained in § 12 .) Ma is not a semantical concept, 
although related to a semantical concept Ma belongs to the 
non-semiotical part of the metalanguage (or to the object 
language). In contradistinction to the concepts in any of 
the fields of semiotic, Ma is not dependent upon language. 
Therefore, we call Ma the absolute concept correspondtng 
to the semantical concept M*. It seems convenient to use 
the same term for the corresponding absolute concept as for 
the semantical concept. Or, rather, the same word, the terms 
are nevertheless different because the semantical term con- 
tains a reference to a semantical system (e.g. ‘equivalent in 
S’) while the absolute term (‘equivalent’) does not Hence 
there is no ambiguity m the double use of the words, at least 
not in full formulations [Example. If two sentences ‘A’ 
and ‘ B ’ are equivalent in S, we shall say that their designata, 
i.e. the propositions A and B, are equivalent (not with respect 
to any system, but absolutely).] This consideration leads 
to the following convention. 

Convention 17-1. A term used for a radical semantical 
property of expressions will be applied in an absolute way 
(i.e. without reference to a language system) to an entity u 
if and only if every expression 21, which designates u in any 
semantical system S has that semantical property in S. 
Analogously with a semantical relation between two or more 
expressions. 
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The transference of semantical terms to the corresponding 
absolute concepts can be carried out quite easily as far as 
radical semantical concepts are concerned The convention 
is not itself a definition for the absolute terms in question; it 
merely states under what conditions we will accept such 
definitions. Hence it is of a similar nature to the require- 
ments of adequacy for definitions of semantical terms as 
discussed previously (§§ 7 and 16). To give an example, the 
definition of ‘true proposition’ must be such that the follow- 
ing theorem is provable on its basis. 

T17-A. (A proposition) p is true if and only if the follow- 
ing holds, for every S and every ©„ if ©, designates p in S, 
then (g, is true in S. 

The following definition would obviously fulfill this re- 
quirement. 

D17-B. p is true = ot for every S and every ©„ if ®, desig- 
nates p in S, then is true in S. 

Since, however, the absolute concepts do not belong to 
semantics, their definitions need not take the roundabout 
way through semantics that DB does. They can be stated 
in a straightforward and rather simple way (see Di instead 
of DB). We shall first give definitions for those absolute 
concepts which apply to propositions while the correspond- 
ing semantical concepts apply to sentences. These absolute 
terms are merely different formulations for the sentential 
connectives (e.g. ‘false’ for ‘~’), convenient because of 
their analogy to semantical terms. In the following we use 
the ordinary connectives (see § 6). For terminological re- 
marks concerning the semantical and the absolute uses of 
the same terms, see § 37, Radical Terms (2); for the term 
‘true’, see § 37, ‘True’ (2). 

D17-1. (A proposition) p is true =Df p. 

D17-2. ^ is false =Df ~P- 

D17-3. q is an implicate of ^ =Df 3 
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D17-4. p is equivalent to g =t)iP =q. 

D17-5. p is disjunct with q =t>i p^q. 

D17-6. p is exclusive of 9 =Df ~ • g). 

With respect to the absolute use of the terms ‘universal’, 
‘empty’, ‘equivalent’, ‘s)mrmetric’, etc., the definitions 
given earlier (Dio-i to 7) are in accordance with Conven- 
tion I. For these terms, we defined the absolute use first, 
and then took it as a basis for the definition of their use for 
semantical concepts (Dio-io to 12). 

The same method could also be applied to the terms ‘true’, 
etc. In this case, we first define the absolute use of these 
terms by Di to 6, and then define their semantical use with 
the help either of the absolute terms or of their definientia 
fas m DCi and 2). Two examples may be given; 

D17-C1. is/rMem 5 =Df there is a (proposition) ^ such 
that designates p in 5 , and p. 

D17-C2. is false in 5 = di there is a ^ such that desig- 

nates p in S, and ~ p. 

In order to apply these definitions, S must contain rules 
of designation in the wider sense, includmg propositions, as 
explained in § 12. DCi is the same as D12-1. 

In the case of the term ‘synonymous’ it seems advisable not to ap- 
ply Convention i. The corresponding absolute concept is identity. 
It would seem strange to use the word ‘synon3nnous’ for this concept 
(eg “The mormng star and the evening star are synonymous”), it 
seems natural to use instead ‘identical’ or ‘the same’. 

We apply Convention i also for the absolute use of L-terms 
(and F-terms, § 21). Thus a proposition p will be called 
L-true if and only if every sentence designating p in some 
system S is L-true in S. However, these absolute L-concepts 
are non-extensional (i.e. not truth-functions, see D 10-20). 
[Example. According to the convention, we shall not only 
say, “The sentence ‘P(a) V ~ P(a) ’ is L-true in S*”, but also, 
“The proposition that P(a) V ~ P(a) is L-true”. But if in 
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this latter sentence we replace the sentence ‘P(a) V ~ P(a)’ 
by the equivalent (D9-4) sentence ‘P(a)’, the whole state- 
ment becomes false] Hence, for the absolute use of the 
L-terms, we need a non-extensional language (D10-21), and, 
more specifically, a system of logical modalities. We shall 
not enter here into a detailed investigation of modalities and 
of non-extensional language-systems in general, a discussion 
of these problems is planned for a later volume of these studies. 
Here we shall only briefly outline the use of absolute L-con- 
cepts. These concepts will be used in the next section, but 
will seldom be referred to in the remainder of this book In 
general, in this book, we have tried to frame definitions and 
theorems in a neutral way, so as not to require the language 
used — especially the metalanguage used for semantics and 
sjmtax — either to be non-extensional or to be extensional. 

Absolute L-concepts apply to propositions, not merely to 
truth-values. We construe propositions in such a way that 
L-equivalent sentences designate the same proposition. 
Hence, the absolute concept of L-equivalence is the same as 
identity among propositions (D13). [Example. The sen- 
tences and ©6 m S3 (see § 15) are not identical but L- 
equivalent, therefore we say that the proposition that Chi- 
cago is large or New York is large is identical with (i.e. is the 
same proposition as) the proposition that New York is large 
or Chicago is large ] For the sake of brevity, we supplement 
the word-language in the following by the customary connec- 
tives and by variables, especially propositional variables ‘p’, 
‘q’, etc., and variables for properties (or classes) of proposi- 
tions ‘F\ ‘G’, etc. These variables are used also in operators; 
‘ (p)’ is short for ‘for every proposition p\‘ ( 3 />) ’ is short for 
‘there is a proposition p such that’. We shall speak of the 
disjunction of (the propositions of) a class F even if F is 
infinite. This disjunction is the proposition that at least one 
of the propositions of F is true; it is symbolized by ‘dj (F)’ 
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(D20). Analogously, the conjunction of F, symbolized by 
‘cj(F)’, is the proposition that every proposition of F is true. 

As an example, take an infinite realm of individuals ai, az, etc The 
proposition (3[a:)P(*) is the disjunction of the infinitely many proposi- 
tions P(ai), P(a 2 ), etc Likewise, the proposition (.vlPfa:) is the con- 
junction of the same propositions It is to be noticed that we are not 
speaking of infinite disjunctions or conjunctions of sentences This is 
sometimes done but seems hardly admissible (if, as is customary, the 
language m question is restricted to expressions of finite length) 
There seems, however, no objection against infinite disjunctions and 
conjunctions of propositions once mfinite classes of propositions are 
admitted. 

The absolute terms ‘L-true’ and ‘L-false’ mean the same 
as the customary terms ‘necessary’ and ‘impossible’ m sys- 
tems of modalities The absolute term ‘L-implication’, for 
which we use here the same symbol ‘ ’ as for the semantical 

term, means the same as ‘strict implication’ in Lewis’ sys- 
tem For the following definitions, we presuppose the abso- 
lute term ‘L-true’. In a modal logic, suitable rules would 
have to be laid down for this term We shall not construct 
them here. With respect to the formulation of the following 
definitions, the difference between “the sentence is L-true 
in S" and “the proposiHon p is L-true” should be kept in 
mind. Because of the analogy between the absolute and the 
semantical L-terms, if T, designates p in 5 , then p is L-true 
if and only if T, is L-true in S, and analogously for the other 
L-terms. Therefore, theorems analogous to the postulates 
and theorems in § 14 hold here. There are, however, two 
points of difference which make the present theory simpler 
than L-semantics. First, there are no different L-equivalent 
propositions; hence there is only one L-true and only one 
L-false proposition. Second, negation, disjunction, and con- 
junction of given propositions always exist, while the ana- 
logue for sentences or sentaitial classes does not generally 
hold. 
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D17-10. p 15 L-fals6 = Df ~ ^ is L-true. 

D17-11. p 15 L -determinate =Df ? is L-true or L-false. 

D17-12. p L-implies q (pT^q) =Df p'^qis L-true. 

D17-13. p 15 identical ^uth g is L-equivalent to g; 

p = q) =Df ^ = g is L-true. 

D17-14. p is L-exclusive of g =Df ~ (^ -g) is L-true 
(hence p »qh L-false, hence p T? ~g). 

D17-15. p is L-disjunct with g =Df V g is L-true. 

D17-16. g IS L-dependent upon =Dt either i? g or 
p T? ~g. 

D17-17. p is L-complete with respect to the class P of 
propositions =Df everj' proposition of F is L-dependent 
upon p. 

D17-20. The disjunction of the class F of propositions 
(dj(F)) =01 (the proposition that) (3g)(F(g) . g). 

D17-21. The conjunction of the class F of propositions 
(cj(-F)) =Di (the proposition that) (g)(f‘(g) D g). 

T17-5. If ^ 1 ? g and ql^ p, then p = q- 

T17-8. li p € F, then p dj(F). 

T17-9. If F and G are classes of propositions and F C G, 
then dj(F) dj(G) 

T17-11. If F is the null class, dj(F) is L-false 

T17-12. If every proposition in F L-implies g, then 
dm T? g 

The application of C-terms (to be introduced later, in § 28 ) to desig- 
nata is also possible but perhaps not very useful because they would not 
become absolute but would even depend upon two language systems, 
a semantical and a syntactical one Example’ 

D17-F. A property F is C-umversal with respect to a calculus K and 
a semantical system S =di there is a sentence ©, which is C-true in K 
and true in 5 and which designates m S the proposition that every 
individual has the property F 

It might be possible to make the concept dependent upon a calculus 
only, perhaps in the following way 

D17-G. F is C-universal m A =01 there is a sentence ©, such that 
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©, is C-true in K and that for every true interpretation (D33-2) S of 
K, ©, designates in S the proposition that every individual has the 
property F 

But it seems impossible to avoid the reference to a calculus and 
thereby come to an absolute C-concept. 

§ 18. L-Range 

A possible state of affairs of all objects dealt with in a system 
S with respect to all properties and relations dealt with in S is 
called an L-state with respect to 5 . A sentence or sentential 
class designating an L-state is called a state-descnphon A given 
L-state leaves no question m S open, every sentence in 5 either 
admits or excludes that L-state The class of the L-states ad- 
mitted by ®, IS called the L-range of ©, (Lr©,) Two postulates 
for L-ranges are laid down (Pi and 2) L-states are proposi- 
tions Therefore, with the help of some absolute concepts de- 
fined m § 17, some concepts of a general theory of propositions 
are here defined (Di to 5) With their help, three procedures 
A, B, and C are explained for defining concepts of L-state and 
L-range in such a way that the postulates Pi and 2 are ful- 
filled. For this purpose, a non-extensional metalanguage is 
used. The procedure A deals with a system containing only 
molecular sentences on the basis of a finite number of atomic 
sentences (S 4 , § 8) Here the L-states correspond to the lines 
in the truth-table for the atomic sentences The procedure B 
applies to semantical systems m general It is shown that if 5 
contains negation, every L-state is designated by a state-de- 
scription (TB43) The procedure C is based on the concept of 
atomic proposition. 

A semantical system -will, in general, contain not only true 
but also false sentences. If a false sentence is not L-false, 
hence not self-contradictory, it describes a situation which 
is possible though not real Let us compare the following 
sentences. “My pencil is blue” (©1), “My pencil is blue or 
red” (©2), “My pencil is blue or green” (©3). None of 
them specifies precisely the color of my pencil; each admits 
a plurality of colors as possible. Even ©1 stiU admits all 
the various shades of blue. Sut the range of possible colors 
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admitted by ©1 is narrower than those admitted by @2 and 
by ©3, ©1 is therefore more precise Between ©2 and ©3, 
there is no simple way of comparing preciseness. Their 
ranges overlap, but none of them is contained in the other. 

The concept of the range of possible cases admitted by a 
sentence is only vaguely indicated by the foregoing explana- 
tion. We shall try several ways of making it more exact in 
subsequent discussions. We shall use for it the term ‘L- 
range’ because it turns out to be an L-concept Whenever 
we understand a sentence we know what possibilities it 
admits. The semantical rules determine under what condi- 
tions the sentence is true, and that is just the same as 
determining what possible cases are admitted by it. There- 
fore, the L-range of a sentence is known if we understand it 
— in other words, if the semantical rules are given, factual 
knowledge is not required Thus, in the above example, we 
found certain relations between the L-ranges without know- 
ing which color the pencil really had. Like the other seman- 
tical concepts, the concept L-range mil be applied to 
sentential classes as well as to sentences As an abbreviation 
for ‘the L-range of I, in S’, we write ‘Lr^S:,’ or, briefly, 
‘Lrl,’. Later we shall introduce a corresponding syntactical 
concept imder the term ‘C-range’ (§ 32) 

The sentence ©2 is true if my pencil has one of the blue 
or one of the red colors. Generally speaking, a sentence 
©, is true if and only if one of the possible states of affairs 
in Lr@, is the real one. 

The concept of L-range is useful for various purposes. It 
may be taken as basis for the whole of L-semantics ; all the 
L-concepts which we have taken as primitive or defined in 
§ 14 can be defined with its help. This procedure will be 
shown in § 20 and practically applied in [II]. The concept 
is also useful in the logical analysis of science in order to 
characterize sentences and theories with respect to what 
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they say and what they leave undetermined. Furthermore, 
the concept of L-range may be taken as a basis for a theory 
of probability (Wittgenstein, Waismann) or of the degree of 
confirmation. 

We shall now lay down two postulates for the concept of 
L-range, which seem to be in accordance with the above 
intuitive explanations. When we later discuss different ways 
of defining a concept of L-range, we shall show that each of 
them fulfills these postulates. The following considerations 
leading to the postulates start from the concept vaguely ex- 
plained above and hence are necessarily likewise vague They 
are to give merely the practical motivation for the choice of 
the two postulates. 

1. Suppose that 3:, 1? Zj. Then every possibility ad- 
mitted by 2:, must also be admitted by Z,] hence, Lrl, 
must be a sub-class of LrZj. For, if a possibility is admitted 
by Zi but not by Z,, then, in case this possibihty were real, 
Zi would be true and Z, false Since, however, Zi't Z„ 
this cannot occur in any possible case. This suggests Pi 

2. Suppose that Lrl, C Lrl, Then we know, merely on 
the basis of the semantical rules, that every possibility ad- 
mitted by Zi is admitted by Zj. If, now, Z, were true, one 
of the possibilities admitted by S, would be real, since this 
same possibility is also admitted by Z,, Z, would likewise be 
true. Thus we know, merely on the basis of the semantical 
rules, that, if Zt is true, T, is also true. Hence S, 1? Z,. 
This leads to P2. 

Postulates for L-range 

-FP18-1. If Zt 1? 3:, (in 5), then LrS, C Lrl,. 

+P18-2. If LrS, C LiZf (in 5), then Zt T Z,. 

The following theorems Ti to 9 are based on these two 
postulates in addition to the earlier postulates, definitions, 
and theorems concerning L-concepts (§ 14). L-equivalence 
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coincides with identity of L-ranges (T2). The L-range of A 
is the maximum L-range, in which every other L-range is 
contained (Ts) It is that of all the L-tnie X, and only these 
(T7). The L-range of V is the mmimum L-range, which is 
contained in every other L-range (T6). It is the L-range of 
aU the L-comprehensive X, and only these (T8), and of all 
the L-false 3 :, and only these, if there are any such (Tg). 

T 18 - 1 . Lrl, C LrXj (in S) if and only if S, 1? X,. 
(From Pi and 2 .) 

-fT 18 - 2 . Lrli = Lrlj (in S) if and only if X, and Xj are 
L-equivalent. (From Ti, P14-Q ) 

T 18 - 5 . For every I, (in 5 ), Lrl, C LrA. (From T14- 
32, Pi.) 

T 18 - 6 . For every X, (in 5 ), LrV C Lrl, (From T14- 
42, Pi.) 

T 18 - 7 . Lrl, = LrA (in S) if and only if I, is L-true. 
(From T2, Ti4-sib ) 

T 18 - 8 . Lrl, = LrV if and only if X, is L-comprehen- 
sive. (From Ti4-io2b, T2.) 

T 18 - 9 . If S contains an L-false X,, then, for every 
Lrl, = LrV if and only if Xi is L-false. (From T8, T14- 
107b.) 

We shall later explain several ways of defining concepts 
which may be taken as concepts of L-range and which fulfill 
the postulates Pi and 2 The ways discussed in this section 
(A, B, and C) take L-ranges as classes of propositions. In 
preparation for them we shall now introduce some concepts 
based both on the absolute concepts concerning propositions 
explained in § 1 7 and on semantical concepts, and hence re- 
quiring a reference to a semantical system S. The meta- 
language M, m which we speak about S and propositions and 
L-ranges with respect to S, must be non-extensional as ex- 
plained m 17. We shall also give some theorems. They 
pi^esuppos^ general theoifems concerning propositions which 
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are listed neither here nor in § 17 and could be fully developed 
only in an elaborate non-extensional system of propositions 
(logic of modalities) as indicated in § 17, many of the theo- 
rems used but not stated here are analogues to theorems in 
§ 14 concerning semantical L-concepts 

We say that p is based upon a class F of propositions 
{p e bas(F), D 18-1) , if p can be obtained by starting from prop- 
ositions in F and applying the operations of negation and 
disjunction (also to an infinite class of propositions, D 17-20) 
any finite number of times. 

-t-D18-l. bas(F) (the class of the propositions based 
upon F) = Df the product of aU classes G such that FCG and 
G is closed with respect to negation and disjunction (i.e. if 
q eG, then ( ~9) e G, and iiHCG, then dj {H) t G) . 

T18-15. For every F, bas(F) is closed with respect to 
negation, disjunction, and conjunction. 

T18-16. For every F, bas(bas(F)) C bas(F). 

T18-17. If pe bas(F), then ^ is a disjunction of conjunc- 
tions of propositions m F and their negations. 

This theorem is analogous to the known theorem of the disjunctive 
normal form for molecular sentences (see e g Hilbert and Ackermann, 
Logik). It can be proved by induction with respect to the number of 
times the operations of negation and disjunction are apphed, this 
number is finite, although the classes mvolved may be mfinite. 

T18-18. If a proposition is L-complete with respect toF 
(D 1 7-1 7), it is also L-compiete with respect to bas(F); and 
vice versa. 

Proo/ Let p be L-complete with respect to F. Then every proposi- 
tion in P is lAlependent upon p. If 7 is L-dependent upon p, ~q is 
likewise, if every proposition m G is L-dependent upon p, then dj(G) 
is likewise It follows by induction that every proposition based upon 
F is L-dependent upon p Hence p is L-complete with respect to bas(P) . 

We say that p is des^gnated in S {p e des(5), D2) if ^ is 
designated by a sentence (not only by a sentential class) in 5. 
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D18-2. des(5) (the class of the propositions designated 
in 5) =Df the class of the propositions designated by sen- 
tences in S. 

D18-3. p is L-complete with respect to the semanti- 
cal system S =i)f pis L-complete (D 17-1 7) with respect to 
des(5). 

T18-19. Each of the following conditions is sufficient and 
necessary for p to be L-complete with respect to S. 

a. p is L-complete with respect to bas(des(5)). 
(From T18.) 

b. For every q in des(5), either ^ T? g or ^ T? ~q. 

c. For every q designated by a I, in S, either p T^q 
or /> T? ~g. (From (b).) 

d. For every q in bas(des(S)), either p q at 
p T? ~g. (From (a) ) 

The realm of those propositions, in connection with a 
system 5, which we take mto consideration in the following 
discussions (including A and B) is bas(des(5)). It compre- 
hends all propositions obtainable from those designated in S 
by applying any of the ordinary connections (T15). (Later, 
in C, we shall consider a stiU wider realm.) 

D18-4. F is a selection class of propositions with re- 
spect to 5 =Df F is a class of propositions containing for 
every p in bas(des(5) ) either p or ~p but not both and no 
other propositions. 

D18-5. ^ is a selection proposition with respect to 
S = Df is the conjunction of a selection class of propositions 
with respect to 5. 

T18-20. Every selection proposition with respect to S is 
L-complete with respect to S. 

T18-22. If F is the class of aU selection propositions with 
respect to S, then dj(F) is L-true. 

T18-24. lipe bas(des(5) ) and is not L-false, there is at 
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least one selection proposition q such that q is not L-false and 
qtp. 

Proof Let d be the disjunction of all selection propositions Then 
d is L-true (T22) Hence p •d = p, hence ^ . d is not L-false. For 
every selection proposition r, consider the conjunction p .r These 
conjunctions cannot all be L-false because otherwise their disjunction 
would be L-false, this disjunction, however, is ^ . d and hence not 
L-false Therefore, there is a selection proposition q such that p m qts 
not L-false Hence, q is not L-false and does not L-imply ~p There- 
fore, since q is L-complete with respect to S (T20), qT* p. 

Now we aie going to outline several procedures for defining 
L-ranges as classes of propositions in a non-extensional 
metalanguage Since, however, the nature of propositions 
and of non-extensional concepts is stiU controversial and some 
logicians even reject non-extensional language systems, we 
shall, in the next section, explain concepts which are in a 
certain way analogous to the concepts of L-state and L-range 
as here explained and which, therefore, may be taken as 
substitutes for them, although they are definable in an 
extensional metalanguage 

A. Systems with molecular sentences only 

In the example at the beginning of this section, we spoke 
of possible cases admitted by a sentence We considered the 
possible cases with respect to one object only, viz my pencU 
But, in general, a system S has to do with many objects, and 
hence we have to consider the possible states of affairs of all 
the objects dealt with in 5 and with respect to all properties, 
relations, etc., dealt with in S, while in the earlifer example we 
considered only colors. For brevity, we shall use the term 
‘ L-state ’ for these possible states of affairs with respect to a 
system S. Then Lr©, (i.e. the L-range of the sentence ©,) 
will be a class of certain L-states, roughly speaking, the class 
of the L-states admitted by ©.. The linguistic expression 
for an L-state, as the earlier example shows, is a sentence or 
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a sentential class , we shall call it later a state-description. 
Therefore, L-states are propositions of a certain kind. Hence 
the need of concepts concerning propositions and of a non- 
extensional metalanguage, as explained previously, for the 
discussion of L-states and L-ranges. 

As an example for the application of the concepts to be 
introduced, let us consider the system S4 (§ 8). S4 contains 
two predicates ‘P’ and ‘Q’ designating the properties of 
being large and of having a harbor respectively, and three 
individual constants ‘a’, ‘b’, and ‘c’ designating Chicago, 
New York, and Carmel respectively, S4 contains further the 
customary (extensional) connectives. Thus, S4 possesses six 
atomic sentences. Let us construct their truth-table (§ 8) 
as shown (partly) in the subsequent diagram. 
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(DAi ) . It is easily seen that there are 64 atomic sentential 
selections in Si, and that each of them is a state-description. 
The state-description S, for any state Sr (r = i to 64) is 
that atomic sentential selection which contains those atomic 
sentences which have the value T for s,, and the negations 
of those which have F Here, since the number of atomic 
sentences m S4 is finite and St possesses a sign of conjunc- 
tion, there is even a sentence Sr as a state-description for 
any s<-, namely the conjunction of the sentences of fir Thus, 
for instance, Sm is the sentence T(a)tP(b).~P(c).Q(a) 
.Q(b).~Q(c)’, it IS a state-description for Sio. For any two 
conjunctions S, and 3 ,, of the kind described, for different 
L-states s, and s,, there is at least one atomic sentence S, 
such that 3 , occurs in the one and ~ 3 i in the other, hence 
3 r and 3 , are L-exclusive (TAid, TAad). Exactly one of 
the 64 state-descriptions 3 , must be true, hence the dis- 
junction of those 64 conjunctions is L-true (this leads to 
TAi I ) Which of the state-descriptions is the true one can- 
not be determined by logical analysis alone F actual knowl- 
edge, based on geographical observations, is required These 
observations show that Chicago and New York are both 
large and provided with harbors, while Carmel is neither 
Thus, of the atomic sentences as listed in the table, the third 
and the sixth are false, the others true. Hence, the conjunc- 
tion 3 io mentioned above is true; all the others are false. 
Therefore we call Sio the real L-state (DAS); the other 
L-states, although possible, are not real ; their state-descrip- 
tions are false. 

If a sentence 3 , in S4 is given, then, without knowledge of 
the relevant facts, we cannot know whether 3 , is true or not, 
except in the case that 3 , is L-determinate Nevertheless, 
we can know, for any L-state Sr (r = i to 64), whether or 
not 01 would be true within this L-state, that is to say, 
whether or not 3 , would be true if s, were the real L-state. 
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For, the semantical rules for the connectives suffice to de- 
termine in the customary way the truth- value of any molec- 
ular sentence for any line of the truth-table. Thus, for 
instance, ‘P(a) .P(b) .P(c) .Q(a) ’ is true within the first four 
L-states Si to S4 and false wdthin the others Now we take 
as L-range of the class of those Instates which make ®, 
true, in other words, those which L-imply the proposition 
designated by 0, (DA6) Thus, for every sentence, we can 
find its L-range with the help of the semantical rules alone 
without referring to facts Hence, the concepts of L-state 
and L-range are both L-concepts; that is the reason why we 
form their terms wth the prefix ‘L’. 

Every sentence in S4 is a molecular sentence constructed 
out of certain atomic sentences which are logically com- 
pletely independent of each other. Therefore, on the basis 
of well-knovn theorems for the ordinary (extension al) 
propositional connections, the following holds for S4. Let 
0, (r = I to 64) again be the state-description in conjunc- 
tive form for s,, as described above For every not L-false 
sentence ©, in S4 there is exactly one (non-null) class if, of 
certain of these conj’unctions ©r such that the disjunction 
3), of the sentences of if, is L-equivalent to ©, (this leads to 
TAio) (S, is the so-called complete disjunctu e normal form 
for ©,, for the procedure of its construction see, for instance, 
Hilbert-Bernays, Grundlagen der Mathemahk, I, 57.) ©r e S, 
if and only if ©, T? ©,. Hence, Lr©, is the class of the 
propositions designated by the sentences of if,. If not ©, 
e if,, ©r Tf ~ ©,. Hence, for any sentence ©, in S4, either 
©r T? ©, or ©r 1? ~ 0, , hence, ©, is L-complete with re- 
spect to S4 (TAic, TA2C, TA3C). Let ©, and ©, be any sen- 
tences in S4, and if, and if, the classes corresponding to them 
as described Then ©, T? ©, if and only if if, C hence if 
and only if Lr©, C Lr©, (TA5). Thus the concept of L-range 
here defined (DA6) fulfills the postulates Pi and 2. On the 
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basis of these considerations, we lay down the following 
definitions. We add some theorems, based on these defini- 
tions and on the earlier definitions and theorems in this sec- 
tion and in § 17 (absolute concepts) and § 14 (L-concepts, 
based on postulates P14-1 to 15) and on the knoTO theorems 
of propositional logic referred to above The following defini- 
tions and theorems concern the system S4, but they can be 
laid down in the same way for any semantical system con- 
taining only molecular sentences, [if the atomic sentences 
of a system do not possess complete logical independence — 
in other words, if some atomic sentential selections are 
L-false — then some slight modifications are required, for 
instance, DA2 and 3 must be restricted to not L-false 
selections ] 

D18-A1. IS an dtofyiic scfitottidl selection in S4 — Df 
contains, for every atomic sentence ©, in S4, either or 
~©, but not both, and no other sentences. 

D18-A2. % IS (an L-state-description or briefly) a state- 

description in S4 =Df is L-equivalent to an atomic senten- 
tial selection in S4 

D18-A3. Sr is an L-state with respect to S4 =d£ s, is a 
proposition designated by an atomic sentential selection in 
S4 (Hence every state-description designates an L-state.) 

D18-A6. LrS:, (the L-range of 3 :, with respect to S4) =Df 
the class of the L-states which L-imply the proposition 
designated by 2;,. 

D18-A8. rs (the reoil Instate v^ith respect to S4) — Df the 
p such that p is an L-state and true. 

D18-A9. Vs (the universal L-range with respect to S4) 
= Df the class of all (64) L-states with respect to S4. 

D18-A10. As (the null L-range with respect to S4) =Df 
the null class (of L-states with respect to S4). 

The L-ranges V, and A, must not be confused with the 
sentential classes V and A. 
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T18-A1. For any atomic sentential selections ft, and ft, 
(in S 4 ) the following holds. 

a. ft, is not L-true. 

b. ft, is not L-false. 

c. ft, is L-complete. 

d. If ft, and ft, are different, they are L-exclusive. 

T18-A2. For any state-descriptions I, and I, (in S4) 
the following holds. 

a. Zt is not L-true. 

b. 2 :, is not L-false. 

c. I, is L-complete. 

d. I, and I, are either L-equivalent or L-exclusive. 
(From TAi.) 

T18-A3. For any L-states p and q (with respect to S4) 
the following holds. 

a. p is not L-true. 

b. p is not L-false. 

c. p is L-complete (with respect to S4). 

d. If p and q are different, they are L-exclusive. 

T18-A5. 1 , 1 ? Z, (in S 4 ) if and only if Lrl, C Lrl,. 
Thus the postulates Pi and 2 are fulfilled. Hence the 
theorems based on those postulates hold here too. 
T18-A7. 2 :, is true (in S4) if and only if rs e LrS,. 
T18-A8. Zx is L-true (in S4) if and only if Lrl, = V,. 
T18-A9. I, is L-false (in S4) if and only if Lr 2 :, = A,. 
T18-A10. If 2 :, designates p (in S4), then djCLrl,) = p. 
T18-A11. djCVJ is L-true. 

T18-A14. Lr(~@,) = V, — Lr®,. 

T18-A15. Lr(@,.©,) = Lr@, X Lr©,. 

T18-A16. Lr(©, V ©,) = Lr®, -|- Lr©,. 

T18-A17. Lrft, is the product of the L-ranges of the sen- 
tences of ft,. 

T18-A18. Lr(ft, - 1 - ft,) = Lrft, X Lrft,. 
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Wittgenstein uses the concept of the range of a proposition for in- 
formal, intuitive explanations, he shows that L-truth (tautology), 
L-falsity (contradiction), and L-imphcation are determined by the 
ranges “The truth-conditions determine the range which is left to 
the facts by the proposition Tautology leaves to reality the whole 
infinite logical space, contradiction fills the whole logical space and 
leaves no point to reality Neither of them, therefore, can in any way 
determine reality” ([Tractatus] 4463) Wittgenstein explains the 
concept of range for molecular sentences only. Our preceding discus- 
sion IS an attempt to define the concept in an exact way, likewise for 
molecular sentences only. In the following we shah, try to define it in 
a general way 

B. Systems in general 

Now we come back to general semantics. We shall try to 
define concepts of L-state and L-range in such a way that 
they become applicable to semantical systems of any kind, 
including those containing variables and hence general sen- 
tences. The aim is to define those concepts in such a way 
that they are analogous, as far as possible, to the concepts 
defined above for the molecular sentences of system S4 and 
that they satisfy the postulates Pi and 2 

The chief diflSculty to be overcome in constructing a gen- 
eral definition for L-state consists in the fact that what we 
mean by an L-state with respect to a system S is not always 
designated by a I,, a state-description m S (see the example 
below, at the end of B). Hence we cannot apply here a pro- 
cedure analogous to DA3. Instead, we require in the defini- 
tion (DBi) two of the properties of L-states which we found 
in the earlier discussion of S4 (TA3b and c)‘ first, every 
L-state is logically possible, i.e. not L-false (D 17-10), and 
second, an L-state does not leave open any question within the 
system, i.e. it is L-complete with respect to the system (D3). 

+D18-B1. p is an L-state with respect to 5 =b{ p ful- 
fills the following three conditions, a. e bas(des( 5 )). b. p is 
not L-false. c. p is L-complete with respect to S. 
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D18-B3. The L-range of the proposition p with re- 
spect to S (Lr(p)) — Df the class of the L-states with respect 
to 5 which L-imply p. 

-t-D18-B4. The L-range of the sentence ©, with re- 
spect to 5 (Lr©,) =Dt the L-range of the proposition desig- 
nated by ©, in 5. 

For DB5, compare TA17. 

-1-D18-B5. The L-range of the sentential class Si, with 
respect to S (LrSi,) =oi the product of the L-ranges of the 
sentences of i?,. 

D18-B7. Vs (the universal L-range with respect to S) 
= Bi the class of all L-states with respect to S. 

D18-B8. As (the null L-range with respect to 5) =Df 
the null class (of propositions). 

D18-B9. rs (the real L-state with respect to 5) =Dtthe 
conjunction of the class which contains, for every p in des(5), 
either p, if p is true, or ~p, if p is false. 

The adequacy of DBg will be shown by TB33 and 34. 

-1-T18-B1. If p IS an L-state with respect to S and 
q e bas(des(5)), then either p T? g or ^ T? ~g. (From DBic, 
Tigd.) 

-f-T18-B2. If ^ IS a selection proposition with respect to 
5 and not L-false, then p is an L-state with respect to 5, and 
vice versa. 

Proof a From T20 — b Let p be an L-state Let F be the class 
of all propositions in bas(des( 5 )) L-implied by p. For every q in 
bas(des( 5 )), either pTf q or pTf ~q (TBi) but not both (DBib). 
Therefore, F is a selection class of propositions (D4). p L-implies 
every element of F, hence p 1? cj(F). p tF, hence c](F) 1* p There- 
fore, p = c](F) (T17-5). Hence, p is a selection proposition (Ds) and 
not L-false (DBib) 

TB5 says in effect that the L-states are the strongest not 
L-false propositions. 

-t-T18-B5. If g € bas(des(5)) and g is not L-false and 
L-implies an L-state p, then q = p. 
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Proof Either pTf q or pTf ~q (TBi) The second case is not 
possible, because otherwise q would L-imply and hence be L-false 
Therefore, p'lT q, and hence, q — p (T17-5) 

T18-B6. If p and q are L-states with respect to 5 and 
qTf p, then q = p (From TB 5 ) 

+T18-B7. Different L-states with respect to 5 are 
L-exclusive. 

Proof Let p and q be different L-states Then either ^ T? g or 
p 1? ~g (TBi) The first case is not possible (TB6) Hence p T? ~g, 
hence p and q are L-exdusive (D17-14) 

The value of TBio lies in the fact that it refers to des(5), 
not merely to bas(des(5)). Thus it shows a close connection 
between the L-states and the sentences in S and thereby 
prepares the way for the important theorem of state- 
descriptions (TB 43 ). 

T18-B10. Every L-state with respect to S is the conjunc- 
tion of a class of propositions every one of which is either 
itself designated in S or is the negation of a proposition 
designated in 5. 

Proof Let p be an L-state with respect to 5 Then p c bas(des( 5 )) 
(DBia) Therefore, there is a class G (T17) such that p = d](G) and 
that every proposition in G is a conjunction of the kind described If 
all propositions in G were L-false, then p would be L-false, which is 
not the case (DBib) Therefore, there is a g in G which is not L-false 
and is a conjunction of the kind described g e G, hence g "i? dj(G) 
(Tig-S), hence qlf P, hence q = p {TB5). Thus, p itself is a con- 
junction of the kind described 

-1-T18-B12. \i p e bas(des(S')) and is not L-false, then 
there is at least one L-state (with respect to S) which 
L-implies p. (From T 24 , TB 2 ) 

T18-B14 (lemma). If F andG are different classes of 
L-states (with respect to S), then dj(F) and dj(G) are dif- 
ferent. 

Proof. There must be an L-state r which belongs to the one of the 
two classes, say P, but not to the other. G. Therefore, for every piaG, 
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p 1? ~r (TB7) Hence, dj(G) 1? ~r (T17-12). On the other hand, 
'^r IS not L-imphed by d](F) (because otherwise, since rl?dj(F) 
(T17-8), r T? ~r, hence r would be L-false, which it is not (DBib)). 
Thus, dj(E) and djCG) are difEerent. 

+T18-B15. Let ebas(des(5)). 

a. dj(Lr(^)) = p 

b. Lr(/>) is the only class of L-states with respect 
to S which satisfies (a) 

Proof, a Every proposition in Lr(^)L-implies^, hence dj(Lr(p)) 1? 
p (T17-12) Let qhe.pt ~d](Lr(^)). We will show that q is L-false. 
Let us assume that this is not the case Then there is an L-statl 
r such that r T? 5 (TB12) and, smce q if p, p, hence r t Lr(/i), 
hence r T? dj(Lr(/>)) (T17-8) On the other hand, ~dj(Lr(^)) is an 
L-unplicate of q and hence of r Thus r is L-false and hence not 
an L-state Thus our assumption leads to a contradiction Therefore, 
q must be L-false Hence, p 1? d](Lr)(p)) and d](Lr(/>)) — p — 
b FromTBi4 

Now we shall show that the concept of L-range as defined 
here (DB4 and 5) satisfies the postulates Pi and 2 (TB18 
and 19). 

-fT18-B18. If X, 1? Xy, then LrX, C LrXy. — This is Pi. 

Proof Let X. T? X,, let p and q be the propositions designated by 
X, and X, respectively, hence plT q Let r be an arbitrary element of 
LrX, Then r is an L-state, and r^p Hence, rl^q, and r t LrX, 
This holds for every element of LrX, Therefore, LrX, C LrX, 

-fT18-B19. If LrX, C LrXy, then X, T? Xy. — This is P2. 

Proof. Let LrX, C LrX,, let p and q be the propositions designated 
by X, and X, respectively Then dj(LrX,) T? d](LrX,) (T17-9) 
LrX, = Lr(/>), hence dj(LrX,) = dj(Lr(^)) = p (TBi5a). Likewise 
d](LrX,) = q Therefore, p^ q, hence X, T? X,. 

T18-B22. If p is L-true, then Lr(/>) = Vj. 

Proof If p IS L-true, then every L-state L-implies p, hence 
Lr(/>) = V, 

T18-B23. dj(Vs) is L-true. 

Proof. Let be L-true. ThenLr(^)=V, (TBaa). Hence dj(V,)=P 
(TBisa); hence d](Vs) is L-true. 



ill 


§ 18 . L-RANGE 

+T18-B24. Lr(/>) = Vj if and only if ^ is L-true. 

Proof, a. From TB22 — b Let Lr(^) be Vj Then p = d]'(Vj 
(TBi5a), hence p is L-true (TB23) 

T18-B25. If p is L-false, then Lr(^) = A,. 

Proof Let p be L-false If there were an element q of Lr(^), then q 
would be an L-state and q^ p, hence q would be L-false, which is not 
possible (DBib). 

-1-T18-B26. Lr(^) = if and only if p is L-false. 

Proof a. From TB25 — b. Let Lr(^) = A^. Then p = dj(A,) 
(TBisa), hence p is L-false (T17-11) 

TB29 and 30 are analogous to TB24 and 26 but deal with 
2: instead of propositions. 

-1-T18-B29. LrSi = Vj if and only if S, is L-true. 
(From TB24 ) 

-1-T18-B30. Lrit = A, if and only if 3 ;, is L-false. 
(From TB26.) 

T18-B33. rs is an L-state (with respect to S). 

Proof. We have to show that rs satisfies the three conditions in 
DBi — a rs « bas(des(.S)) (Tis) — b rs is true, hence not L-false 
— c Let p be an arbitrary proposition in des( 5 ) If is true, ^ is a 
conjunctive component of rs, and hence an L-implicate of rs If p is 
false, that holds for ~p Thus rs is L-complete with respect to S 
(Di^2, D17-17) 

T18-B34. rs is the only true L-state with respect to S. 

Proof If p IS an L-state different from rs, then rs and p are L-ex- 
clusive (TB33, TB7) Hence, rs D is L-true. Smce rs is true, p is 
false. 

T18- B35. Let p e bas(des( 5 ) ). rs e Lr(^) if and only if p 
is true. 

Proof a Let p be true Then dj(Lr(^)) is true (TBisa), hence at 
least one L-state in Lr(;^) is true Therefore, rs«Lr(^) (TB34). — 
b. Let rs e Lr(^). Hence, rs T? p. Since rs is true, p must be true. 

-I-T18-B36. Let S, be in 5 . rs e LrS, if and only if It is 
true. (From TB 3 S,) 
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A I, which designates an L-state with respect to 5 is 
called an L-state-description or simply a state-description 
in 5. However, we shall not take this condition as a defini- 
tion because it refers to L-states, i e. to propositions of a 
certain kind, and thereby it presupposes a non-extensional 
metalanguage M We shall rather formulate the following 
definitions in such a way that they are independent of M’s 
being extensional or non-extensional, this is done by using 
no absolute concepts but only (L-) semantical concepts. 
This is essential for the puiposes of the next section, where 
the concept of state-description will be used in one of the 
procedures of defining L-range in an extensional language 
(§ 19E). For the comparison of that procedure nith the one 
used here, the following theorems will be of special im- 
portance. DB12 is analogous to the previous definition of 
L-state (DBi) The analogy between state-descriptions and 
L-states is of great importance, however, it holds only as 
far as there are state-descriptions. WTiile it easily follows 
from DB12 and DBi that every state-description designates 
an L-state, the question arises whether also every L-state is 
designated by a state-description We shall see that this is 
not always the case, it holds, however, under a certain con- 
dition, which is fulfilled by the majority of the customary 
systems (TB43). 

-1-D18-B12. Xx is a state-description in S =Df is 
(a) in S, (b) not L-false, (c) L-complete in S. 

-1-D18-B13. is a maximum state-description in 
S =Di Six is (a) a state description in S, and (b) L-perfect 
(i.e. ^x contains every sentence in S L-implied by i?,, D14-7). 

T18-B40. L-equivalent maximum state-descriptions are 
identical. (From T14-120.) 

T18-B41. For any L-state p with respect to 5, there is 
at most one maximum state-description in 5 designating p. 

Proof If ^x and i?, designate p, they are L-equivalent. If they are 
maximum state-descriptions, they are identical (TB40). 
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In TB43 (and in several theorems in § 19E), we refer to 
a system S containing negation By this is meant a system S 
such that ail sentences in 5 are closed (i.e. without free 
variables) and that to every sentence ©, in S there is a nega- 
tion in S, constructed with a normal sign of negation 
(i e. one fulfilling the normal truth-table for negation). How- 
ever, the theorems referring to a system containing negation 
hold likewise for any system S which, for any sentence ©, in 
S, contains also another sentence whether constructed 
with a sign of negation or not, such that ©, and ©, are L-ex- 
clusive and L-disjunct with one another (hence L-non- 
equivalent, D20-11, compaie T20-22) (These are the 
characteristic features of the relation between a sentence 
and its negation. The concepts of negation and of the other 
propositional connections will be discussed in detail in [II] ) 

+T 18 -B 43 . Theorem of state-descriptions. Let 5 contain 
negation. Then every L-state with respect to S is designated 
by exactly one maximum state-description in S. 

Proof Let p be an L-state Then there is a class F of propositions 
such that p = cj(f) and FC des( 5 ) (TBio), since S contains nega- 
tion. Let be the class of the sentences designating the propositions 
in F Then j?, designates cj(E) and hence p, and is a state-description 
Let i?, be constructed out of S, by adding all sentences L-implied by 
i?. Then 5 ?, is a maximum state-description, and, being L-equivalent 
to i?, designates the same proposition p j?, is the only maximum 
state-description designating p (TB41) 

Further theorems concerning state-descriptions wiU be 
proved in § 19E. 

If m the theorem of state-descriptions TB43 the condition that S 
contains negation were omitted, then the theorem would no longer 
hold generally. This is shown by the example of a system S' of the 
foUowmg kind Let S' contam a descriptive predicate ‘P’ and in- 
dividual constants ‘ai’, etc , one for each mdividual of a denumer- 
able realm. Let S' contam only the following sentences, first, ©o- 
“The class P is finite”, further the full sentences of ‘P’ with one m- 
dividual constant each. ‘P(ai) ‘P(a2) etc. Although ©0 is a factual 
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sentence and not L-false, there is no maximum state-description and 
hence no state-description at all m S' containing or L-implying @o. 
This is shown as follows If iS, contains, m addition to ©o, only a 
finite number or none of the full sentences of ‘P’, then every other 
fuU sentence is not L-dependent upon and hence is not L-com- 
plete If on the other hand, contains an infinite number of the full 
sentences m addition to So, then is L-false Thus, for any in S', 
if ©0 e cannot be a state-description (DBi2c and b) More- 

over, ©0 IS an L-imphcate of only if ©o « 1?, — Let S" contain the 
sentences of S' and, in addition, the negations of the full sentences of 
‘ P ’ Let be anj' class containing a finite number of the full sentences 
and the negations of the remaining full sentences Then Si, is a state- 
description m S" and So, Si, + {So} is a maximum state-de- 
scription contammg ©o 

C. Systetns in general, atomic propositions 

We shall here take into consideration a more comprehensive realm 
of propositions in connection with a system S than that considered in 
B. For certain purposes, this extension seems to be useful and inter- 
esting In B, we started from the propositions designated m S (des(5)) 
and applied to them the operations of negation and disjunction, thus 
we obtained the realm of propositions bas(des(5')) Here we shall 
start from certain propositions which we call the atomic propositions 
with respect to 5 (atom(5)), and we apply to them the same opera- 
tions Thus we obtain the realm bas(atom(5)). This realm is, m 
general, wider than the previous one because an atomic proposition 
with respect to 5 is, in general, neither designated m S nor even based 
upon propositions designated in S 

The way which will lead us to the concept of atomic proposition 
starts from a consideration of the fact that the sentences of a system S 
which contains variables speak not only about those entities which are 
designated by expressions' m 5 but also about those to which the varia- 
bles refer This suggests the followmg definition 

D18-C1. The semantical system J covers the entity u =Df « is 
designated (or determined, § ii) by an expression m 5 or is a value of 
a variable in 5 

Let us take as an example the system Se (§ ii) According to the 
rule of values (3C) for So, all towns in the United States are covered 
by So, but only three of them are designated in So. So contains an 
atomic sentence ‘P(a)’ for the proposition that Chicago is large, but 
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none for the proposition that Philadelphia is large Although this 
proposition is not designated in Sj, we shall call it an atomic proposition 
with respect to Sa because Philadelphia belongs to the objects covered 
by Se Thus any proposition which attributes a property covered by 
Sa (both of them are designated by predicates m Se) to an individual 
covered by Se will be called an atomic proposition with respect to Se 
With other systems we proceed analogously For any descriptive 
attribute (1 e property or relation) E, we regard as its atomic proposi- 
tions those which attribute 27 to some descriptive entity (or sequence 
of entities) covered by S, this entity is called the argument entity in 
the atomic proposition m question Which entities covered by 5 may 
be taken as argument entities for a given attribute H covered by 5 
is determined by the rules of formation of 5 These rules state which 
constants or variables may be used as argument expressions in connec- 
tion with the predicate expression whose designatum or value E is, 
the designata of these constants and the values of these variables are 
then the argument entities admitted for E. The rules of formation 
vary widely for difierent systems [5 may, for instance, contain a 
predicate ‘R’, and the rules of formation of S may require that an 
argument expression for ‘R’ consist of three signs (say, ‘a,b,c’ in the 
sentence ‘R(a,b,c)’)) the rules may, moreover, require that these 
three signs belong to certain specified types with respect to a hierarchy 
of types Again, it may be that an expression consisting of any finite 
number of such signs is admitted as argument expression for ‘R’, or 
perhaps signs of all types on a certain level are admitted, or even signs 
of many levels It may be that there are no restrictions at all with 
respect to degree, type, or level ] In an analogous way we find the 
atomic propositions for the functions covered by 5 (1 e the designata of 
functors or values of functor variables) 

For the following definitions we presuppose that the concept of 
atomic proposition has been defined m a suitable way for the system 
S in question This mvolves that every proposition p designated m 5 
IS analyzed into atomic propositions m such a way that p is constructi- 
ble out of these atomic propositions by iterated application of negation 
and disjunction (which mcludes also conjunction, see T 15 ), m other 
words, that p is based upon atomic propositions [This takes care 
also of universal and existential propositions because disjunction and 
conjunction may be applied to infinite classes, see explanations to 
D 1 7 - 20 .] This requirement is laid down as postulate PCi below. 
The subsequent definitions presuppose PCi m the sense that they are 



ii6 C I^SEMANTICS 

intended to be applied only to a concept of atomic proposition fulfilling 
this postulate 

P18-C1. des(5) Cbas(atom(5)) 

The following theorem TCi shows that the realm of propositions 
previously considered is a part of the new realm of propositions. In 
general, it is a proper part, that is to say, some propositions m bas(atom 
(5)), and frequently (e g for Se) a vast majority of them, do not be- 
long to bas(des(5) ) 

T18-C1. bas(des(5)) Cbas(atom(5)) (From PCi, Ti6 ) 

The definition of L-state (DCa) is analogous to the previous one 
(DBi) but refers to the wider realm of propositions 

D18-C2. p is an L-staie w ith respect to 5 = ot fulfills the follow'ing 
three conditions a. p e bas(atom(5)) b. p is not L-false c. p is 
L-compIete (D17-17) with respect to atom(5) 

T18-C3. If p IS an L-state w ith respect to 5 and q e bas(atom(5) ) 
or 5 e bas(des(5)), then either pi^q 01 p ~q (From DCac, 
Ti8“i8 TCi ) 

The terms ‘Lr(^) ’, ‘Lr$,’, ‘LrS,’, ‘Y^’, ‘A/, and ‘rs’ may here be 
defined on the basis of ‘L-state’ in the same way as in DB3 to 9, ex- 
cept that ‘ des(5) ’ is here replaced by ‘atom(5) ’ Likewise all theorems 
in B concerning those concepts (TBi to 36) together with their proofs 
have exact analogues here in C The necessary modification consists 
again in referring to atom(5) instead of des(5), accordingly, ‘L-com- 
plete with respect to S' must be replaced by ‘L-complete with respect 
to atom(5)’ (see D3), furtlier, 'p is a selection proposition’ (in 
TB2) IS to be replaced by 'p is an atomic selection proposition' (1 e a 
conjunction of a class of propositions which contains, for every atomic 
proposition ©, with respect to S, either ©. or but not both and 
no other propositions) In analogy to TB18 and 19, the result is ob- 
tained that the concept of L-range as here defined fulfills the postu- 
lates Pi and 2 

An L-state leaves no atomic propositions undetermined (DC2c) 
In other words, if ^ is an L-state, then p determmes for any attribute 
E covered by S and every entity m covered by S and admitted as argu- 
ment entity for E, whether or not E is attributed to ii in p In this 
way, an L-state determmes the extension of every concept (attribute or 
function) covered by 5 These considerations will later be taken as 
basis for other procedures (§ 19K and L). 

The defimtions for ‘state-description' (DC 12) and ‘maximum state- 
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description’ (DC13) are analogous to the previous ones (DB12 and 

13)- 

D 18 -C 12 . is a state-descnptwn in 5 =Df is (a) in S, (b) not 
L-false, (c) the proposition designated by is L-complete with respect 
to atom( 5 ) 

D 18 -C 13 . it, is a maximum state-description in 5 =di it, is a state- 
description in S containing every sentence in 5 L-implied by it, 

While the analogues to TB40 and 41 hold here in C, the same is not 
the case for the theorem of state-descriptions (TB43) In the proof 
of this theorem the fact was used that for every proposition m des( 5 ) 
there is a sentence designatmg it On the other hand, for a proposition 
m the corresponding class atom( 5 ), there is, m general, no sentence 
designating it. Therefore, an L-stale (DCs) with respect to 5 is, m 
general, not designated by a a state-description, m S, and m many 
systems, an overwhelming majority of L-states or even all of them are 
without state-descriptions [Take So (§ ii) as an example Let n be 
the number of the towns m the United States There are 211 atomic 
propositions and hence 2-“ L-states with respect to So Only six of 
the atomic propositions are designated in So And only four of the 
L-states have state-descriptions in So, namely these (a) the proposi- 
tion that all individuals have the properties P and Q, (b) all have P 
and ~Q, (c) all have ~P and Q, (d) all have ~P and ~Q ] This is a 
disadvantage of the present procedure C On the other hand, an ad- 
vantage of C m comparison with B consists m the fact that the con- 
cept of L-state as here defined (DC2) seems perhaps to be in better 
agreement with the original intuitive concept (vaguely explained at 
the beginning of § 18), especially if we pay more attention to the con- 
cepts and entities covered by 5 and less to the sentences in 5 [Con- 
sider So again Let Ai be the true proposition that Chicago, New York, 
etc (referring here specifically to each town in the United States which 
actually is large) are large, while the other ones are not, and that 
Chicago, Boston, etc. (referring here specifically to each one which 
actually has a harbor) have harbors, while the other ones have not. 
Here in C, Ai is called an L-state and, smee it is true, the real L-state 
rs with respect to So although there is no state-description for it, m B, 
how ever, Ai is not even regarded as an L-state with respect to So, be- 
cause Ai not € bas(des(So)) Although we can (falsely) say m So that 
Chicago, New York, and Carmel are large and have harbors, the (li^- 
wise false) proposition A2 that this is the case and that aU other towns 
are neither large nor provided with harbors is not designated in So 
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(because S# lacks a sign of identity) This proposition As is not re- 
garded as an L-state in B, but it is so regarded in C, and, from a cer- 
tain point of view, this seems perhaps more natural ] 

§ 19. The Concept of L-Range in an Extensional Meta- 
language 

Several alternative procedures are explained for defining a 
concept of L-range fulfilling the postulates PiS-i and 2 In 
order to make possible the use of an extensional metalanguage, 
here not propositions, as in § 18, but other entities are taken as 
elements of L-ranges, namely, in procedure E state-descriptions, 
in F and G sentences, in K and L certain relations, called state- 
relations, corresponding to L-states It is shown that the 
semantical rules of a system 5 determining the meaning of the 
sentences in S, which previously were formulated as rules of 
truth, may mstead be formulated as rules of L-ranges determin- 
ing the L-range of every sentence in S. 

In the previous section we construed L-ranges as classes 
of propositions of a certain kind, namely the L-states This 
required the use of a non-extensional metalanguage M. On 
the question whether in general the use of an extensional 
(truth-functional) or a non-extensional (so-called intensional) 
metalanguage is preferable, logicians are at present far from 
an agreement. The structure of an extensional language 
is simpler, and some logicians go so far as to regard it as the 
only acceptable form. On the other hand, a non-extensional 
language seems to express certain things, e.g. modalities, in 
a more direct and thereby technically simpler way; and many 
logicians even believe that this form of a language is not only 
preferable but necessary for certain purposes, e g. for deal- 
ing with modalities and semantical concepts like designation. 
Much more investigation of languages of both kinds applied 
to different purposes will have to be made before this con- 
troversy is settled. The two preceding sections contain ten- 
tative contributions to this problem from the one side, while 
this section will attempt approaches from the other side. 
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Here we shall discuss definitions for the concept of L-range 
which make use of extensionaJ concepts only. Therefore 
these definitions, and the theorems based upon them, may 
be formulated in an extensional met alan g uag e M. They do 
not require, however, that M be extensional; they can be 
used in an M of either kind; they are, so to speak, neutral 
in this respect. 

The aim of the following discussions is to find definitions 
for concepts of L-range, which are in agreement with the in- 
tuitive concept for which some vague explanations were 
given at the beginning of § t8; in particular, the concepts 
defined are to fulfill the postulates PrS-r and 2 for L-range. 
Therefore, the concepts looked for, although extensional, 
must show a close analogy to the non-extensional concepts 
defined in § 18 The change must consist in replacing the 
propositions as elements of L-ranges by something else that 
corresponds to those propositions in some way. The pro- 
cedures to be explained here are of two different kinds Those 
of the first kind take as elements of L-ranges something 
within the object language in question, e.g. sentences or 
sentential classes The procedures of the second kind take 
instead something belonging to the realm of entities spoken 
about in the object language, eg. relations between such 
entities. 

Procedures of the first kind: the elements of L-ranges are intra- 
Hnguistic 

E. State-descriptions as elements of L-ranges 

If we wish to avoid L-states because they are propositions, 
the most natural way seems to be to take state-descriptions 
instead. We take here the concepts of state-description and 
maximum state-description in the sense of D18-B12 and 13. 
Then T18-B40, based on these definitions, holds here too. 
However, we will repeat those definitions and that theorem 
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here with new numbers (DEi and 2, TE8) in order to em- 
phasize the fact that here we are in a new framework of an 
extensional M. Then it will be possible for the proofs in this 
section to avoid any reference to definitions or theorems in 
§§17 and 18. Such references will be made only for purposes 
of comparison, be it contrast or analogy, outside of the sys- 
tematic construction. For the L-concepts here used, we refer 
in the proofs to the postulates in § 14 (includmg the addi- 
tional postulates P14-C2 and 3 concernmg L-disjunctness; 
see the remark on TE20, below) and to the theorems in § 14 
based upon them. 

+D 19 -E 1 T, is a state-description in 5 = di ^ i is (a) 
in S, (b) not L-false, (c) L-complete (in 5 ). 

-I-D 19 -E 2 . jl, is a maximum state-description in 5 =Df 

is (a) a state-description in S and (b) L-perfect (D14-7). 

T 19 -E 1 . If X, is a state-description in S and I, is in 
5 , then either I, T? Z, or fC, and Z, are L-excIusive. (From 
DEic, T14-88, D14-3.) 

TE2 says that the state-descriptions are the strongest not 
L-false 2 : in 5 (in analogy to T18-B5). 

T 19 -E 2 . If Zk is a state-description and Z, is not L-false 
and Zt T? Zk, then T, and Zk are L-equivalent. 

Proof Either Zk T* X. or X, and Zk are L-exclusive (TEi) The 
second case is not possible, because otherwise X, would be L-false 
(T14-76) Hence, X* T? Xi, and X, and Zk are L-equivalent. 

T 19 -E 3 . If X, and X, are state-descriptions in S and 
Xi Zj, then X, and Z, are L-equivalent. (From TE2.) 

T 19 -E 4 . Two state-descriptions in 5 are either L-equiv- 
alent or L-exclusive of one another. (From TEi, TE3.) 

T 19 -E 7 . Let S!k be a maximum state-description. 

a. If Si 1? Sj, then S, C S*. (From DEab, T14- 
116.) 

b. If Si T? then e Si. (From (a).) 



§ 19 . I^RANGE IN AN EXTENSIONAL LANGUAGE 121 

T19-E8. L-equivalent maximum state-descriptions are 
identical. (From DE2b, T14-120.) 

T19-E9. Two different maximum state-descriptions in S 
are L-exclusive (From TE4, TE8.) 

The following concepts are applied only to systems S 
which contain negation (see explanation to T18-B43). DE5 
has some analogy wth D18-4 and 5 

D19-E4. is a sentential selection in the class 
in 5 = Df 5 contains negation, it, is closed with respect to 
negation, i?, C llj, and for every in it,, it, contains either 
©j or ~©j but not both. 

D19-E5. 1!, is a sentential selection in the system 

5 =Df is a sentential selection (DE4) in V in 5 

T19-E13. Let S contain negation it, is a sentential 
selection in 5 if and only if, for every ©; in S, either ©, e 
or ~©, € but not both. (From DE5, DE4.) 

T19-E14. Let 5 contain negation. Then every sen- 
tential selection in 5 is L-complete (in S). 

Proof. Let it, be a sentential selection in S Then (TE13), for 
every ©, in S, either it, T? ©, (P14-11), or it, 'if ~©, and hence it, 
and ©, are L-exclusive Therefore, it, is L-complete (D14-4) 

T19-E16. Let S contain negation. If is a sentential 
selection in 5 and not L-false, then it, is L-perfect. 

Proof. Let ©, be an arbitrary L-imphcate of it. Then either 
@, e or ~©, e it, (TE13). The second case is impossible, because 
it, would L-imply ~©, and hence be L-false Therefore, ©, e fi,. 
Hence, is L-perfect (D14-7) 

T19-E17. Let 5 contain negation, it, is a maximum 
state-description in 5 if and only if K, is a sentential selection 
in S and not L-false. 

Proof a Let S, be a sentential selection and not L-false. is a 
state-description (TEr4) and L-perfect (TE16), hence a maximum 
state-description — b Let be a maximum state-descnption. For 
every @, in 5 , either T?©, or (TEi), hence either 
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®, « fi, or ~©, c (TE7b) is not L-false (DEib) , hence it cannot 
contain both sentences Thus i?, is a sentential selection m S (TE13). 

T 19 -E 18 . Let S contain negation. The class the 
true sentences in 5 is a sentential selection and hence a maxi- 
mum state-description in S. (From TE17.) 

In our earlier discussion of L-states in a non-extensional 
metalanguage, we found that if a proposition is not impossi- 
ble there must be a possible state of affairs in which it would 
hold, this is formulated in technical terms in T18-B12 
(based on T18-24) The question arises whether the analogue 
to T18-B12 holds with respect to state-descriptions. An 
afl&rmative answer under the condition that 5 contains nega- 
tion win be given by TE23. Before we try to construct a 
proof for this theorem let us do some inexact reasoning in 
order to show its plausibility. Applied to a true the 
theorem is even trivial, because in this case (see TE18) 
is a mtiximum state-description of the kind described. Now 
let us assume that the theorem does not hold generally. 
This would mean that there was a false but not L-false, 
hence not such that its falsity could be discovered by logical 
analysis alone, and such that j?, was not contained in any 
maximum state-description m S. The latter circumstance, 
however, is of a purely logical nature, because no factual 
knowledge is involved in finding out whether or not a given 
class IS a maximum state-description in S and whether 
or not C ilj, where both are syntactically described. Thus 
the non-existence of maximum state-descriptions for a given 

could be ascertained, if at all, by purely logical means. 
Let us assume we had found this result for a given S,. Then 
it would follow that could not be true. Thus we should 
have found by merely logical means that was false, 
although S, was not L-false. This seems hardly conceivable. 
Thus it seems plausible that the theorem should hold not 
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only for any true iti but also for any false, and not L-false, 
— TE23 can be proved in a rather simple way in a non- 
extensional metalanguage, it follows directly from T18- 
Bi 2 and T18-B43. Here, however, in an extensional meta- 
language, the proof is not so simple It is based on some 
rather complicated, though plausible, additional postulates 
concerning L-disjimctness. The following theorems prepare 
the way for TE23. 

For TE20 and 21, we make use of the fact that ©, and ~©, are 
L-diS]unct and L-exclusive of one another (see explanation to T18- 
B43 concerning negation) For the concept of L-disjunctness, the 
system of the postulates P14-1 to 15 is not strong enough, the addi- 
tional postulates P14-E2 and 3 are necessary for T20 and 2r. 

T 19 -E 20 . Let S contam negation 

a. If is closed with respect to negation, the 
sentential selections in are L-disjunct with 
one another. (From P14-E2 ) 

b. The sentential selections in S are L-disjunct 
with one another. (From (a) ) 

T 19 -E 21 . Let S contain negation. If every sentential 
selection iij in 5 , such that St, C Si,, L-implies ©jt, then 

S. 1? ©fc. 

Proof Let the conditions be fulfilled Let Si, be not L-false, other- 
wise the assertion follows simply from P14-15 Let us call (for the 
moment) two sentences related to one another if the one is con- 
structed out of the other by the addition of some number n of signs of 
negation (mcluding « = o, 1 e identity) , we call the sentences evenly 
or oddly related accordmg to whether n is even or odd. Let Si,' be the 
class of all sentences in 5 oddly related to the sentences of like- 
wise M," for the sentences evenly related, hence i?, C Let be 
an arbitrary sentential selection in S such that C Then C 

and C - (DE4) Let f / be Si, - hence -b 

Evenly related sentences are L-equivalent. Therefore, it, "l? 
hence -b ff," + which is ff,. T? ©*, therefore, 

+ Si,' I? ©*. Let the classes in fEfl,' be the classes ii,' constructed 
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in the way desciibeJ, i e — S," Xor every uenLeiiUal selection i?, 
such that Then these classes are the sentential selections 

in the class V — it,' — Sh", which is closed with respect to negation 
Therefore, the classes in 2)2/ are L-disjunct with one another (TE2oa) 
For every i?/ in 2)2/, it, + ^2/ 1/ ©i, hence S, 1 / <Sa. (P 14-E3) 

T19-E22. Let S contain negation. If every sentential 
selection iTj such that is L-false, then i?, is L-false 

Proof If every 52, as described is L-false, it L-imphes both and 
~©; Therefore. 52, does the same (TE21) and hence is L-false 

+T19-E23. Let 5 contain negation If 52, is not L-false, 
then there is at least one maximum state-description Sj such 
that 52, C 52, and hence 52, T? 52, 

Proof Let the conditions be fulfilled There must be a sentential 
selection 52, in 5 such that 52, C 52, and that 52, is not L-false, because 
otherwise 52, would be L-false (TE22) 52, is a maximum state-descrip- 
tion (TE17) 

The concept of L-range is now defined in analogy to D18- 
B3 to 5, replacing the reference to L-states by that to state- 
descriptions We take as elements of L-ranges only maxi- 
mum state-descriptions because, under certain conditions, 
they correspond uniquely to L-states (T18-B43). 

-I-D19-E7. LrJ, (the L-range of X, in S) =Df the class 
of the maximum state-descriptions Xk m S such that T? I,. 

We shall now examine whether the concept of L-range 
defined by DE7 fulfills the postulates P18-1 and 2. TE27 
shows that P18-1 is always fulfilled; TE36 shows that for 
systems containing negation also P18-2 is f ulfill ed. 

-1-T19-E27. If 1, 1? X„ then Lrl, C Lrl,. — This is 
P18-1. 

Proof Let I, I? and let jEj, be an arbitrary element of LrS,. 
Then Xk is a maximum state-description such that Xk T? I, Hence 
Xk T? X„ hence Xk e Lrl, Thus Lrl, CLrJ,. 

T19-E28. If Xi and Xj are L-equivalent, then LrSE* = 
Lr2,. (From TE27.) 
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T19-E31. Let 5 contain negation. For every I, in S, 
3:, l?pr(Lr2:,). [pr(SD?,) is the product of the classes in 

Proof. Let Sii be or, if It is a sentence, {I,} Let be an 
arbitrary element of pr(Lrit,) Let S, be an arbitrary sentential selec- 
tion in S such that S!, C 1 ?, We will show that it, ©a If ii, is L- 
false, this is obvious (P14-15) If is not L-false, it is a maximum 
state-description (TE17) and hence belongs to Lrj?„ since fi!, T? 
Therefore, ©* e S, and hence U, ©a Since this holds for every 
ifl, as described, 1? ©a (TE21) This holds for every element of 
pr(Lri?,), hence 1 ?, "i? pr(Lri?,) 

T19-E32. Let S contain negation. For every £, in 5, 

C pr(Lrjl,), and hence pr(Lrij',) i? il,. 

Proof For every it, m Lri?„ kj if i?, and hence it, C it, (TE7a) 
Hence, Cpr(Lr^.). 

T19-E33. Let 5 contain negation. ©, epr(Lr 2 :,) if and 
only if I, V ©; 

Proof a For every itr in Lr 2 i„ if Xt and hence itA if ©„ and 
hence ©, e itA (TE7b) Therefore, ©, e pr(Lr 2 l,) — b From TE31, 
T14-21 

-t-T19-E34. Let 5 contain negation. Let it, be the class 
of all sentences in 5 L-implied by J,. 

a. Xi IS L-equivalent to pr(Lr 2 :,). (From TE 31 
and 32 .) 

b. it, = pr(Lr5E,). (From TE 33 ) 

-1-T19-E36. Let 5 contain negation. If LriT, C LrSj;,, 
then SC, if I,. — This is P 18 - 2 . 

Proof. Let the conditions be fulfilled Let ©a be an arbitrary ele- 
ment of pr(Lr 2 i,) Then ©* belongs to every class in LrX, and hence 
to every dass m Lrl, and hence to pr{Lr 3 ;,) Thus pr(LrSE,) C 
prfLrl,), hence pr(LrT,) if pr(Lr 2 !,) SC, is L-equivalent to pr(Lr 2 :,) 
(TE34a), likewise SC, to pr(Lr 5 C,) Therefore, SC, If SC,. 

For a system which does not contain negation, TE36 does in general 
not hold As an example, consider the system S' described at the end 
of § 18B Let it, be any of the L-false classes described. As previously 
shown, there is no state-description m S' L-implying ©0 Therefore, 
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Lr@o is null and hence Lr®oCLrffi, However, in contradistinction 
to TE36, ©0 does not L-imply fi!, because otherwise ©0 would be 
L-false (P14-7), which it is not. 

T19-E37. Let S contain negation. If LrJ, = Lrl,, 
then 3;, and S, are L-equivalent. (From TE36.) 

T19-E39. If Xt IS L-false, LrS:, is the null L-range (i.e. 
the null class of sentential classes). (From DE7, DEib, 
P14-7.) 

-1-T19-E40. Let S contain negation. Lrl, is the null 
L-range if and only if I, is L-false. (From TE39, TE23.) 

T19-E42. If I, is L-true, LrS:, is the universal L-range 
(i e. the class of all maximum state-descriptions in S). (From 
P14-14.) 

T19-E43. LrA is the universal L-range. (From T14- 
33, TE42.) 

-t-T19-E44. Let 5 contain negation. Lrl, is the universal 
L-range if and only if X, is L-true. 

Proof, a From TE42 — b Let LrJ, be the universal L-range, 
hence LrAC LrS, Therefore, A I, (TE36), hence K, is L-true 
(T14-34). 

F and G. Sentences as dements of L-ranges 

The procedures F and G are ways of defining L-ranges as 
certain classes of sentences. However, this is not done m 
such a way that some or all of those sentences or anything 
else could be regarded as corresponding to L-states. Never- 
theless, the L-ranges as defined here correspond in a certain 
way to the L-ranges as explained earlier (at the beginning 
of § 18) , and the essential requirements, formulated in 
Pi 8-1 and 2, are f ulfill ed. The considerations leading to the 
procedures F and G will be explained at the end of § 23. 


D19-F1. Lr£, (in S) =Df the class of the sentences in 5 
not L-implied by 
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T 19 -F 1 . LrA = the class of the sentences in 5 which are 
not L-true. (From DFi, Ti4-5ia ) 

T 19 -F 2 . LrV = A. (From DFi, T14-41.) 

T 19 -F 5 . If I? then LrJ, C LrS, — ThisisPi8-i. 

Proof Let the condition be fulfilled, and ©a e Lrl, Then ©a is 
not an L-implicate of I, (DFi), and hence not of I, (P14-5) There- 
fore, ©A 6 LrST, 

T 19 -F 6 . If Lrl, C Lrlj, then E, T? Zj. — This is P18-2. 

Proof. Let the condition be fulfilled Then (DFi) every sentence 
L-implied by %, is L-implied by Therefore, every sentence identi- 
cal with or an element of Z, is L-implied by Z, (P14-11), and hence 
Z, itself (P14-12). 

The procedure G is merely a modification of F, leading to 
analogous results. DGi is not quite as simple as DFi. The 
reason for stating DGi is chiefly its analogy to a certain 
definition for ‘L-content’ to be explained later (D23-C1). 

D 19 -G 1 . LiZ% (in S) =di the class of the sentences ©, in 
5 such that ©, is L-true or ©^ is not L-implied by I,. 

T 19 -G 1 . LrA = V. (From DGi, Ti4-Sia ) 

T 19 -G 2 . LrV = the class of the L-true sentences in S. 
(From DGi, T14-41.) 

Theorems corresponding to Pi 8-1 and 2 can here be proved 
in analogy to F (T19-F5 and 6). 

In comparison with E, the procedures F and G have two 
advantages. First, the L-ranges are classes of sentences, not 
classes of classes of sentences Second, for the applicability 
of these procedures there is no restricting condition like that 
of the occurrence of negation (TE36). On the other hand, 
if S contains negation and if further, for every state-descrip- 
tion in S (in the sense of DEi), there is an L-equivalent 
sentence in S, then the procedure E could be slightly modified 
by taking these sentences as the elements of L-ranges; this 
procedure would then perhaps be preferable to F and G. 
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Procedures of the second kind: the elements of L-ranges are 
extra-linguistic 

K. Relations of predication as elejnents of L-ranges 
We take as example the system S4 as in § 18A. This sys- 
tem covers three objects a, b, c, and two properties P and 
Q. As explained earlier, an L-state with respect to S4 is a 
possible distribution of those properties among those objects. 
To every distribution of this kind, there is a corresponding 
relation relating each of the properties to those objects of 
which it is predicated Thus there is a one-one correlation 
between the L-states s, (f = i to 64) and the corresponding 
relations R,, which we call state-relations (DKi). The pro- 
cedure K consists in taking state-relations instead of L-states 
as elements of L-ranges. The subsequent diagram shows — 


Objects to which P anu Q Bear the State-Relations R, 


f 

p 

Q 

1 

a,b,c 

a,b,c 

3 

a,b,c 

a,b 

3 

a,b,c 

a,c 

4 

a,b,c 

a 

5 

• 

a,b,c 

b,c 

■ 

10 

• 

a,b 

a,b 

64 

— 

— 


for (some of) the L-states s, — of which objects P and Q are 
predicated in Sr (compare the diagram in § 18A), and thus 
to which objects P and Q bear the state-relation R,. For in- 
stance, the L-state S4 was the proposition that the property 
P holds for a, b, and c, and Q only for a. Therefore, the 
corresponding state-relation R4 is that relation which holds 
between P and each of the objects a, b, and c, and between 
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Q and a; hence it may be regarded as the class of the follow- 
ing four ordered pairs P,a, P,b, P,c, Q,a. Thus we may de- 
fine. R4 =Df {Pja, P,b, P,c, Q,a} (Here it is to be kept in 
mind that we are speaking in an extensional language M , 
therefore, no distinction is made between properties and 
classes, or between relations and relation-extensions, coex- 
tensive properties or relations are here identical ) In this 
way, each of the 64 state-relations Rr can be defined. Each 
of them is a possible relation of predication, but only one, 
namely the state-relation Rio corresponding to the real 
L-state sio, is the relation of true predication, that is to say, 
the relation which holds between a property F and an ob- 
ject X if and only if F can truly be predicated of x — in other 
words, if X has the property F This consideration leads to 
the subsequent definition of ‘rs’ (DK2). 

D19-K1. H IS a state-relakon with respect to S4 =Df £1 is a 
relation such that every first member of it is P or Q, and 
every second member is a, b, or c. 

D19-K2. rs (with respect to S 4 ) = pf the state-relation H 
such that 3 {F,x) if and only if F{x). 

D19-K3. Vs (the universal L-range with respect to S 4 ) 
= Df the class of the state-relations with respect to S 4 . 

D19-K4. As =Df the null class (of state-relations). 

The rules of a semantical system S have the purpose of 
stating the meaning of the sentences of S. So far, we have 
formulated the rules of S as rides of truth, i e. as rules stat- 
ing for each sentence of 5 a suflEcient and necessary condi- 
tion for its truth. To know the L-range of a sentence ©, 
means to know what possibilities are admitted and what are 
excluded by ©». This, however, is the same as knowing 
under what conditions ©, would be true and under what 
conditions it would be false. Thus, stating the L-ranges of 
sentences is in effect the same as stating their truth-condi- 
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tions. Therefore, instead of lajdng down rules of truth we 
may lay down rules which determine the L-ranges of the 
sentences of S, we call them rules of L-ranges. This pro- 
cedure is of especial importance if we intend to take the 
concept of L-range as basis for the definitions of the other 
L-concepts (L-unplication, L-truth, etc), as wfil be done 
in § 20, in this case, obviously, any procedure defining 
L-range with the help of the other L-concepts (as in all pro- 
cedures previously explained. A, B, C, E, F, and G) is inap- 
plicable. The rules of L-ranges here, like the rules of truth 
previously, presuppose rules of designation. The procedure 
may be illustrated by the following rules for S4, the previous 
rules of designation for S4 (§8) are here presupposed. 

Rules of L-ranges for S4 

4a. Let be an atomic sentence >)ti(in,), where pXk desig- 
nates the property F and in, the individual a:; Lr®, is the 
class of the state-relations H with respect to S4 (DKi) such 
that H{F,x) 

4b. Lr(~®,) = - Lr®, (1 e the class of those state- 
relations which do not belong to Lr®,). 

4C Lr(®, V ®;) = Lr®, -|- Lr©,. 

4d. Lr(®, . ®,) = Lr®, X Lr©,. 

4e. Lr(©, D ©,) = - Lr®, 4- Lr®, 

4f. Lr(®, = ©,) = (Lr®, X Lr®,) -f (-Lr®, X -Lr©,). 
Lril, = the product of the L-ranges of the sentences of ®,. 

Quine {A System of Logistic, 1934) has construed the proposition 
that * has the property F (or, in other words, that a: is an element of 
the class F) as the ordered pair F, x In his system, all propositions 
have this simple predicative form Here, we apply this device only to 
the propositions designated by atomic sentences Then it seems 
natural to construe an L-state as a class of ordered pairs of the form 
F, X This yields the state-relations described above 

If .we have to do with a system S difEerent m structure from S4, an 
analysis on the basis of the rules of formation of 5 has to be made as 
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described in § 18C in order to find the atomic propositions for the 
descriptive concepts covered by S Then every atomic proposition 
IS construed as an ordered pair, and the state-relations are the sub- 
classes of the class of all these pairs [Let S, for instance, contain a 
descriptive predicate ‘R’ of degree three such that R(a,b,c) is an 
atomic proposition Then the corresponding ordered pair consists of 
the relation R and the ordered triad a,b,c, hence it is R,(a,b,c) Like- 
wise for higher levels, if, for mstance, ‘M’ is a descriptive predicate 
of second level and M(P) an atomic proposition, then the correspond- 
ing pair IS M,P Let k(a,b) = c be an atomic proposition for the 
descriptive functor ‘k’, then we may take as total argument entity the 
pair (a,b),c, and hence as corresponding to the atomic proposition, 
the pair k,((a,b),c) ] If .S contams variables, then as argument enti- 
ties for atomic propositions not only entities designated in 5 but also 
those covered by 5 have to be taken However, with respect to the 
concepts (attributes and functions) different procedures are possible. 
The analysis, and thereby the construction of state-relations, may 
either be restricted to the atomic propositions for those descriptive 
concepts which are designated m 5, or it may be extended to aU de- 
scriptive concepts covered by S [Let S, for instance, contam a predi- 
cate variable ‘F* which, according to the rules of values for ‘F’ in 5 
(§ ii), has certain colors as values, then we may either take all those 
colors as first members of the state-relations, or only those for which 
there are predicates m 5 The rules of formation of 5 wiU then deter- 
mme what entities are to be taken as second members ] The real 
L-state rs is to be construed as that state-relation whose pairs corre- 
spond to the true atomic propositions with respect to S 

L. Correlations of extension as elements of L-ranges 
The procedure L is a simple modification of K. It may be 
illustrated again for the system S4. In K, a state-relation 
Rr holds between the properties P and Q and certain individ- 
uals, in correspondence to the atonuc sentences of the L- 
state Sr. Here in L, a state-relation Rr' is a relation between 
those properties and certain classes of individuals, namely 
the classes of the relata of P and Q with respect to R, (see 
the subsequent diagram). In K, for instance, R4 holds be- 
tween P and each of the individuals a, b, and c; thus, here 
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in L, R4' holds between P and the class {a,b,c} ; furthermore, 
R4 holds between Q and a, hence R4' holds between Q and 
{a}. Therefore we define: R4^ =d£ {P,{a,b,c}, Q,{a}}. 
The same procedure may be described as follows. Accord- 


Classes to which P and Q Bear the State-Relations R,' 


f 

p 

Q 

I 

la,b.cl 

la.b,cl 

la,bl 

2 

ia,b,ci 

3 

ia.b,cj 

ia.cl 

{al 

4 

{a,b,c} 

5 

• 

la,b,cl 

Ib.c] 

• 

10 

• 

(a.bl 

la.bl 

64 

A 

A 


ing to the earlier explanations (see § 18A, also the diagram), 
in the L-state S4, the property P holds for the individuals 
a, b, and c, and Q holds for a, thus in S4, P has the extension 
{a,b,c} and Q the extension {a}. Here in L, we take as the 
state-relation R/ corresponding to the L-state s, the rela- 
tion which holds between P and Q and the extensions which 
they have in s^. Therefore we may define, a state-relation is 
a relation correlating with each of the properties P and Q 
exactly one class of individuals (DLi). rs is here construed 
as that state-relation which correlates with P and Q their 
actual extensions. Both these extensions are {a,b} (this is 
factual knowledge obtained by observations, see § 18A; 
therefore it is not used in framing the definition for ‘rs’)- 
Since M is extensional, the coextensive properties P and 
{a,b} are here regarded as identical, as the same class. Thus 
rs is that state-relation which is a sub-rdation of identity. 
This consideration leads to DL2. ' 
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D19-L1. E is a state-relation with respect to S 4 =Df is 
a many-one relation which correlates to each of the properties 
P and Q as first members exactly one sub-class of {a,b,c} as 
second member 

D19-L2. rs (with respect to S4) =Df the state-relation H 
such that H{F,G) if and only if F = G. 

D19-L3. Vj =Df the class of the state-relations with re- 
spect to S4 

D19-L4. A. =Df the null class (of state-relations) 

It seems convenient here, as in K, to lay down rules of 
L-ranges for S 4 instead of rules of truth. 

4a. Let ©, be an atomic sentence pri(in3), where desig- 
nates the property F and in, the individual ac, Lr©, is the class 
of those state-relations H (with respect to S4) which hold 
between F and a class to which x belongs. 

The rules 4b to f are here the same as in K. 

The procedure L, here explained for S4, can likewise be applied to 
any other system 5 First, on the basis of the rules of formation of 5, 
the atomic propositions for the descriptive concepts designated in S 
— or for all those covered by 5 — are determmed, as described in C 
and K. In other words, it is determmed which entities (including 
sequences of entities) are admitted as argument entities for each of the 
concepts Then, for any concept «, every sub-class of the class of enti- 
ties admitted as argument entities for is admitted as a possible 
extension for u And a state-relation with respect to 5 is a relation cor- 
relatmg with every one of the concepts exactly one possible extension. 
If S contams a hierarchy of types, then the possible extensions for a 
concept u are simply all those concepts (which means here the same 
as concept-extensions, since M is extensional) which are of the same 
type as «. Thus the state-relations are here homogeneous (i e their 
&st and second members belong to the same type). 
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§ 20. General Semantics Based upon the Concept of 
L-Range 

A system of general semantics, containing both L-concepts 
and radical concepts, is constructed on the basis of the concepts 
of L-range (for sentences) and of the real L-state rs as primi- 
tives Theorems are based on the definitions without the use 
of postulates, among them theorems correspondmg to all the 
previous postulates P14-1 to 15 for L-concepts 

In §§ 18 and 19, several procedures have been explained 
for defining concepts of L-range. Now we shall construct a 
system of definitions in general semantics of a fundamentally 
different kind. Here, we take the concept of L-range as primi- 
tive and define the other L-concepts on its basis, we add the 
concept of the real L-state (rs) as primitive, and construct 
definitions also for the radical semantical concepts. If these 
definitions in general semantics are to be applied to a par- 
ticular semantical system S, the concept ‘L-range m S’ 
which here is primitive must then be defined. However, it 
cannot of course be defined with the help of L-implication 
or other L-concepts as was done in most of the procedures in 
§§ 18 and 19. Instead we have to introduce the concept of 
L-range in 5 by laying down rules of L-ranges for 5 , instead of 
rules of truth, based on rules of designation. [This may, for 
instance, be done in a way similar to those explained for S4 
in § 19K and L.] 

The following inexact considerations based on earlier ex- 
planations (§ 18) suggest ways for making the subsequent 
definitions. ©, is true if and only if the real L-state rs is ad- 
mitted by ©, and hence belongs to Lr©,, this suggests D13 
(in agreement with earlier considerations for the procedures 
A and B, see T18-A7 and T18-B36). In order to fulfill the 
requirement of adequacy (§ 16) we must define the term 
‘L-true’ in such a way that it applies to a sentence ©, if and 
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only if the truth of ©, follows from the semantical rules 
which are here supposed to have the form of rules of L-ranges. 
If we know the rules but not the relevant facts, then we know 
the L-range for any given sentence 0„ but we do not know 
which of the L-states is the real L-state. There is only one 
case in which we nevertheless shall be able to ascertain that 
©, is true, and that is the case in which LrS, is V„ le 
the class of all L-states (D3). Only in the case in which 
Lr©, is A,, i e the nuU L-range (D4), are we in a position to 
find out that ©, is false by makmg use merely of the semanti- 
cal rules (which teU us that Lr©, = but not of any 
factual knowledge (which would tell us which is the real 
L-state). Thus we can characterize the L-true sentences as 
those with the L-range (Ds) and the L-false sentences as 
those with (D6) (in agreement with T18-A8 and 9, and 
T18-B29 and 30) For the definition of L-ivtplicaion we 
have to consider the question of the conditions under which 
it would be possible to find out with the help of the semanti- 
cal rules alone that if ©, is true ©, must also be true. In 
other words, if we know the L-ranges Lr©, and Lr©, but 
do not know which L-state is the real L-state rs, under what 
condition can we nevertheless know that, if rs e Lr©„ then 
rs e Lr©,? This is possible only if Lr©, C Lr©,; and there- 
fore this condition is an adequate definiens for L-implication 
(D7) (in agreement with T18-1, based on Pi 8-1 and 2, 
T18-A5 and T18-B18 and 19). L-equivalence is mutual 
L-implication (Pi 4-9) and hence characterized by the iden- 
tity of L-ranges (D8) (in agreement with T18-2) Here, as 
earlier, the concept of L-range will be applied to sentential 
classes also We regard as true if and only if every sen- 
tence of is true (D9-1). Therefore an L-state makes S, 
true if and only if it makes every sentence of S, true. Hence 
we take as LrS, the class of aU those L-states which belong 
to the L-range of every sentence of S„ or, in other words, the 
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product of the L-ranges of the sentences of S’, (Dib) (in 
agreement with T18-A17). 

Examples In § 15 we analyzed five examples of sentences ©j to 
©5, belonging to S3 and hence also to S4. ‘P(a) ’ was designated by ‘©3’; 
we now designate ‘ ~P(a) ’ by ‘©3’ and ‘Q(b) ’ by ‘©7’ The applica- 
tion of the rules of L-ranges for S4 stated in § 19K yields the following 
results According to rule (4b), Lr©6 = —Lr©3 Hence, according to 
(4c), Lr©i = Lr©3 -|- (— Lr©3) = V5, and Lr©2 = — Li©i = — Vj 
= Aj Therefore, according to the precedmg considerations and the 
subsequent definitions, ©1 is L-true and ©2 L-false, in agreement with 
the results m § 15 Further, Lr©4 = Lr©3 -|- Lr©?, hence Lr©3C 
Li© 4, hence @3 T? ©4 Lr©6 = Lr©? -h LrSs = Lr©4, hence ©3 and 
©4 are L-equivalent 

In the following system we have two t3T)es of individuals. 
The sentences © are the individuals of the first type, the 
L-states are the individuals of the second type (for the sake 
of simplicity we write ‘sentence’ instead of ‘individual of 
the first type’ and ‘L-state’ instead of ‘individual of the 
second t)^e ’) . As primitive terms we take ‘ LrSent ’ (L-range 
for sentences) and ‘rs’ as explained before. We might lay 
down some postulates, but they would not be of great im- 
portance. We shall see that all theorems wanted can be 
proved merely on the basis of the definitions. Among these 
theorems we shall find aU the postulates of the previous 
system for L-concepts (P14-1 to 15, occurring here as T20- 
257 27, 29, 33, II, 12, 13, 14, 19, 20, 15, 16, 9, 17, 18) There- 
fore, all the theorems based on these postulates (T14-1 to 
59) also hold in the present system of definitions. [The some- 
times disputed postulates P14-14 and 15 also result here 
from definitions which seem simple and natural. This fact 
seems to lend additional support to the choice of those postu- 
lates. The same holds for P14-E1 to 3; see below D9'.] 

The rules of formation of the metalanguage in which this 
system is formulated are supposed to specify the t3^es for the 
two primitive signs in the following way. ‘ LrSent ’ is a func- 
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tor whose argument entities are individuals of the first tj^ie 
and whose values are classes of individuals of the second 
type , ‘ rs ’ is an individual constant of the second type Hence, 
the L-rangcs are classes of L-states, and rs is an L-state 
‘ LrSent ’ is used only in the definition D i f or ‘ Lr ’ (L-range 
for sentences and sentential classes), further on, only ‘Lr’ is 
used, (it would also be possible to take ‘Lr’ as primitive 
instead of ‘LrSent’, and lay down a postulate instead of 
Di ) We begin with definitions and theorems on the basis of 
‘Lr’ alone. This includes the L-concepts. Then we shall 
add ‘rs’ and thereby come to the radical concepts Thus, 
from a certain point of view, the L-concepts appear simpler 
than the radical concepts. 

D20-1. 

a. Lr®, (in 5) = of LrSent®,. 

b. Lrit, (in 5) =Df the product of the classes 
LrSent®, for all sentences 2, of ff,. 

T20-1 (lemma). If ®, e Lr®, C Lr©,. (From Di ) 

T20-2 (lemma). If LrJ, C Lr®, for every sentence ®, 
of ^,, then Lrl, C Lrj?,. (From Di.) 

T20-3. Lr(^, -|- ®,) = Lrll, X Lr®,. (From Dib.) 

D20-3. V3 (the universal L-range in 5) = ot the class 
of all L-states (i.e. the universal class of the second type of 
individuals). 

T20-5 (lemma). For every 2:,, LrS:, C Vj. (From D3.) 

D20-4. A, (the null L-range in 5) =Df the null class 
(of L-states). 

T20-6 (lemma). For every 3:,, A, C Lrl,. (From D4.) 

-I-D20-5. SE, isL-true (in 5) =DfLr2:, = V,. 

T20-9. If every sentence of is L-true, is L-true. 
(From Ds, Di.) 
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+D20-6. I, is L-false (in S) =Df LrS. = K- 
+D20-7. -r Xj (in S) =m LrJ. C LrSC,. 

T20-10 (lemma) I, l? X, if and only if — Lrl, + Lrity 
= Vj. (From Dy, D3 ) 

T20-11. L-implication is transitive. (From Dy.) 
T20-12. If I, Xj and 3:, is L-true, Xj is L-true. 
(From Dy, D5.) 

T20-13. If Xt T? X] and 2:, is L-false, S, is L-false. 
(From Dy, D6.) 

T20-14. For every ©» "i? ©,. (From Dy.) 

T20-15. If € i?, then i?, i? ©j. (From Ti, Dy.) 
T20-16. If 1, 1? every sentence of then I, T? St,. 
(From T2, Dy.) 

+T20-17. If X, is L-true, then every 3;, 1? 3:,. (From 
Ds.Dy) 

-1-T20-18. If Xt is L-false, then 3:, T? every 3:,. (From 
D6,Dy.) 

-1-D20-8. 3:, is L-equivalent to 3:, (in S) =pf 

Lr3:. = Lr3:, 

T20-19. 3:, is L-equivalent to X, if and only if I, T? 3:, 
and X, 1? 3:,. (From D8, Dy.) 

D20-9. Xt is L-disjunct with X, (in *50 =Df 

Lr3:. -1- Lr3:, = V.. 

T20-20. If 3:, is L-true, 3:, and 3:, are L-disjimct (with 
one another). (From D5, D9.) 

D20-10. 3:, is L-excIusive of 3:, (in S) =vi 

Lr3:, X Lr3;, = A,. 

D20-11. 3:. is L-non-equivalent to 3:, =Dt 

Lr3:» = -Lr3:,. 

T20-22. Xt is L-non-equivalent to 3:, if and only if 3, 
is both L-disjunct and L-exdusive of 3;,. (From Dii, g and 
10.) 
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T20-23. If Xx is L-non-equivalent both to X, and to 
Xt, then Xj is L-equivalent to Xk- (From Dii, D8.) 

If the concept ‘L-disjunct’ is applied not only to two members but 
to the sentences or sentential classes of any, possibly infinite, class SD?, 
(see remarks to P14-E1 to 3), then D20-9 is to be replaced by the 
following definition. 

D20-9'. The elements (sentences or sentential classes) of 2 W, are 
L-disjunct with one another = di the sum of the L-ranges of the ele- 
ments of SK, is Vs 

On the basis of Dg' together with the other definitions stated above, 
the postulates P14-E1 to 3 can easily be proved 

The following definitions of radical concepts make use of 
‘rs’ also. 

-1-D20-13. I, is true (in S) =Dfrs6Lr3:,. 

T20-25. If Xi is L-true, Xt is true (From D5, D13.) 

D20-14. Xi is false (in S) =Df 2:, is not true. 

T20-26. Xi is false if and only if not rs e LrS:,, hence if 
and only if rs e -Lrl, (From D14, D13.) 

T20-27. If Xt IS L-false, S, is false (From D6, T26 ) 

D20-15. Xj is an implicate of Xt (J, — » J,) (in S) 
= Df I. is false or X, is true (or both). 

T20-28. 2:, — » X, if and only if rs e ( — Lrl, -1- Lrl,). 
(From D15, T26, D13 ) 

T20-29. If Xt T* X„ then S, ^ 2;,. (From Tio, T28.) 

D20-16. 2;, is equivalent to 2:, (in S) =t>i both are 
true or both are false. 

T20-30. 2;i and 2:^ are equivalent (to one another) if and 
only if 2, -» 2, and 2, -♦ 2, (From D16, D15.) 

T20-31. If 2, and 2^ are L-equivalent, they are equiva- 
lent. (From T19, T29, T30 ) 

D20-17. IS disjunct witli (in iS) — Df 3*^ IcSiSt one 
of them is true. 
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T 20 - 32 . 2:, and Xj are disjunct (with one another) if 
and only if rs e LrS, + LrS,. (From D13, D17.) 

T 20 - 33 . If Xi and X, are L-disjunct, they are disjunct. 
(From D9, T32.) 

D 20 - 18 . 3;, IS exclusive of Xj (in S) =Df at least one of 
them is false. 

T 20 - 35 . If Xi and 2 :, are L-exclusive, they are exclu- 
sive (From Dio, 18, 14, 13.) 

T 20 - 36 . If 2:1 and Xj are L-non-equivalent, then one of 
them is true and one is false, hence they are not equivalent. 
(From Dii, 13, 14, 16 ) 

The definitions of radical terms on the basis of ‘true’ in 
the present system (D14 to 18) are in accordance with the 
definitions of the same terms in § 9. There we defined more 
terms, their definitions (D9-7 to 9) may be added to the 
present system also. Then all theorems of the former sys- 
tem (T9-1 to 50) hold here too, because they are based only 
on the definitions without postulates. Furthermore, the 
definitions in § 14 of other L-terms may here be added Then 
the present system contains those of § 9 and § 14, it may be 
further supplemented by the definitions and theorems of 
the next section. 

§ 21 . F-Concepts 

If a sentence is neither L-true nor L-false, then we cannot 
determine its tmth-value by the help of the semantical rules 
alone but we need some knowledge of relevant facts. There- 
fore, the sentences of this kind are called factual (‘synthetic’, 
m traditional terminology) An F-term (eg. ‘F-true’, for 
‘factually true’) is applied if the correspondmg radical term 
(‘true’) holds but the corresponding L-term (‘L-true’) does 
not Some F-terms are defined m accordance with this con- 
vention, and theorems are stated for them. 

If the L-terms with respect to a semantical system S are 
defined in such a way that the requirement of adequacy 
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(§ 16) is fulfilled, then the L-determinate sentences (D14-1) 
are those whose truth-values can be determined on the basis 
of the semantical rules alone. For the other sentences, the 
rules do not suffice, we must use some knowledge about 
something outside of language, which we may call knowledge 
of facts. Therefore the sentences which are not L-deter- 
minate have factual content, i e they assert something about 
facts, namely those facts upon which their truth-values de- 
pend. Therefore we shall call these sentences F-determinate 
(i.e. factually determinate) or simply /ach/a/ (Di, compare 
the terminological remarks in § 37) In traditional termi- 
nology they are called synthetic (m the sense of being neither 
anal>'tic nor contradictory). If a factual sentence is true, 
it is true by reasons of fact (as against merely logical reasons 
represented by the semantical rules), it may therefore be 
called factually true orF-true (D2) If a factual sentence is 
false, we call it F-Jalse (D3). On the basis of these considera- 
tions we lay down the following definitions for F- concepts 

- 1 -D 21 - 1 . I, is (L-indeterminate or F-determinate or) 
factual (in 5 ) =Df Ix is not L-determinate 

-hD 21 - 2 . I, is F-true (in S) =m 2 :, is true but not 
L-true. 

T 21 - 5 . 2:, is F-true if and only if is factual and true. 
(From Di and 2.) 

T 21 - 6 . i?, is F-true if and only if every sentence of S, 
is true and at least one of them F-true. (From D2, D9-1, 
T14-20.) 

-I-D 21 - 3 . 2:, is F-false (in S) ~t>i 2 :, is false but not 
L-false. 

T 21 - 9 . 2:, is F-false if and only if 2:1 is factual and 
false. (From Di and 3.) 

T 21 - 10 . 2:, is factual if and only if 2:, is F-true or 
F-false. (From Di, 2, 3.) 
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T 21 - 11 . S, is not both F-true and F-false. (From D2 
and 3, T9-2.) 

T 21 - 12 . If it, IS F-false, then 

a. At least one sentence of is false. 

b. No sentence of it, is L-false. 

c. No sub-class of is L-false. 

(From T9-1, T14-11, T14-13.) 

In an analogous way, we may introduce, for any L-term, 
a corresponding F-term If there is a radical term corre- 
sponding to the L-term, then the F-term applies if the cor- 
responding radical term applies but the L-tenn does not. 
Hence in this case the de:^ition for the F-term may be 
stated in the form ‘F- . . . =Df . . . and not L- . . We 
shall later define a few more F-terms. 

On the basis of the definitions given, we have in general 
the following classification of tJte sentences of a semantical 
system S' 

true false 


L-tnie F-tnie F-false L-false 

J 

factual 

This schema, however, often degenerates. In a particular 
system, any one or two or three of the four kinds shown in the 
schema may be empty. 

The diagram also represents in general the classification 
of sentential classes. Here, any one or two or three of the 
four fields may be empty, except that of L-true classes, be- 
cause in any system 5 A is L-true (T14-33) even if S does not 
contain any L-true sentences. And in still another point 
the diagrams for sentences and for classes (in S) may differ. 
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There may be an L-false class in 5 even if there is no L-fake 
sentence in 5. 

Example. Let us construct the system Ss out of Ss (§§ 8 and 15) 
by droppmg the sign of disjunction 'V ’ and the rules referring to it 
(2c and 4c). Then all sentences of Ss are factual But besides the 
L-true class A there are L-false classes, e g. any class of the form 

D21-5. Ij is an F-implicate of 2:, (J, F-implies S:,; 
I, Ij) (m 5) =Dr Ji -♦ % but not I, T? S,. 

T21-20. If It %, then the following holds: 

a (lemma). I, is false, or Ij is true. 

b. I, is not L-false. 

c. Ij is not L-true. 

d. I, is F-false or is F-true. 

(From Ds, D9-3, P14-15, P14-14; a, b, c.) 

D21-6. I, is F-equivalent to I, (in 5) = or I* is equiv- 
alent, but not L-eqmvalent, to 1^. 

T21-25. 

a. If I, V 2:, and I, V 3:,, then I, and I, are 
F-equivalent to one another 

b. If I, and I, are F-equivalent to one another, 
each of them is an L- or an F-implicate of the 
other, and at least one of them an F-implicate. 

(From T9-2ob, P14-9, D5.) 

The converse of (a) does not hold generally, but only the 
weaker theorem (b). While equivalence is the same as 
mutual implication and L-equivalence is the same as mutual 
L-implication, F-equivalence is a weaker concept than 
mutual F-implication. F-equivalence holds also in the case 
where F-implication holds in one direction and L-imphcation 
in the other. 

T21-26. If I, and I, are F-equivalent (to one another), 
then the following holds: 
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a (lemma). Both are true or both are false. 

b. Not both are L-true. 

c. Not both are L-false. 

d. Both are true and at least one F-true, or both are 
false and at least one F-false. 

(From D9-4, T14-S2, T14-S3; (a), (b), (c).) 

D21-7. 2:, is F-disjunct with X, (in S) = nr I. is disjunct 
but not L-disjunct with X,. 

T21-31. If 2:, and 2:, are F-disjunct (with one another), 
then the following holds: 

a (lemma). At least one of them is true. 

b. Neither is L-true. 

c. At least one is F-true. 

(From Dg-s; P 14-10; (a), (b).) 

D21-8. 2:, is F-exclusive of X, (in S) = nt Si is exclusive 
but not L-exclusive of X}. 

T21-36. If Ji and 2:^ are F-exclusive (of one another), 
then: 

a (lemma). At least one of them is false. 

b. Neither is L-false. 

c. At least one is F-false. 

(From D9-6; T14-71; (a), (b).) 

D21-10. SI, is F-inter changeable with 81, (in S) =Dt 21, is 
interchangeable but not L-interchangeable with 81,. 

In analogy to the definitions given here, definitions for 
other F-terms can be laid down corresponding to L-terms 
and in most cases also to radical terms previously explained 
[e.g ‘F-designation’, ‘F-fulfillment’, ‘F-detennination’ (cf 
an attribute by a sentential function), ‘F-synonymous’, 
‘F-universal’, ‘F-empty’, ‘F-non-empty’, etc.; for the cor- 
responding L-terms, see § 15.] (In those cases where only 
the L-concept is important, while the radical concept is 
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trivial, the F-concept would not have much interest; this 
seems to be the case e.g with ‘F-dependent’ and ‘F-com- 
plete’, perhaps also with ‘F-comprehensive’.) 

§22. Characteristic Sentences 

For some quadruples of concepts (radical, L-, F-, and 
C-concepts, the last belonging to syntax) characteristic sentences 
are given The radical, L-, F-, or C-concept holds in a certain 
case if the characteristic sentence constructed for that case is 
true, L-true, F-true, or C-true respectively 

The theorems of this section state sufficient and necessary 
conditions for some radical concepts and the corresponding 
F-, L-, and C-concepts. (The C-concepts will be explained 
later, they belong to syntax.) These conditions are not appli- 
cable in all systems but only in those containing certain signs 
(propositional connectives, universal or existential operator, 
sign of identity) ; these signs occur in most of the language 
systems dealt with in modem logic 

Every one of the theorems containing the prefix variable 
‘X-’ is an abbreviated combination for four theorems, these 
are found by substituting for ‘ X-’ the following four prefixes 
in turn: the null prefix (yielding e g. 'true' from 'X-true'), 
the prefixes ‘L-’, ‘F-’, and ‘C-’ We use the customary 
signs of s)mibolic logic (see § 6). For each of the four sets 
of conditions there is one basic term, namely ‘ X-true’ (i e. 
‘true’ for the radical terms, ‘L-true’ for the L-terms, etc.), 
applied to sentences only. 

The combined condition for each quadruple of concepts 
can be formulated in this way. ‘The sentence ... is X- 
true’. Thus, there is for the quadruple of concepts in ques- 
tion, with respect to any case of application, a certain 
sentence — we call it the characteristic sentence for these 
concepts (with respect to that case) — such that the radical 
concept holds in the case in question if (and only if) the 
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characteristic sentence is true, the L-concept if it is L-true, 
the F-concept if it is F-true (and in syntax the C-concept 
if it is C-true). For the sake of brevity we omit the reference 
to the semantical or s)mtactical system (1 e the phrase ‘m 5’ 
or ‘in ’ respectively). 

The subsequent table does not contain the full formulation 
of the theorems, but it gives the characteristic sentences for 
the quadruples of concepts The theorems can easily be con- 
structed in analog}' to the full formulation given for Ti and 2 . 
To simplify matters, the table does not use German letters 
but signs of the object language in quotes. These are ex- 
amples, but the theorems are meant as general, hence in the 
place of ‘A’ or ‘B ’ any closed sentence (i.e one not contain- 
ing a free variable) may be taken, instead of the examples 
with ‘P’ and ‘Q’ analogous cases with predicates of any de- 
gree, instead of ‘R’ any predicate of degree two, instead of 
‘ a ’ and ‘ b ’ any individual constants. 

Proofs for the theorems are not given here. They would 
have to be based on the rules of the system in question with 
respect to the signs referred to m the condition and on an ade- 
quate definition for the concept for which the condition is 
stated The practical value of these theorems is that they 
show a convenient way to find out whether or not in a given 
case the concept in question applies. Each of the conditions 
may also be taken as a definiens for the concept in question, 
it could then be shown that the resulting definitions are 
adequate (With respect to Ti to $ taken as definitions, the 
disadvantage would be that the concepts would be defined 
only for (closed) sentences, not for sentential classes.) 

Full formulation of the first two theorems: 

T22-1. A closed sentence ®, is X-false if and only if 
is A-true. 

T22-2. Two closed sentences ©, and ©y are X-equivalmt 
if and only if ©, s is X-true. 
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Theorem 

Concept 

Characteristic 

Number 

Sentence 


I Concepts applicable to sentences. 


T22-1 

T22-2 

'A' IS X-false 

‘A* and ‘B’ are X -equivalent to one an- 

‘~A’ 


other 

‘AaB’ 

T22-3 

‘B’ IS an X-mplicate of ‘A’ 

(’A3B’ 

l‘~AVB’ 

T22-4 

‘A’ and ‘B’ are X-disjunet 

‘AVB’ 



r‘A|B’ 

T22-5 

‘A’ and 'B' are X-exdustve 

■{‘~(A.B)' 

L‘~AV~B’ 

T22-6 

‘A’ and ‘B’ are X-non-equivalent 

‘~(AbB)’ 


1 Concepts applicable to predicates of 



any degree n 


T22.10 

‘‘P’ X-untversal 

‘(*)P(*)’ , 

T22-11 

‘P’ IS X-empty 

(’(*) (~P(*))’ 

(‘~(a*)p(*)’ 

‘(ai)p(*)’ 

'(*)tP(*) = Q(*))' 

'(*) (P(») 3 QW)’ 
‘(*)(PWVQW)’ 

!■(*) P(*)IQ(*))’ 
I’WMPW.QW))’ 


‘P’ IS X-non-empty 


‘P’ and ‘Q’ are X-eqimalent 
‘Q’ IS an X-implicate of ‘P’ 

T22.15 

‘P’ and ‘Q’ are X-disjunct 

T22-16 

‘P’ and ‘Q’ are X-exclusive 

3 Concepts applicable to predicates of 



degree two 


T22-20 

‘R’ IS X-symmetrK 

’(*)(y)(R(*,y)3R(y.r))’ 
’-(») (y) (R(*,y) 3 R(y,*))’ 

T22-21 

‘R’ IS X-nan-symmetric 

T22-22 

‘R’ IB X-asymmetnc 

■(»)(y)(R(*,y)3~R(y.*))’ 


In an analogous way, characterisbc sen- 



tences for the other concepts of the 
theory of relations may be set up (' re- 
flexive', ‘transitive’, ‘one-many’, 



etc) 



4 Concepts applicable to individual 



constants 


T22-30 

‘a’ and ‘b’ are X-synanymous 

'a = b’ 
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There are no characteristic sentences for ‘ X-determinate’, 
‘X-dependent’, ‘X-complete’, ‘X-comprehensive’, and ‘X- 
perfect’. For the first three of these, the radical concept is 
of no interest since it is universal; hence, the F-concept is not 
of much interest either, since it coincides with the nept- 
tion of the L-concept Only the L- and the C-concepts 
have practical value here. 

§ 23. L-Content 

The concept of the L-content of a sentence ©, (Lc®,) is re- 
lated to that of the L-range Two postulates for L-content are 
laid down (Pi and 2) Several ways are shown for defining 
a concept of L-content which satisfies the postulates Accord- 
ing to these definitions, an L-content is a class whose elements 
are either in the realm of designata (namely, L-states, 
DBi) or in the realm of e-?pressions (namely, sentences, 
DFi, DGi) 

We shall explain here the problem of an L-concept which 
is in some respects closely related to the concept of L-range 
We shall not try to give here a definitive solution of this 
problem any more than we did in the case of the concept 
of L-range 

The term ‘content’ is sometimes used in a loose way 
meaning something like the strength or assertive power of 
a sentence. We say sometimes that the content of a sentence 
includes that of another sentence but is larger than this, 
or that the first sentence is stronger than the second, mean- 
ing by this that the first asserts all that is asserted by the 
second and, in addition, something more We shall now try 
to make this way of speaking more precise. We shall use the 
term ‘L-content’, because it will turn out that it is an 
L-concept and that there is a corresponding syntactical 
concept for which we shall use the term ‘C-content’ (§ 32 ). 
Like the other semantical concepts, this concept will here be 
applied not only to sentences but also to sentential classes; 
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as an abbreviation for ‘the L-content of I* in 5’ we write 
or simply ‘LcSE:,’. 

Before explammg different possibilities of defining con- 
cepts of L-content, we shall lay down two postulates stating 
properties which any concept of L-content (with respect to 
a semantical system S) should have in order to be in accord- 
ance with our intention. These postulates still leave open 
not only different formulations of definitions but essentially 
different concepts to be defined. Since it is customary to 
speak of one content’s being contained in another one, we 
shall construe the L-contents as classes, but we leave open 
the question of what kind of entities are to be taken as ele- 
ments of these classes The following considerations leading 
to the postulates are necessarily vague, they are not in any 
sense proofs for the postulates but give only practical justi- 
fications for them by making plausible that the postulates 
are in agreement with what we vaguely have in mind when 
speaking about contents 

1. If the content of Z, is partly or totally outside that of 
T,, then Zj asserts, at least partly, something not asserted 
by Zt This assertion might then be false even if 2 , is true 
Therefore, in this case, Tj is not logically deducible from 3;,. 
To put it the other way round, if Z, is logically deducible 
from T,, the content of Z, must be entirely within that of 

This, when expressed m our technical terms, is Pi. 

2 . If the content of Z, is contained in that of S,, then 
does not assert anjrthing that was not asserted by Zt. Hence 
it would be impossible that Zt be true and Z, false. And this 
impossibility is based on logical grounds, namely on the 
sense or content of Zt and not on any facts. Therefore Z} 
follows logically from Zt- This leads to P 2 

Postulates for L-content 

-t-P23-l. If S, "i? Z, (m 5), then LcS, C LcS,. 

-fP23-2. If LcS, C LcS, (in S), then Zt T" Z,. 
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The following theorems are based on these two postulates 
in addition to the earlier postulates, definitions, and theorems 
concerning L-concepts (§14). L-equivalence coincides with 
identity of L-con tents (T2). The L-content of A is the 
minimum L-content and is contained in any other L-content 
(Ts). It is that of all and only the L-true 2: (T7). The 
L-content of V is the maximum L-content, in which any other 
L-content is contained (T6). It is the L-content of all and 
only the L-comprehensive X (T8) and of all the L-false 3 :, 
and only these, if there are any such (Tq). (For the sake of 
brevity we omit references to a system 5 in the theorems ) 
T 23 - 1 . Ldj C LcJ, if and only if Xt Xj. (From 
Pi and 2.) 

-I-T 23 - 2 . 'LcX, = 'LcXt if and only if and Xj are 
L-equivalent. (From Ti, P14-9 ) 

T 23 - 5 . For every Xt, LcAC LcXi. (From T14-32, Pi ) 
T 23 - 6 . For every Xt, LcS:, C LcV. (From T14-42, Pi.) 
T 23 - 7 . LcS, = LcA if and only if S, is L-true. (From 
T2, Ti4-sib.) 

T 23 - 8 . LcS, = LcV if and only if S, is L-comprehen- 
sive. (From Ti4-io2b, T2.) 

T 23 - 9 . If S contains an L-false S,, then, for every S,, 
LcS, = LcV if and only if S, is L-false. (From T8, T14- 
107b.) 

If we compare the concept of L-content with that of 
L-range (§§ 18, ig) we find a striking analogy or, rather, 
a duality, inasmuch as the relation of inclusion among 
L-contents is always inverse to that among L-ranges (T20), 
and hence identity of L-contents coincides with identity of 
L-ranges (T21). 

-fT 23 - 20 . LcS, C LcS, if and only if LrS, C LrS,. (From 
Ti, T18-1.) 

-j-T 23 - 21 . LcS, = LcS, if and only if LrS, = LrXj. 
(From T20.) 
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This resiilt (T20) suggests a definition for ‘L-content’ 
which is in accordance with the postulates. If we suppose 
that the metalanguage M contains the concepts ‘ L-state ’ and 
‘ L-range’ as explained earlier (D18-B i , 4 and 5) , then we may 
define LcJj as the class of those L-states which do not 
L-imply 2 !, or, in other words, the class of those L-states 
which do not belong to Lr2:.‘ 

+D 23 -B 1 . LcSC. (in 5 ) = Df -LrS:.. 

This definition would accord well with our intention con- 
cerning the concept of L-content. For the assertive power 
of a sentence consists in its excluding certain states of affairs ; 
the more it excludes, the more it asserts (Karl Popper). 
Hence the class of the L-states excluded by ST, may well serve 
as a representation of the assertive power of 2 ,. The fol- 
lowing theorems hold on the basis of DBi and theorems in 
§i8B. 

-fT 23 -Bl. Lcl, C Lc2, if and only if 2 , T? 2 ,. (From 
DBi, T18-B18 and 19.) 

T 23 -B 2 . Lc2, =As if and only if 2, is L-true. (From 
DBi, T18-B29.) 

T 23 -B 3 . Lc2, =V if and only if 2 , is L-false. (From 
DBi, T18-B30.) 

The concept defined by DBi fulfills the postulates Pi and 
2 (TBi). We need not base this concept of L-content on that 
of L-range (as is done in DBi). We may instead introduce it 
independently by rules of L-contents analogous to the rules 
of L-ranges. The other L-concepts can then be defined on 
the basis of L-content in analogy to the way in which we 
defined them previously on the basis of ‘L-range’ (§20). If 
we suppose that, in addition to ‘L-content’, the term ‘rs’, 
designating the real L-state, is given, we may define here the 
radical concepts too in analogy to D2o-i3ff. Thus eg. 
2 , is defined as true if the real L-state is not one of the 
L-states excluded by 2, and hence does not belong to Lc 2 i: 

- 1 -D 23 -B 2 . 2i is tfiic (in S) =Df not rs 6 Lc2,. 
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We have remarked previously that a concept ‘L-range’ based on 
the concept ‘L-state’ — where an L-state is something not on the side 
of the language but on the side of the designata — requires a non- 
extensional metalanguage (§ 18) The same holds for a concept 
‘L-content’ defined on the same basis Further, we have discussed pos- 
sibilities of defining a concept 'L-range’ in an extensional language 
(§ :g) An analogous procedure is possible with respect to ‘L-content’. 

In the following we shall show two ways for defining a concept 
‘L-content’ within an extensional language (DFi and DGi) on the 
basis of ‘L-imphcate’ m such a way that our earlier postulates (Pi and 
2) are fulfilled It seems natural to characterize the assertive power 
of %, by stating which sentences follow from I, This leads to DFi 

-I-D23-F1. LcT, (in 5) =d£ the class of those sentences (m S) 
which are L-implicates of I, 

+T23-F1. If X. -t Xj, then LcT, C LcX,. (From DFi, P14-S.) 

-t-T23-F2. If Ld, C Lc2„ then 2, T? X, (From DFi, P14-8, 
II, and 12 ) 

TFi and 2 show that the concept ‘L-content’ as defined by DFi 
fulfills the postulates Pi and 2 and hence is m accordance with our 
intentions Therefore, the theorems based above on Pi and 2 hold 
here, too Since in DF i Lc2, is defined as a sentential class, it has the 
same status here as 2, itself The following theorems are based on this 
special feature 

T23-F3. LcA = the class of the L-true sentences (of S) (From 
DFi, T 14-34) 

-t-T23-F4. Lc2, = the class of the L-true sentences (of S) if and 
only if 2, IS L-true (From TF3, Ti4-5ib, T2 ) 

T23-F5. LcV = V. (From DFi, T14-41 ) 

T23-F6. Lc2% = V if and only if 2, is L-comprehensive. (From 
TFs, Dr4-s, T2 ) 

T23-F7. If 5 contains an L-false 2„ then for every 2i, Lc2i = 
V if and only if 2i is L-false (From TF6, Ti4-;o7b ) 

T23-F11. ©, «Lc©i. (From DFi, P 14-8 ) 

T23-F12. CLcj?t (From DFi, P14-11 ) 

T23-F13. 2, and Lc2, are L-equivalent. (FromTFii and 12, 
Pi4-ir and 12, Pi4-r2 ) 

T23-F16. Lc(Lc2.) = Lc2, (From DFi, P14-S ) 

The following theorems show the close connection between the con- 
cept ‘L-content’ as defined by DFi and the concept ‘L-perfect’ 
(D14-7): 
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T23-F20. Each of the following conditions is a sufficient and 
necessary condition for iJ, to be L-perfect: 
a Lc^, Ci?, 
b. LciS, = ki. 

(From D14-7, DFi, TF12, (a).) 

T23-F21. For every 5 C„ LcI, is L-perfect (From DFi, Tr4- 
rr8 ) 

The consideration that among the L-implicates of SE, the L-true 
sentences are not characteristic for the content of I, because they are 
L-implicates of every 2 ;, may suggest the following definition DGr as 
an alternative to DFr The resulting theorem TG16 also speaks, per- 
haps, in favor of DGr, on the other hand, this definition is somewhat 
less simple than DFr 

-1-D23-G1. Ld, (m S) =Df the class of those sentences (of S) 
which are L-implicates of and not L-true 

The following theorems are based on this definition 

T23-G1 (lemma). If is not L-true, e Lc©,. (From 
DGr, Pr4-8 ) 

T23-G2 (lemma) If Lcil, CLd„ then I? 

Proof Let be the class of the L-true sentences of and the 
class of the non-L-true sentences of I?, Hence i?, = S* -j- if i Then 
if It is L-true (P14-13), hence if j l? if, (T14-S6) ifjCLc^, (Pi4-rr), 
hence ifiCLcJ,, T. I? ifj (Pr4-i2), and 2 ^, if, (P14-5) 

T23-G3. If Lc 2 :, C LcX., then 2 :. T? 2 :, (For if, as 2 :,, this 
follows from TG2, for a non-L-true ©„ from TGr, for an L-true ©„ 
from DGr, Pi4-r4 ) 

T23-G4. If i, T? 2 i„ then Ld, CLd, (From DGr, Pr4-s.) 

-t-T23-G5. Ld, C LcI, if and only if I, S, (From TG3, 
TG4) 

Hereby it is shown that the concept ‘L-content’ as defined here also 
fulfills the postulates Pr and 2 Therefore the theorems based on Pr 
and 2 hold here, too Further, we have here the following theorems; 

T23-G10 (lemma) If ©, is not L-true and ©, e then 
©, £ Lc®, (From DGr, Pr4-ir ) 

T23-G11. If no sentence of is L-true, then C Leif, (From 

TGro) 

T23-G12 (lemma) If is not L-true, then there is an ©, such 
that ©, £ and ©, £ Leif, (From Pr4-r3, TGro ) 

T23-G13. Lc©, T? ©, (From DGr, Pr4-8, rr, 14 .) 
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T 23 -G 14 . LcA = A. (From DGi, Ti4’-34 ) 

T 23 -G 15 (lemma). If is not L-true, then not LcSTj = A. 
(From DGi, P14-8, TG12 ) 

+T 23 -G 16 . lici, = A if and only if SC, is L-true (From TG15, 
P14-6 ) 

-t-T 23 -G 20 . LcV = the class of the non-L-true sentences. (From 
DGi, T14-41 ) 

T 23 -G 25 (lemma) 1? LcJ, (From DGi, P14-12 ) 

T 23 -G 26 . If ©, then Lc£, 1?©,. (From DGi, P14-11, 
P14-14 ) 

T 23 -G 27 (lemma) Lcl, 31 , (From TG26, P14-12, TG13.) 

-t-T 23 -G 28 . I, and LcI, are L-equivalent. (From TG25, 27.) 

+T 23 -G 35 . Lc(LcI,) = Lcl, (From DGi, P14-11; TG25, 

P14-S) 

A comparison of the theorems holding in each of the two ways just 
explained for defining ‘L-content* (DFi and DGi) shows the follow- 
ing In the first case, the class of L-true sentences is contamed in 
every L-content (TF3, Ts), hence (provided there are L-true sen- 
tences m S) there is no null L-content, in contradistmction to the 
second case (TG14) There is a certain relationship between TFs 
and TG14, and between TF3 and TG20 The two ways agree in cer- 
tain features (e g TF13 and TG28, TF16 and TG35) On the other 
hand, TFii and TF12 do not hold in the second case. 

The possibility of sunple definitions for ‘L-content’ (DFi, DGi) 
in combination with the relation between L-contents and L-ranges 
(T20) suggests equally simple ways for defining ‘L-range’ in such a 
way that Lrl, is a sentential class Because of T20, we defined Ld, 
above as the complement of Lrl, (DBi), both on the side of the 
designata. Now, on the side of the expressions of the object language, 
we may take the mverse procedure and define LrSi as the complement 
of Lc£,, the latter either defined by DFi or by DGi. Thus we come 
to the two procedures F and G as explained in § 19. 
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This chapter deals with pure syntax, i e. the theory of syn- 
tactical systems or calculi The rules of a calculus determine 
the procedure of formal deduction, i e of the construction of 
proofs and derivations We shall first use the ordinary termi- 
nology (§§ 25 to 27) and then introduce the C-terminology (§ 28, 
eg. ‘C-false’ for ‘refutable’), which shows the close analogy 
between syntax and semantics, especially L-semantics. 

§24. Calculi 

A syntactical system or calctdus iC is a system of formal 
rules It consists of a classification of signs, the rules of forma- 
tion (defining ‘sentence m K'), and the rules of deduction 
The rules of deduction usually consist of primitive sentences 
and rules of inference (defining ‘directly derivable in K') 
Sometunes, K contains also rules of refutation (defining 
‘durectly refutable in K') 11 K contains definitions they may 
be regarded as additional rules of deduction. 

The last two chapters (B and C) dealt with semantics and, 
more precisely, with pure semantics, i.e. the analysis of 
semantical systems, systems of semantical rules, in contra- 
distinction to descriptive semantics, i e. the analysis of the 
semantical features of empirically given languages (§ 5). 
Now we come to the third branch of semiotic, to syntax, the 
field of investigation restricted to formal analysis without 
referring either to the users of the language or to the desig- 
nata of the expressions (§ 4). And here, again, not empiri- 
cally given languages but systems of rules will be studied; 
thus our field will be not descriptive syntax but pure syntax 
(§ s). The system of rules may either be freely invented or 
constructed with regard to an empirically given language 
The relation to this language is in this case analogous to the 
relation previously explained between a semantical system 
and an empirically given language. 
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A system of syntactical rules is called a syntactical system 
or a calculus Sj’stems of this kind have been studied much 
more than semantical sj'stems. While the construction and 
investigation of semantical systems has begun only in recent 
years, calculi have been built and analyzed throughout the 
development of modern symbolic logic during the last hun- 
dred years, although the formulations have often not strictly 
satisfied the requirement of formality And much older 
still is the method of postulate systems, dating back to 
Euclid, which prepared the w'ay for the method of calculi 
[For the distinction between a system of postulates or axioms 
and a calculus, see [Foundations] § 16, compare § 37, ‘Primi- 
tive Sentence’, and § 38 (f) ] For these reasons we may be 
much briefer in the follovang exposition of the syntactical 
method than w'e could in the explanation of semantics 

We shall describe the construction of calculi first in ordi- 
nary terminology (in two foimulations, formulation A with- 
out ‘A’ (§§24 and 25), formulation B with ‘A’ (§26)), 
later we shall introduce the C-terms (§28) The latter are 
convenient because of their analogy wnth semantical terms, 
especially in investigations dealing with both syntax and 
semantics But we do not propose to abolish the ordinary 
terminology entirely. Since it is customary and many of its 
terms are well-established, it may be kept, at least for purely 
syntactical studies. 

The first steps of the construction of a calculus K are 
similar to those of a semantical system. We must first give 
a classification of the signs of K, specif)dng as many classes 
of signs as are necessary for the formulation of the syntactical 
rules Then we lay down the rules of formation for K, in 
other words, the definition of ‘sentence in K' There is a 
difference between these rules and the rules of formation of 
a semantical system. In the latter rules we may refer to the 
designata of the signs, although it is not often done. But in 
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the syntactical rules of formation this is not permitted, they 
must be formal They specify which expressions are sen- 
tences by describing the kinds of signs occurring and the 
order in which they occur And the definitions of these 
kinds, i e the classification of signs, must also be strictly 
formal The definition of ‘sentence in K’ is often given m 
a recursive form, first some simple forms of sentences are 
described, and then certain operations for the construction 
of compound sentences out of the initial forms 

The essential part of a calculus consists of the rules of 
deduction (or transformation). They describe how proofs 
and derivations may be constructed, in other words, they 
constitute definitions for ‘provable in K’ and ‘derivable in 
K’ and sometimes other concepts The customary procedure 
is this First, primitive sentences are laid down, either 
by an enumeration, or by the stipulation that all sentences 
of certain forms are admitted as primitive sentences. In 
the latter case (primitive sentential schemata, see e g. 
[Syntax] § 11 ) the number of primitive sentences may be 
transfimte. Secondly, rules of inference are laid down. 
They can be formulated in this way “ 0, is directly deriva- 
ble from if and only if one of the following conditions is 
fulfilled”, and then each rule states a formal condition for 
i?, and 0, Thus, the rules of inference define ‘directly 
derivable in A"’. Sometimes, but not often, rules of refu- 
tation are also laid down, defining ‘directly refutable in 
K\ 

Further, a calculus K may contain definitions The pur- 
pose of a definition is to introduce a new sign on the basis of 
the primitive signs of K and the signs defined by earlier 
definitions, thus the order of the definitions is essential. A 
definition may have the form either of a sentence (m the 
case of a recursive definition, several sentences), called a defi- 
nition sentence (or defining sentence or definitory sentence) or 
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simply definition, or of a rule called a definition rule (or de 
fining rule or definitory rule). A definition sentence in K may 
be regarded as an additional primitive sentence in if, a 
definition rule for K as an additional rule of inference for K. 
A definition sentence may, for example, have the form 
2I1 =Df 3I2, or 3 Ii s 2I2, or 2 li = 2I2, a definition rule e.g. 

for ' — ’ ’ where 'for’ is short for 'is short for’ or for 
‘is directly C-interchangeable with’. 3 li or ‘ . . ’ is called the 

definietidum ; it contains the sign defined 2I2 or ‘ ’is called 

the definims, it contains only primitive signs and signs defined 
by earlier definitions In addition, the definiendum and the 
definiens may and usually do contain free variables. If a defi- 
nition is laid down, then it is permissible to replace the defini- 
endum in any context by the definiens and vice versa, and to 
do the same with any expressions constructed out of the defi- 
niendum and the definiens by the same substitutions for the 
free variables. In other words, any two expressions of this 
kind are C-interchangeable, i e any two sentences containing 
them and being otherwise alike are directly derivable from 
one another. Definitions must fulfill certain requirements 
(see [Syntax] §§ 8 and 29) in order to assure (i) translatabil- 
ity in both directions, for introducing and for eliminating the 
new sign; (2) the C-consistency of the calculus containing 
the definition if the original calculus is C-consistent; (3) the 
unique interpretation of the defined signs if the primitive 
signs are interpreted. For the sake of simplicity, we will 
leave aside definitions as parts of calculi in the following 
discussions. 
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§ 25 . Proofs and Derivations 

We distinguish between two terminologies for S3mtax: the 
ordinary terminology, using the terms ‘provable’, ‘derivable’, 
‘refutable’, etc , and the C-terminology, using instead ‘C-true’, 
‘C-implicate’, ‘C-false’, etc. Within the ordinary terminology, 
we agam distmguish two versions, called formulations A and 
B, B being characterized by the use of the null sentential class 
A In this section, formulation A, which is more frequently 
used by other authors, is briefly explained It will, however, not 
be used further on in this book 

On the basis of the rules of deduction for a calculus K, 
proofs and derivations in K are constructed The explana- 
tions of the method for these constructions can be given in 
the form of definitions of the syntactical terms ‘proof in K\ 
and ‘derivation m K\ These definitions can be stated uni- 
formly for all calculi (of the customary kind) Therefore we 
may state them as definitions in general syntax, taking 
‘sentence’, ‘primitive sentence’, ‘directly derivable’, and 
‘directly refutable’ as basic terms. In special syntax, these 
four terms are defined separately for every single calculus, 
as indicated above (see the examples in § 27). 

There are two ways of formulating syntax, differing in the 
use of the terms ‘proof’, ‘provable,’ ‘derivation’, ‘derivable’. 
We call them formulations A and B'. We regard both A and 
B as versions of the ordinary terminology, from which we 
shall distinguish the new C-termmology (§ 28). Formula- 
tion A is based on the following definitions DAi to 4. Formu- 
lation B will be introduced in § 26. In § 27, some examples 
of calculi will be exhibited in both formulations. After that, 
only formulation B wiU occasionally be used, in addition to 
the prevailing C-terminology. (For terminological remarks 
concerning the terms ‘syntax’, ‘formal’, and ‘derivable’, 
see § 37.) 

D 25 -A 1 . A sequence of sentences in IT is a proof in 
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K =Bi every sentence 0 j of 9?* is either a primitive sentence 
in K or directly derivable in K from a class Sm of sentences 
which precede in SRi. 

D25-A2. is provable m.K =Df is the last sentence of 
a proof in K 

D25-A3. A sequence Sft of sentences in X is a derivation 
with the premiss-class in if =Df every sentence of SR*, is 
either an element of or a primitive sentence in K or di- 
rectly derivable in K from a class of sentences which 
precede S; in SR*. 

D25-A4. IS derivable from in if =di is the last 
sentence of a derivation with the premiss-class j?, in if. 

The terms ‘refutable’, ‘decidable’, and ‘undecidable’ may 
be defmed here on the basis of ‘ directly refutable ’ and the 
terms just defined, in the same way m which we shall define 
them later in formulation B (D 26-6 to 8 ). 

A sequence consisting of only one primitive sentence is, 
according to DAi, also a proof. This leads to TAi. 

T25-A1. Every primitive sentence in if is provable in if. 

Therefore, in analog)'^ to the term ‘directly derivable', 
we might use the term ‘directly provable’ instead of ‘primi- 
tive sentence’. 

When a rule of inference states that ©, is directly derivable from 
if such and such a condition is fulfilled, the premiss-class may 
be either finite or transfimte The rule is accordingly called a finite 
or a transfimte rule Till recently, all rules applied m systems of 
modern logic have been finite, K, usually contains one or two sentences. 
In recent years, however, it has been found that transfimte rules can 
be applied, and that they are useful and even necessary for certain 
purposes On the other hand, calculi containing transfimte rules are 
more complicated than other ones and have m some respects funda- 
mentally different features (on transfimte rules see [Syntax] §§ 14 and 
34a, [Foundations] § 10) It is planned for a later volume of these 
studies to explam and discuss the use of transfimte rules from the 
point of view of syntax and semantics [Up to the present, the appli- 
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cation of transfinite rules has not been made in the form of proofs and 
derivations, i e m sequences of sentences, but rather m a quite dif- 
ferent form of deduction, e g. m series of sentential classes (conse- 
quence-senes, see e g [Syntax] § 14) or without any sequence or 
series, with the help of the concept ‘sentential class closed with respect 
to direct derivability’ It will, however, be shown that the applica- 
tion of transfinite rules can also be made m the form of transfinite 
proofs or derivations The definitions D Ai to 4 given above are then 
sufficient to cover the use of transfinite rules also, by a (finite or 
transfinite) sequence we understand a one-many correlation of sen- 
tences with the ordinal numbers of a (finite or transfinite) initial seg- 
ment of the series of ordinal numbers Hence a proof or derivation m 
which no repetition of sentences occurs may be regarded as a well- 
ordered series of sentences ] 

§ 26. The Null Sentential Class in Syntax 

In formulahon B, the nvU sentential class A is used in the 
following way. Instead of (or besides) ‘primitive sentence’ we 
say ‘directly derivable from A’, mstead of ‘provable’, ‘deriv- 
able from A’, In our subsequent discussions, formulation B 
will occasionally be used m addition to the C-termmology, 
which will be introduced later and then be used chiefly 

We cannot deal with syntax or, in other words, with formal 
logic, with deduction, by merely speaking about sentences, 
we have to speak about sentential classes also. (This fact is 
often not sufficiently noticed.) When this is done, there is 
no reason for not using the concept of the null class which 
has proved itself so very useful in the theory of classes and 
all its applications. We have seen the role of the null sen- 
tential class A in semantics (D9-7), especially m connection 
with L-concepts (see e g. Ti4-3o£f) In syntax likewise, the 
use of this concept leads to a simplification of definitions 
and theorems. 

According to D25-A3, a derivation with the premiss-cljiss 
A is a sequence 91* of sentences such that every sentence of 
fRfc is either a primitive sentence or directly derivable from 
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a class of preceding sentences, hence, according to D2S-A1, 
it is the same as a proof (TAi). 

T 26 -A 1 . 9 tj; is a proof in K if and only if Sfi*, is a derivation 
in K with the premiss-class A (From D25-A1 and 3.) 

T 26 .A 2 . ©, is provable in K if and only if ©, is derivable 
from A in K. (From TAi, D25-A2.) 

On the basis of these results it will be possible in general syn- 
tax to define ‘ proof ’ and ‘ provable ’ by ‘ derivation ’ (D3 and 5) . 

T 26 -A 3 . Every primitive sentence (in K) is derivable 
from A (From T25-A1 and T26-A2 ) 

Therefore we may use the term ‘directly derivable from 
A’ instead of ‘primitive sentence’. This has the advantage 
that the two parts of the rules of deduction assume the same 
form. Seen from this point of view, a primitive sentence is 
nothing else than the special case of a rule of inference where 
is A (As an example, see § 27, formulation IIIB of the 
rules of deduction for Ki ) In this way, we come to a slight 
modification of the formulation A, explained in § 25, we call 
it formulation B (of the ordinary terminology) 

If we want to construct a system of general syntax, then the 
preceding considerations suggest that in formulation B we 
take ‘directly derivable' as primitive term, in addition to 
‘sentence’ and ‘directly refutable’. [Another concept for 
which we shall later introduce the term ‘C-disjunct’ would 
have to be taken as primitive also because it is not definable 
by those mentioned, but we shall not make use of it at 
present ] In special syntax, these terms are defined by the 
rules of a calculus (see the examples in § 27), here we take 
them as given. We take ‘directly refutable 1?,’ as primitive 
because ‘directly refutable ©,’ is definable by it, but not 
vice versa ‘Directly derivable’ is taken as a relation be- 
tween a sentence and a class. We define ‘primitive sentence’ 
only in order to come into accordance with formulation A; 
it win not be used, however, in subsequent definitions. 
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D26-1. ©j is a primitive sentence (in K) =Df is di- 
rectly derivable from A. 

-1-D26-2. 31* is a derivation with the premiss-class 
(in K) =Df 9Ifc is a sequence of sentences such that every 
sentence ©/ of SR* is either an element of i?, or directly deriv- 
able from a class of sentences which precede ®, in SR*. 

-1-D26-3. SR* is a proof (in K) =-oi SR* is a derivation with 
the premiss-class A. 

-1-D26-4. 

a. ©j is derivable from S, (in K) =Dt ©j is the 
last sentence in a derivation with the premiss- 
class fi,. 

b. ISj is derivable from (in K) =Dt every sen- 
tence of is derivable from Itf 

c. % is derivable from ©, (in A") =Df is deriva- 
ble from { ©,} . 

-f-D26-5. Zj is provable (in K) = cf Sj is derivable from A. 

If ©, has been laid down as directly refutable, then a 
derivation leading from to ©, could be regarded as a refu- 
tation for 1?, (corresponding to the modus tollens in tradi- 
tional logic). This suggests the following definition for 
refutable. 

+D26-6. Zt is refutable (in K) =Df there is a 3:, which 
is directly refutable and derivable from 3:,. 

D26-7. T, is decidable (in K) = Df I, is either provable 
or refutable. 

D26-8. 3:, is undecidable (in K) =Df is not decid- 
able. 

We shall mention a few very simple theorems which follow 
from the definitions given. 

-I-T26-1. ©, is provable if and only if ©, is the last sen- 
tence of a proof. (From Ds, 4, 3.) 

-1-T26-2. Derivability is a. reflejdve, b. transitive. (From 
D4 and 2.) 
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T 26 - 3 . If Xi is provable and 2:, is derivable from 
then X, is also provable. (From Ds, T2b.) 

§ 27 . Examples of Calculi 

Two calculi, Ki and K2, are given as examples, in both 
formulations A and B Ki and Kj are similar to the ordinary 
propositional calculus, but Kj contains, in addition, a rule of 
refutation A proof and two derivations in these calcub are 
constructed as examples 

We shall construct two calculi Ki and K2 similar to each other 
which possess the same signs and sentences as the semantical system 
S3 (§§ 8 and 15) and have, in addition, a close relationship to S3 in 
another respect that wdl be discussed later Because of the accord- 
ance with S3, w e need not formulate the classification of signs and the 
rules of formation here again, they have already been formulated m a 
formal way for S3 The rules of deduction are given in the two formu- 
lations A (§ 25) and B (with ‘A’, § 26) The rules of deduction are 
those of the propositional calculus m the form of Hilbert and Bernays 
(see Hilbert and Ackermann, Grundauge d theor Logtk) There is one 
rule of inference (inA2) , it corresponds to the modus ponens of tra- 
ditional logic This rule is usually given m the form "From ©* 3 ®, 
and ©*,, ©, follows”, or, if there is no sign of implication but a sign of 
disjunction, as in Ki, “From ~©* V ©, and ©*., ©, follows” The 
formulation given below is the same, only brought into the form of a 
definition for ‘ directly derivable’ A practical justification of the rules 
of deduction of Ki will be given later by a comparison of Ki with S3 
(§ 3 S) 

Rules of the calculus Ki 

I. Classification of signs of Xr the same as in S3 (three individual 
constants, two predicates, parentheses, ‘V ’) 

II Rules of formation for Ki' the same as m S3 (three forms of 
sentences atomic sentences, negations, disjunctions) 

III. Rules of deduction for Ki 

A. (Formulation A without ‘A’.) 

I. A sentence ©, in Ki is a primitive sentence in Ki = nr ©t has 
one of the following four forms: 
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la. ~(©iV©0V®«, 

lb. ~©i.V (®ifcV®i) 

ic. ~ (©A V © i) V (® j V ©a) 

id. ~(~©a V ©i) V (~(©„ V ©a) V (©„ V © 0 ). 

2 Owe rwZe 0/ mfetetice. ©, is directly derivable from 5?, in 
Ki =Df there is an ©a such that = {~@aV@„ ©a 1 
4 Definitions of a ‘proof in Ki’, b. ‘provable in Ki’, c ‘deri- 
vation m Ki’, d. ‘derivable in Ki’ as in D2S-A1 to 4 (D26- 

4) 

B. (Formulation B with ‘A’ ) 

2. ©, IS directly derivable from i?, m Ki = nt ©j and f ulfil l 
one of the following five conditions 


IS. ©, is: 


2a. 

A 

•~(©A V@*) V©A 

2b. 

A 

~@tv(©*v ©0 

2C. 

A 

~(@*v@j) V(@iV@t) 

2d 

A 

~ (~©* V © 1 ) V (~ (©m V ©a) V (©« V © j)) 

26 . 

{~®aV ©,,©*} 



4. Definitions of a ‘derivation’, b. ‘proof’, c ‘derivable’, d. 
‘provable’ as in D26-2 to 5 (and, if wanted, of e ‘primitive 
sentence’ as m D26-1). 

The rules of the calculus K2 consist of those of Ki, and, m addition, 
a rule of refutation For the latter, there is no distmction between 
formulations A and B. 

III. Rules of deduction for Ki 

Either IIIAi and 2 or IIIB2 as for Ki. 

3 Rule of refutation for Kj The class {‘P(a)’, ‘~P(a)’) (®i) 
alone is directly refutable m K2. 

(Instead of (3), the simple rule “V is directly refutable” 
could be taken.) 

4 Definitions of ‘derivation’, ‘proof’, ‘derivable’, ‘provable’, 
‘refutable’ as in D26-2 to 6 

The following sequence of sentences is a proof in Ki and hence also 
in K2, in accordance with IIIA4a or IUB4b respectively, as is easily 
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confirmed by applying tbe following rules for tbe formulations A and B : 


sentence 

A 

B 

i 

id 

2 d 

ii 

la 

2a 

iii 

i,ii,2 

26 

iv 

ib 

2 b 

V 

iii,iv ,2 

26 


That the first sentence has the form required by (id) or (2d) is easily 
seen if we take ‘P(a) V P(a) ’ as ©t, ‘P(a) ’ as ©1, ‘ ~P(a) ’ as ©„. 

~ (~ (P(a)VP(a)}VP(a))v(~ (~P(a)v(P(a)VP(a)))v(~P(a)VP(a))) (1) 
~(P(a)VP(a))vP(a) (ii) 

~ (~P(a)V fP(a)VP(a))) V(~P(a)VP(a)) (in) 
~P(a)V(P(a)VP(a)) (iv) 

~P(a)VP(a) (v) 

Hence, ‘~P(a)V P(a) ’ is provable in Ki and in Kj An analogous 
sequence of sentences with any other sentence ©, in the place of ‘P(a) ’ 
throughout would also be a proof, accordmg to the same rules There- 
fore, every sentence of the form ~©,V @, is provable in Ki and m K2, 

The foUowmg sequence of sentences is a derivation in Ki and in K2 
with the first sentence as premiss 

A B 

premiss premiss ^(b)!^ Q(c) (i) 

ic 2c ■(P(b)VQ(c))v(Q(c)VP(b)) (11) 

li, i, 2 2e Q(c)V P(b) (iii) 

Hence, ‘ Q(c) V P(b) ’ is derivable m Ki and in K2 from ‘ P(b) V Q(c) ’ , 
and generally for every ©, and ©„ ©, V is derivable in Ki and in K2 
from ©, V ©, 

The following sequence is a derivation in Ei and in K2 with the first 
two sentences as premisses. 


A 

B 

• 1 

P(c) 

(0 

premisses 

premisses < 

~P(c) 

(ii) 

lb 

^ 1 
2 b 

'(<-P(c))v(~P(c)VQ(a)) 

(iii) 

iii, ii, 2 

2e 

'P(c)VQ(a) 

(iv) 

iv, i, 2 

26 

Q(a) 

(v) 
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Hence, ‘Q(a) ’ is derivable in Ki and in Kj from {‘P(c) ‘~P(c) ’} , 
and generally for every 0, and ©„ ©, is derivable from {©„ ~©,} 
Thus e g ‘ P(a) ’ and ‘ ~P(a) ’ are derivable from any class of the form 
{©„~©,1 .hence, according to D26-4b, {‘P(a)’,‘~P(a)’l isderivable 
from any such class. Therefore, according to the rule of refutation 
III3 for K2 and D26-6, for every ©„ {©„ ~©,} is refutable in Kj 

The terms ‘■primitive sentence’ and ‘-premiss’ must not be confused. 
A primitive sentence is a feature of the calculus, when the calculus is 
interpreted (to be explained later), the primitive sentences are asserted 
as true On the other hand, a premiss is a feature of a particular deriva- 
tion in the calculus Any sentence of the calculus occurs as a premiss 
in some derivation A premiss is not asserted, it is only investigated 
with respect to its consequences ‘Q(c) V P(b)’ is derivable from the 
premiss ‘P(b) V Q(c) ’ (see example above) even if this premiss is false 
in a certain interpretation 

The use of the term ‘derivable from A’ in formulation B instead of 
‘provable’ in formulation A is by no means a reduction of the number 
of primitive sentences to zero (This misunderstanding has occasion- 
ally occurred and led to great confusion, see e g Mind, vol 47, 1938, 
p 357 ) It IS merely a change in terminology, which leaves the num- 
ber of the primitive sentences and even these themselves unchanged. 
This becomes clear by a comparison of the two formulations A and 
B for Ki, the number of primitive sentences in both is four (for B, this 
follows from IIIB2 and 40) 

§ 28. G-Concepts (1) 

On the basis of ‘direct C-implicate’ (m the ordinary termi- 
nology, ‘directly derivable’) and ‘directly C-false’ (‘directly 
refutable’) as primitive terms for a system of general syntax, 
other C-terms are defined, among them ‘C-false’, ‘C-implicate’, 
‘C-true’, ‘C-equivalent’. 

We shall later discuss the procedure of interpreting a calcu- 
lus K by assigning designata to the expressions in if (§ 33). 
This obviously leads outside of syntax, to the field of seman- 
tics. But, although interpretations cannot be taken into 
consideration within syntax, they may and often do influence 
our practical decisions in the choice of the structure of the 
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calculus, in other words, in the choice of the rules of forma- 
tion and of deduction. Thus e.g. in constructing the calculus 
Ki (§ 27), we had in mind that interpretation of its signs and 
sentences which is represented by the semantical system 
S3 ("§§ S and 15). It can be shoivn that every 2 :, provable in Ki 
is true and, moreover, L-true in S3. If somebody were to pro- 
pose an interpretation for K] such that one of the provable 
sentences, eg. ‘ ~P(a) vP(a)’ was false, we should not ac- 
cept that interpretation as being in accordance with the 
calculus Ki (or, as we shall say later, as a true interpreta- 
tion for Ki). Although the rules of a calculus do not speak 
about interpretations, they are nevertheless practically 
meant in such a way as to restrict possible interpretations. 
The provable sentences are intended to become true if we 
go over from the pure calculus to interpretations. There- 
fore it seems convenient to apply the term ‘C-true in K’ 
to them (for terminological remarks, see § 37, Prefixes). 
Further, the refutable sentences or sentential classes (e g. 
{‘P(c) ‘ ~P(c) ’) in Ki) are meant to become false There- 
fore we shall use for them the term ‘C-false’ And, if Z, is 
derivable from T, in K, then we should not regard an inter- 
pretation as fitting for K unless it were such that if I, is 
true, Zj is also true, or m other words, such that Z, is an 
implicate of I, Therefore if 3 :, is derivable from J,, we will 
call Z} a C-implicate of T,. (The definition will differ 
slightly from this condition, see below) In an analogous 
way we use other C-terms as syntactical terms corresponding 
to radical terms of semantics. This C-terminology will turn 
out to be very convenient in our later discussions of rela- 
tions between calculi and semantical systems. The follow- 
ing table shows the correspondence (which, however, is not 
in all cases a strict synonymity). (The C-terms in parenthe- 
ses will not be used in what follows.) 
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Ordinary Terms 

C-Terms 

I 

denvable 

C-implicate 

2 

directly derivable 

direct C-impbcate 

3 

provable 

C-true 


primitive sentence (directly provable) 

(directly C-true) 

^ (B 

directly derivable from A 

direct C-impbcate of A 

S 

refutable 

C-false 

6 

directly refutable 

directly C-false 

7 

equipollent 

C-equivalent 

8 

decidable 

C-determinate 

9 

undecidable 

C-indetermmate 

10 

incompatible 

C-exclusive 

II 

compatible 

non-C-exclusive 

12 

— 

(C-dis]unct) 


On the basis of the explanations given we shall now lay 
down definitions for syntactical concepts in C-terminology. 
As prhmhve terms for these definitions in general syntax we 
take, in addition to ‘sentence’, ‘direct C-implicate’ and 
‘directly C-false’. The first of these concepts covers the 
concept of primitive sentences also because they are con- 
strued here as direct C-unphcates of A (By making use 
of ‘A’, the C-terminology is more similar to formulation B 
of the ordinary termmology than to A ) We shall later give 
some theorems (§ 29). They are based merely on the defini- 
tions; postulates are not needed. This means that in general 
syntax we do not impose any restrictions upon the choice 
of the concepts of direct C-implication and direct C-falsity 
with respect to any calculus In other words, in constructing 
a particular calculus K, we are entirely free in setting up 
our rules of formation and deduction, i.e. we may choose any 
expressions we want to as sentences, any relation between 
sentences and sentential classes (including A) as direct C- 
implication, any sentences or sentential classes as directly 
C-false. It is true that if these choices are made in a certam 
way the calculus will become C-inconsistent (D31-2), but 
it is nevertheless a calculus. And although from the point of 
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view of practical application it is of course important that a 
calculus should not be C-inconsistent, not trivial, not too 
poor in means of expression and means of deduction, in short, 
should be suitable for the purposes intended, from the point 
of view of general syntax no discrimination is made. The 
different kinds of possible structures of calculi are distin- 
guished and studied, but none of these kinds is excluded, not 
even that of the C-inconsistent calculi. 

We begin with definitions (similar to D26-2, 4, and 6) of 
some terms of the ordinary terminology because they are 
convenient auxiliary terms for the later definitions of C- 
terms For the sake of brevity, we often omit the phrase 
‘in K\ especially in defimentia and in theorems. 

-fD 28 -l. is a derivation with the premiss-class 
(in K) — Df 9I4 is a sequence of sentences such that every 
sentence ©j of 91 * is either an element of or a direct 
C-implicate of a class of sentences which precede ©, in SR*. 

-fD 28 - 2 . 

a. is derivable from i?, (in K) =Df ©j is the 
last sentence in a derivation with the premiss- 
dass it,. 

b. is derivable from S, (in K) =Df every sen- 
tence of it, is derivable from it,. 

c. jE, is derivable from ©, (in K) =d£ is deriva- 
ble from { ©,} . 

-I-D 28 - 3 . is C-false (in K) =Df there is a which is 
directly C-false and derivable from 3 :,. 

According to our previous explanations we shall define ‘ I, 
is a C-implicate of I, in X*in such away that it holds when- 
ever SE, would become an implicate of I, in every true in- 
terpretation of K. This, however, is not only the case if 
is derivable from S:,, but also if a:, is C-false irrespective of 
because in this case I, would become false and hence, 
according to T9-12, E, would be an implicate of 5 E,. This is 
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the reason for adding ‘or SE, is C-false’ in the definiens of D4 
below. But this addition and hence the distinction between 
‘C-implicate’ and ‘derivable’ seldom, if ever, comes into 
effect in practice, i e with respect to the calculi actually 
constructed so far in logic or mathematics. For, in most of 
these calculi, no rules of refutation are stated at all; hence 
in these calculi ‘C-false’ (‘refutable’) is empty (T29-54) 
And in nearly all or perhaps all of the few calculi where rules 
of refutation are given, ‘directly C-false’ (‘directly refu- 
table’) applies only to sentences or sentential classes from 
which every sentence is derivable (e g in K2, § 27) There- 
fore (according to T29-55) for these calculi too the new con- 
cept ‘ C-imphcate ’ and the old one ‘derivable’ coincide 

We use ‘ I, "c^ ’ as an abbreviation for ‘ X, is a C-impli- 

cate of X,’, and ‘ X, jc 1 / for ‘ Xj is a direct C-unplicate of 

-t-D28-4. X, X; (Xi C-tmplies X,, X; is a C-impli- 
cate of X,) (in K) =Df Sj is derivable from X, or X, is 
C-false. 

-1-D28-5. X, is C-true (in ^T) =Df A X, 

For all practical purposes, that is to say, for all C-con- 
sistent calculi (D31-3), ‘C-true’ as here defined coincides 
with ‘derivable from A’ and hence with ‘provable’ (T31-36). 

-fD28-6 a IS Cl— equivalent to (^^ ■^^) — ni e jtj 

and X, "c^ X,. 

In order to show the connection between the C-terminology and the 
ordinary terminology, the terms ‘primitive sentence’, ‘proof’, and 
‘provable’ can be defined m the following way, but m the subsequent 
discussions we shall seldom make use of these terms 

D28-10. is a primitive sentence (or directly C-true) (m K) =Dt ®i 
is a direct C-implicate of A 

D28-11. JR* is a proof (m K) =di SRa is a derivation with the 
premiss-class A 

D28-12. X, is provable (in K) =01 is derivable from A. 

It would be possible to formulate here a requirement of adequacy 
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for C-concepts in analogy to that given previously for L-concepts 
(§ 16) The analogy would, however, not be a strict one If we try to 
define an L-concept, say ‘L-true m 5’, then the corresponding radical 
concept, 1 e ‘ true in S’, is given by the rules of 5 On the other hand, 
if we try to define a C-concept, say ‘C-true in K’, then no correspond- 
ing radical concept is given ‘True in K’ makes no sense because 
‘ true ’ IS a semantical concept and must therefore refer to a semantical 
system, not to a calculus And there is not one but many semantical 
systems which ve may connect with a given calculus as an interpreta- 
tion for It Therefore we have to refer to all true interpretations of K 
in order to define adequacy We might call a predicate bti m M ade- 
quate for a certain C-concept (say, C-imphcation) if, with respect to a 
calculus K, It holds for all those X or pairs of T, and only those, for 
which it follows from the rules of K that the corresponding radical con- 
cept (in the example, implication) holds m every semantical system 
5 which IS a true interpretation for K A requirement of this kind, 
although not formulated explicitly, has guided our previous discus- 
sions leading to the definitions of C-concepts D3 to 6 

We do not introduce here the concept 'C-disjuncf (corresponding 
to ‘disjunct’, D9-5) As was explained before, ‘L-disjunct’ is not 
definable on the basis of ‘L-implicate’, ‘L-true’, and ‘L-false’ (§ 14) 
Analogously, ‘C-disjunct’ is not definable by ‘C-implicate’, ‘C-true’, 
and ‘ C-false ’ , in other words, not definable on the basis of primitive 
sentences, rules of inference, and rules of refutation If the concept 
‘C-disjunct’ is to be introduced at all, a new kind of rule of deduction 
must be laid down, defining ‘directly C-disjunct’ It seems that this 
has never been done, and it is doubtful whether it would have great 
practical importance But the fact that this syntactical concept is not 
definable by those ordinarily used is, of course, theoretically impor- 
tant, it will be explamed in [11], together with the other asymmetries 
mentioned before If rules of the kmd mentioned are taken into con- 
sideration, ‘directly C-disjunct’ will be an additional primitive term 
of general syntax Then we might lay down the foUowmg definition 

D28-A. 21, IS C-disjunct with 21, (in K) =di either there is a 21* 
and a 2l| such that 21* is directly C-disjunct with 21i and that 21, is 
derivable from 21* and 21, is derivable from 21 1, or 21, is C-true, or 21, 
IS C-true 

Further, the definitions of some of the other C-concepts must be 
modified by use of the term ‘directly C-disjunct’ in order to make 
them adequate. 
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§ 29. Theorems Concerning C-Concepts 

Theorems aie gn en which are based on the definitions of C- 
concepts m § aS without using postulates There is an analogy 
between C-concepts and L-concepts to a certain extent 

The following theorems are based merely on the definitions 
in § 28, postulates are not needed. 

1 Theorems concerning derivabihty. These theorems serve 
as preliminary steps for those concerning C-implication 

+T29-1. Derivability is a. reflexive, b. transitive. 
(From D28-1 and 2 ) 

T29-2. If <Bj e S,, then is derivable from (From 
D28-2 ) 

T29-3. If CStt, then is derivable from J?,. (From 
T2, D28-2b.) 

T29-5 (lemma). is derivable from {©,}. (FromT2.) 
T29-6 (lemma). {©;} is derivable from ©j. (From 
D28-2b, Tia ) 

T29-8. A is derivable from every J:,. (From D28-2b.) 
T29-9. If every sentence of i?, is derivable from then 
Slj is derivable from 2:,. (From D28-2b, c.) 

T29-10. Every I, is denvable from V (From T2, T3.) 
T29-12. If every sentence (in K) is derivable from I,, 
then every 3!, is derivable from 2:,. (From T9.) 

T29-13. If 2:, 5c then 2:, is derivable from 2;t. 
(From D28-1 and 2 ) 

2. Theorems concerning C-falsUy 

T29-20. If 2:3 is derivable from 2:, and 2:, is C-false, 
2:, is C-false. (From D28-3, Tib.) 

T29-21. If 2:, is directly C-false, 2» is C-faJse. (From 
D28-3,Tia.) 

T29-22. There is a C-false 2:, in iC if and only if there 
is a directly C-false Z, in K. (From D28-3, T21.) 
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T29-23. If ©j e and B, is C-faJse, is C-false. 

(From T2, T20.) 

T29-24. If C and S, is C-false, is C-false. 

(From T3, T20.) 

T29-25. Each of the following conditions is a sufficient 
and necessary condition for V to be C-false in K’ 

a. There is a C-false Jt, (but not necessarily a C-false 
©,) in K. 

b. There is a C-false I, in K. 

(From T24, T23 ) 

T29-26 (lemma). If every directly C-false Xk in K is 
such that every sentence in ^ is derivable from it, and if 
2:, is C-false, then every 2:^ is derivable from 2:,. (Proof. 
Under the conditions specified, according to D28-3 and Tib, 
every sentence is derivable from and hence, according to 
Ti 2, every 2, is derivable from 2,.) 

3. Theorems concerning C-impUcation 

T29-30. If 2, is derivable from 2„ then 2, "c^ 2,. 
(From D28-4 ) 

-1-T29-31. If 2, is C-false, 2, "c^ every 2,. (FromD28-4.) 
T29-32. C-implication is reflexive, i.e. 2, 2,. (From 

D28~4, Tia ) 

T29-33. If ©j € then 1?, ©,. (From T2, T30.) 
T29-34. If C then 1?, Si,. (From T3, T30.) 
T29-35. {©Jc»©,. (From Ts, T30.) 

T29-36. ©, If { ©,} . (From T6, T30.) 

T29-37. If 2, 5c %, then 2, 'c^ 2,. (From T13, T30.) 
T29-40 (lemma). If 2, every sentence of then 
2, ^ 3 . (From D28-4, T9, T31.) 

-t-T29-43. If 2, 2, and 2, is C-false, 2» is C-false. 

(From D28-4, T20.) 

-fT29-44. C-implication b transitive. (From D28-4, 
Tib, T43, T31.) 
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T 29-45 (lemma) If I, it then jC, "c* every sentence 
of (From T33, T44.) 

+T 29 - 46 . 2, f if and only if I, "c^ every sentence of 
S3 (From T40, T4S ) 

T 29 - 49 . Every I, 'c* A. (From T8, Ti ) 

T 29 - 50 . V 't every 2:3. (From T33, T34 ) 

T 29-51 (lemma) If 2:» is C-false, S, "c*^ V. (FromT3i.) 
T 29 - 54 . If there is no rule of refutation, i.e. no directly 
C-false I, in K, then the following holds; 

a. ‘C-implicate in K’ and ‘derivable in K’ co- 
incide. 

b. ‘C-true in K* and ‘provable in K’ coincide. 
(From T22, D28-4, (a), D28-11 and 5.) 

T 29 - 55 . If every directly C-false T, in is such that 
every sentence in K is derivable from it, then the following 
holds: 

a. ‘C-implicate in K’ and ‘derivable in K’ co- 
incide 

b. ‘C-true in K’ and ‘provable in K’ coincide. 
(From D28-4, T26, (a), D28-11 and 5.) (The condition of 
this theorem is fulBUed by most of the calculi which have 
rules of refutation.) 

T 29 - 56 . If 2:, -c" 2:3 and 2 :, f Xt, then 2 :, c" 2:3 -l- 2 :i. 
(From T46.) 

T 29-57 (lemma). If St S3, then S, "c^St + fij. 
(From T32, Ts6,) 

T 29-58 (lemma). If S, 't S3 and S, -|- S3 is C-false, 
then S, is C-false. (From T57, T43.) 

4. Theorems concerning C-iruth 

- 1 -T 29 - 70 . If 2;, 't Z, and 2:, is C-true, 2, is C-true. 
(From D28-5, T44.) 

T 29 - 71 . If S3 C S, and S, is C-true, S, is C-true. (From 
T34, T70.) 
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T 29-72 (lemma). If every sentence of S, is C-true, 
is C-tnie. (From T40.) 

+T 29 - 73 . is C-true if and only if every sentence of 
is C-true (From T33, T44; T72.) 

-fT 29 - 74 . If Sj is C-true, every 2:, T, (From D28-5, 
T49, T44 ) 

T 29-75 (lemma). If I, and 3 :, are C-true, then I, S,. 
(From T74 ) 

-t-T 29 - 76 . A is C-true (From T72.) 

T 29 - 77 . If I, is derivable from A, then I, is C-true 
(F rom D 2 7-4 and 5 ) [The converse does not hold generally ; 
but it holds if K is C-consistent (see T31-36).] 

T 29 - 78 . If is C-true, then S, -t- fi,. (From 
T32, T31, T56.) 

T 29 - 79 . If -1- is C-false, and is C-true, then 
is C-false. (From T78, T43.) 

T 29 - 80 . If + SSj and S; is C-true, then 
[Proof. If the condition is fulfilled, then either is 
derivable from j?, + or i?, -|- i?, is C-false (D28-4). In 
the first case, jl, 'c^ -f (T78); hence it, ©t (T44). 
In the second case, is C-false (T79), hence "c^ ©* 
(D28-4) ] 

T 29 - 81 . If (©„ ©,} ©t, and ©, is C-true, then 

©, ‘c’ ©*. (From T80.) 

5. Theorems concerning C-equivalence 

-t-T 29 - 85 . C-equivalence is a. reflexive, b. symmetric, 
c. transitive. (From D28-6, T32; T44.) 

-t-T 29 - 86 . If both 2 :, and X, are C-true, they are C-equiva- 
lent to one another. (From T74.) 

H-T 29 - 87 . If both 2 :, and 2 :, are C-false, they are 
C-equivalent to one another. (From T31.) 

T 29 - 88 . @, and { ©,} axe C-equivalent to one another. 
(From T3S, T36.) 
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T 29 - 89 . If Zt is C-false, it is C-equivalent to V. (From 
T51, Tso.) 

+T 29 - 90 . Z^ is C -true if and only if I, is C-equivalent 
to A. (From D28-5, T49 ) 

6 . Theorems connectmg the C-terms with the ordinary terms 

'primitive sentence', 'proof', 'provable' (D28-10 to 12) 

T 29 - 100 . If Zi IS provable it is C-true. (From D28-12, 

T77.) 

T 29 - 101 . Every primitive sentence in K is a. provable 
in K, and b. C-true in K. (From D28-10 and 12, T13; 
Tioo.) 

The C-concepts show an analogy with the L-concepts to a 
considerable extent (Concerning the limits of this analogy, 
see comment on D31-1 ) If among the postulates concernmg 
L-concepts (Pi 4-1 to 15) we leave aside those which also 
refer to radical semantical concepts (because their relation 
to C-concepts cannot be dealt with here in syntax) or to 
‘L-disjunct’ (because we did not define the corresponding 
C-concept, see § 28), then we find, for each of the remaining 
postulates, an analogous theorem concerning C-concepts. 
the analogues to P14-5 to g, ii to 15 are T29-44, 70, 43, 32, 
D28-8, T29-33, 40, 73, 74, 31. It IS noteworthy that here, 
for the C-concepts, we needed no postulates, all the theorems 
in this section are based merely on the definitions. 

Since analogues to the ten postulates mentioned hold for 
the C-concepts, analogues to all theorems based only on 
those ten postulates also hold for the C-concepts Some of 
these are among the theorems listed in this section. 

The point in which the analogy between C-concepts and 
L-concepts does not hold is this • any Z, cannot be both L-true 
and L-f^se, but it might be both C-true and C-false. This 
will be discussed soon (see remarks to D30-6). 
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§ 30 . G-Goncepts ( 2 ) 

More definitions of C-concepts and theorems are added to 
those in §§ 28 and 29 Among the C-concepts are ‘C-determi- 
nate’, ‘C-mdetermmate’, and ‘C-comprehensive’, which should 
not be identified with ‘C-false’. Examples in Ki and K2 (§ 27) 
are given 

We shall now introduce more C-concepts, and state 
theorems concerning them. This system of definitions and 
theorems is a continuation of that in §§ 28 and 29. The defi- 
nitions of some C-concepts in this section (Di to 7) are 
analogous to those of the corresponding L-concepts (D14-1, 
D21-1, D14-2 to s and 7). Hence the analogues to previous 
theorems also hold here, except those based on postulates 
referring to radical concepts or to ‘L-disjunct’. ‘C-inde- 
termmate’ (D2) does not correspond to a radical concept 
but IS a convenient abbreviation for ‘non-C-determinate’, it 
corresponds to the L-concept ‘non-L-determinate’ (or ‘L- 
indeterminate’) for which we have introduced the term 
‘factual’ (D21-1) The C-concepts defined here are less 
important than those defined in § 28; of more genereil in- 
terest are only Di and 2 and the paragraph after T44. 

-t-D 30 -l . 3 :, is G-determinate (in K) =Df is either 
C-true or C-false. 

T 30 - 1 . If K does not contain a directly C-false I,, 
then ‘ C-determinate in K' and ‘C-true in K’ coincide. 
(From T29-22 ) 

T 30 - 4 . If every sentence of K is C-determinate, then 
every I, of K is C-determinate. (From T29-73, T29-23.) 

-I-D 30 - 2 . SCi is G-indeterminate (in K) =Df is not 
C-determinate. 

T 30 - 6 . I, is C-indetenninate if and only if SC, is 
neither C-true nor C-false. (From Di.) 
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T30-7. If K does not contain a directly C-false I,, 
then 2;, is C-indeterminate if and only if 2:, is not C-true. 
(From T29-22, T6.) 

D30-3. 2:, is G-exclusive of 2:, (in K) =Df Ix + 2, 
is C-false. (If 2, or 2, is a sentence ©*,, then { ©j} is to be 
taken as component of the sum.) 

T30-11. If 2j is C-false, 2, is C-exclusive of every 2,. 
(From T29-24.) 

T30-12. If 2, and 2, are C-exclusive and 2, is C-true, 
then 2, is C-false. (From D3, T29-79 ) 

T30-13 -(lemma). If 2, is C-exclusive of A, 2, is 
C-false. (From T12, T29-76.) 

T30-15. 2, is C-false if and only if 2, is C-exclusive of 
. (From T13, Tii.) 

T30-16. If 2, "c* 2fc and 2, is C-exclusive of 2^, 2, is 
C-exclusive of 2,. [Proof. Under the conditions stated, 
2, -t- 2fc is C-false (D3), hence also % + Zk + St (T29- 
24) ; hence also 2, -t- 2, (T29-S8) ] 

T30-17. If K does not contain a directly C-false 2„ 
then ‘C-exclusive in K' is empty. (From T29-22.) 

D30-4. 2, is G-dependent upon 2, (in A) = di either 
2, "c* 2, or 2, and 2, are C-exclusive. 

T30-25. If 2, is C-false, every 2, is C-dependent upon 
2,. (From T29-31.) 

T30-26. If 2, is C-true and 2, is C-dependent upon 2„ 
then 2, is C-determinate. (From T29-70, T12.) 

T30-27. If 2, is C-determinate, then 2, is C-dependent 
upon every 2,. (From T29-74, Tii.) 

T30-28. 2, is C-determinate if and only if 2, is C-de- 
pendent upon A- (From Di, D28-5, T15, D4.) 

T30-29. If 2, Zk and 2, is C-dependent upon 2*, 
then 2, is C-dependent upon 2,. (From D4, T29-44, T16.) 

T30-30. If K does not contain a directly C-false 2„ 
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then ‘ C-dependent in K' and ‘ C-implicate in K' coincide. 
(From T17.) 

D30-5. 3;, is G-complete (in K) =Df every 2 :, (in K) 
IS C-dependent upon I,. 

T30-40. If 2, is C-false, 2, is C-complete. (From T25.) 

T30-41. V is C-complete. (From T29-50.) 

T30-42. If 2 , 2 j and 2 , is C-compIete, 2 t is C-com- 
plete (From T29 ) 

T30-43. If there is a 2, in if which is C-true and C-com- 
plete, then every 2 j in K is C-determinate. (From T26.) 

T30-44. The following conditions for a calculus K co- 
incide: 

a. A is C-complete in K. 

b. Every 2 , in K is C-complete 

c. Every 2 , in K is C-determinate. 

d. There is a 2, in if which is C-true and C-com- 
plete 

(From T29-46, T42, T28; T29-76, T43 ) 

The procedure most frequently chosen in general syntax 
is the following (expressed in ordinary terminology, form- 
ulation A, as in § 25) Only primitive sentences and rules of 
inference are laid down, but no rules of refutation, in other 
words, only ‘directly provable’ and ‘directly derivable’ are 
defined, but not ‘directly refutable’. In order to reach, 
nevertheless, the concepts ‘refutable’ and ‘ (C-)inconsistent 
calculus’, the following definitions are often laid down 
in general syntax. D^o-Ai. 2 , is refutable (m K) =Df 
every sentence in K is derivable from 2 ,. D30-A2 A cal- 
culus if IS ^nconsistent =01 K contains a 2, which is both 
provable and refutable. This leads to the following theorem. 
T^o-Ai if IS inconsistent if and only if every sentence 
in if is provable in if. (E. L. Post, “Introduction to a Gen- 
eral Theory of Elementary Propositions,’’ Am. J. Math. 43, 
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1921; A. Tarski [Methodologie] p. 27f; Carnap [Syntax] 
§§ 48 and 59 ) The corresponding definitions and theorem 
in C-terminology would be like this D30-B1. Xt is C-jalse 
in iT =Dt every sentence in A is a C-implicate of SE,. D30- 
B2. K is C-tnconsistent =t,i K contains a which is both 
C-true and C-false. T30-B1. K is C-inconsistent if and only 
if every sentence in K is C-true DB2 seems natural, we 
shall adopt it later (D31-1 and 2). But in contrast to the 
customary view which I shared previously it seems to me at 
present that DBi is not suitable in general syntax, in other 
words, it is not adequate in the sense explained above (§28). 
An adequate concept of ‘C-false’ (‘refutable’) cannot be 
defined on the basis of ‘C-imphcate’ (‘derivable’) and 
‘C-true’ (‘provable’) In the special syntax of a particular 
calculus it is quite permissible to define ‘directly C-false’ as 
in DBi, or to define it in such a way that the condition of 
DBi for ‘C-false’ follows. But to adopt DBi in general 
syntax would sometimes lead to undesirable consequences. 

Let us consider a semantical system S„ containing only true sen- 
tences, whether L- or F-true (as eg S5 in § 9, containing only atomic 
sentences, but Sm may, in addition, contain signs of disjunction and 
conjunction), or a system S„ containing onty L-true sentences If 
then we construct a calculus K„ m accordance with Sm, 1 e such that 
Sm IS a true interpretation for it, we may choose any sub-class of the 
true sentences of Sm as class of the C-true sentences of K„, this mil 
be discussed more m detad ui § 36 And there is no objection to con- 
structing Km in such a way that every true sentence of Sm, that 
is, every sentence of Sm, becomes C-true in Km In the case of S„ it 
will perhaps seem more natural to construct a calculus K„ such that 
every sentence which is L-true in S* becomes C-true in K„ Thus both 
in Km and in K„ every sentence is C-true If we adopted DBi, which, 
in combmation with DB2, leads to TBi, we should have to call both 
Km and K„ C-mconsistent This, however, seems quite inappropriate 
in view of the fact that there is a true mterpretation for either of them 

On the basis of these considerations, we do not adopt 
DBi as a definition for ‘C-false’. Since, however, the con- 
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cept defined by DB i has some interest nevertheless, we shall 
introduce a term for it, we take the term ‘G-comprehen- 
sive’ (D6) because this concept corresponds to ‘compre- 
hensive’ and ‘L-comprehensive’ as defined earlier (D9-9, 
D14-5). Then, on the one hand, we distinguish between the 
two concepts ‘C-comprehensive’ and ‘C-false’, the latter 
ba«ed on ‘ directly C-fal'^e ’ to be defined by rules of refuta- 
tion On the other hand, we shall find conditions under which 
the tw'o concepts coincide, namely if and only if the calculus 
contains a directly C-false X, (’T30-62). Under the same 
condition the old concept of C-mconsistency (DBi and 2) 
and the new one (031-2) comcide (T31-17). 

D 30 - 6 . X. is C-comprehensive (in K) =Df Tt every 
sentence in K. 

T 30 - 49 . If X, "c* X; and Z, is C-comprehensive, then X* 
is C-comprehensive. (From T29-44 ) 

T 30 - 50 . V is C-comprehensive (From T29-50 ) 

T 30 - 51 . 

a. If X, is C-false, X, is C-comprehensive. 

b. If X, is directly C-false, X, is C-comprehensive. 
(From T29-31 , T29-21.) [The converse of (a) does not hold 
generally but only under certain conditions (see T6ob).] 

T 30 - 52 . Each of the following conditions is a sufficient and 
necessary condition for X, to be C-comprehensive: 

a. X, "c* V. 

b. X, is C-equivalent to V. 

c. X, "c^ every 

d. X» "c^ every X,. 

(From T29-46; T29-S0, (a); T29-46; (c).) 

T 30 - 53 . If X, is C-comprehensive, X, is C-complete. 
(From T52d.) 

T 30 - 55 . TTie following conditions for a calculus K co- 
incide. 
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a. Every C-comprehensive I, in K is C-false. 

b. V is C-false in K. 

c. There is a C-false jE, in K. 

d. There is a C-false I, in if, - 

(From Tso, Ts2a, T29-43, T29-2S ) 

T 30 - 60 . If K contains a (non-empty) rule of refutation 
and hence a S, which is directly C-false, then the following 
holds: 

a. V is C-false in if. 

b. ‘C-false in if’ and ‘C-comprehensive in co- 
incide. 

(From T29-22, Tss, T51.) 

T 30 - 61 . If if does not contain a (non-empty) rule of 
refutation and hence there is no directly C-false in if, 
then the following holds* 

a. There is no C-false 2, in if. 

b. V is not C-false but C-comprehensive in if. 

c. ‘C-false in if’ and ‘C-comprehensive in if ’ do 
not coincide 

d. ‘C-comprehensive in if’ and ‘C-complete in if’ 
coincide. 

(From T29-22, Tso, (b), T30, Ts2d.) 

T 30 - 62 . ‘C-false in if’ and ‘C-comprehensive in if’ co- 
incide if and only if if contams a (non-empty) rule of refuta- 
tion and hence a directly C-false S,. (From T6ob; T6ic.) 

T 30 - 63 . ‘C-false in K' either is empty or coincides with 
‘C-comprehensive in if ’. (From T6ia, T6ob.) 

The following theorem refers to calculi which on the basis 
of older definitions, as discussed above (DBi and 2), would 
be called (C-)inconsistent, but not in our terminology. 

T 30 - 65 . If K contains a ST, which is both C-true and 
C-comprehensive, then the following holds: 
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a. V is C-true in K. 

b. Every is C-true in K. 

(From T52a and d, T29-70.) 

D 30 - 7 . is C-perfect =Df for every ©„ if then 

©, 

According to this definition, a C-perfect class is such 
that any formal deduction (i.e. C-implication) with sentences 
of as premisses leads always again to a sentence of 

A Tarski [Systemenkalkul] has developed a detailed theory of the 
C-perfect classes, which he calls systems, with many interesting re- 
sults He has applied the device of usmg Cc( 5 t, - 1 - S,) as one of the 
basic connections between perfect classes (see below, remarks onT84). 

T 30 - 80 , is C-perfect if and only if for every if 
S, then C i?,. (From D7, T29-33, T29-44, T29-40.) 

T 30 - 81 . The following classes are C-perfect: 

a. The class of the C-true sentences (of K). (From 
D7, T29-73, T29-70.) 

b. V. (From D7.) 

T 30-83 (lemma). For every the class of the sentences 
which are C-implicates of I, is C-perfect. (From D7, T29- 
40, T29-44 ) 

T 30 - 84 . If and 1?, are C-perfect, i?, X i?, is C-perfect. 

Proof If the condition is fulfilled and iE, X 5 ?, "c^ ©*, then j?, "c^ ©* 
(T29-34, T29-44) and likewise 5 E, 'c*' ©*. Therefore, ©* e iE, and 
©* £ (D7), hence ©* e i?, X i?,. 

If and S:, are C-perfect, is not necessarily also C-per- 

fect. Therefore, if one wants to deal with C-perfect classes only, the 
class sum is not a suitable connection. But instead of S, + S,, 
Cc(iE, -f- iE,) (as defined by D32-B1) may be taken as a basic connec- 
tion, this IS C-perfect (T32-B21) and is C-equivalent to -f iE, 
(T32-B13). (See above, reference to Tarski ) 

D 30 - 8 . X IS a G-determinate calculus =Df every I, in 
K is C-determinate. 

T 30 - 90 . If K does not contain a directly C-false then 
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jST is a C-determinate calculus if and only if every I* in 2? is 
C-true. (From Ti.) 

T30-91. Each of the following conditions is a sufficient 
and necessary condition for to be a C-determinate cal- 
culus: 

a. A is C-complete in K. 

b. Every I, in iT is C-complete. 

c. There is a in which is both C-true and 
C-complete. 

d. Every sentence m isT is C-determinate. 

(From T 44 ; for d: T 4 ) 

Examples of application of C-concepts to the calculi Ki and K2 de- 
scribed earlier (§27). 

The formulation of the rules of deduction for Ki and K2 is on the 
whole the same as before, except that C-terms are used Here also, 
if we want to, we might distmguish formulation A without ‘A’ and 
B with ‘A’. In formulation A, we simply have to replace ‘primitive 
sentence’ by ‘directly C-true’, and ‘directly derivable’ by ‘direct 
C-implicate’, in formulation B only ‘directly derivable’ by ‘direct 
C-implicate ’ F or the following, we presuppose formulation B because 
the definitions in § 28 are based on it. In K,, there is no rule of refu- 
tation, hence ‘directly C-false in Ki’ is empty In the rule of refuta- 
tion for K2, we replace ‘ directly refutable ’ by ‘ directly C-false ’ Then 
we may apply the definitions and theorems of §§ 28 to 30 which take 
‘direct C-implicate’ and ‘directly C-false’ as primitive 

According to D28-1, the three sequences of sentences given in § 27 
as examples of a proof and two derivations are still called derivations 
here, the proof is a derivation with the premiss-class A. Hence the 
followmg holds for both Ki and K2 Accordmg to D28-2, 4, and 5, 
‘ ~P(a) V P(a) ’ IS derivable from A and a C-implicate of A and C-true. 
‘Q(c) V P(b) ’ IS derivable from and a C-implicate of ‘P(b) V Q(c) ’. The 
mverse holds, too, as can easily be shown by a derivation of the same 
form with components exchanged Hence, accordmg to D28-6, 
‘Q(c)VP(b)’ and ‘P(b)VQ(c)’ are C-equivalent Because of the 
third derivation, ‘ Q(a) ’ is derivable from and a C-implicate of { ‘ P(c) ’, 
‘~P(c)’) (Ss). By a derivation of the same form with any sentence 
©, in the place of ‘Q(a) ’ it can be shown that ^3 "c^ ©,. Hence, ac- 
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cording to D&, is C-comprehensive and hence C-complete in a 
trivial way (T53) It can be shown m the same way that any other 
class of the form {@„ ~@,1 is C-comprehensive (in Ki and Kj). 

In Ki, because of the lack of a rule of refutation, ‘ C-false’ is empty 
(T29-22), ‘C-determmate’ and ‘C-true’ coincide (Ti), ‘C-exdusive’ 
is empty (T17), ‘C-dependent’ and ‘C-imphcate’ coincide (T30), 
‘C-comprehensive’ and ‘C-complete’ comcide (T6id) On the other 
hand, m Kj, because of its rule of refutation, the following holds. 
‘C-false’ coincides with ‘C-comprehensive’ (T6ob), hence iJs is 
C-false, ‘P(c)’ and ‘~P(c)’ are C-exclusive of one another (D3), 
and likewise are {‘P(c)’, ‘Q(a)’} and {‘~P(c)’, ‘Q(b)’} (T29-24). 
K: contams sentential classes which are C-complete in a non-trivial 
way, 1 e without bemg C-comprehensive, like £3 It can be shown that 
any class containing each of the atomic sentences or its negation is 
C-complete in K,, eg {‘P(a)’, ‘P(b)’, ‘~P(c)’, ‘~Q(a)’, ‘Q(b)’, 
‘~Q(c)’l 

§ 31 . C-Goncepts ( 3 ) 

Further C-concepts are mtroduced Some of them are prop- 
erties of calculi (eg ‘C-mconsistent’, ‘C-consistent’, ‘C- 
extensional’) or relations between calculi (eg ‘sub-calculus’, 
‘ coincident ’ , ‘ isomorphic ’) 

We have previously found (§ 29) that the C-concepts are 
in many respects analogous to the L-concepts in such a way 
that corresponding theorems hold in both fields. This anal- 
ogy, however, fails in one decisive point. Since every L-true 

1, is true (P14-1) and every L-false is false (P14-2), no 

2, can be both L-true and L-false (T14-1). On the other 
hand, K and 2, may be such that S;, is both C-true and C- 
false in K, in this case we shall call C-ambivalent 
in K (Di) and K a G-inconsistent calculus (D2). The 
L-concepts are intimately connected with the radical con- 
cepts. If eg. ‘true in 5 ’ is given, then there is no choice, 
except in matters of formulation, for the definition of ‘L-true 
in 5 ’, there is only one adequate concept of ‘L-true in 5 ’. 
The same does not hold for the C-concepts with respect to a 
calculus K. Their connection with the radical concepts is, 



§ 31 . C-CONCEPTS (3) 187 

to a certain extent, a matter of choice; it depends upon the 
interpretation chosen for K. And the analogues for P14-1 
and 2, and hence also for T14-1 do not hold with respect to 
every interpretation but only with respect to a true interpre- 
tation (T33-8f and d, T33-12). But a calculus may be 
C-inconsistent, i.e. contain a C-ambivalent I,; then it does 
not possess a true interpretation (T33-13). 

For the reasons stated, not only the radical concepts but 
also the L-concepts corresponding to the C-concepts to be 
defined by Di and 2 are empty, therefore they have not been 
introduced. 

- 1 -D 31 - 1 . X, is G-ambivalent (in K) = Df is both 
C-true and C-false. 

T 31-1 (lemma). If S:, is C-ambivalent, then the fol- 
lowing holds; 

a. X, "E* every Xy 

b. Every X, (in K) is C-true. 

c. Every X, "c* X,. 

d. Every X, (in K) is C-false. 

(From T29-31; (a), T29-70; T29-74, (c), T29-43.) 

-t-T 31 - 2 . If there is a C-ambivalent X, m K, then every 
X, in iT is C-ambivalent. (From Tib and d.) 

T 31-5 (lemma). If K is such that A is C-false, then A 
is C-ambivalent (From T29-76, Di.) 

T 31-6 (lemma). If K contams a X, which is both C-true 
and C-comprehensive and if X, is C-false, then X, is 
C-ambivalent. (From T3o-65b.) 

While the C-concepts defined so far are properties or re- 
lations of X, in a calculus K, the concepts to be defined now 
are properties of calculi and relations between calculi. 

+D 31 - 2 . A calculus K is C-inconsistent =ot K con- 
tains a C-ambivalent X,. 

T 31 - 15 . If if is C-inconsistent, then: 
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a. Every I, in isT is C-ambivalent. 

b. Every I, in K is both C-true and C-false. 

c. There is a directly C-false I, in K. 

(From D2, T2, (a), (b), T29-22.) 

T 31-16 (lemma). If A is C-false in K, then K is 
C-inconsistent (From Ts.) 

-+T 31 - 17 . If K contains a X, which is both C-true and 
C-comprehensive and a Zj which is directly C-false, then K 
is C-inconsistent. (From T29-22, T6.) 

T 31-18 (lemma) If there is a directly C-false Xjm K 
and if V is C-true, then K is C-inconsistent. (From T30- 
50, T17.) 

T 31 - 19 . If K contains I, and 2 :, such that 2 :, 2 :, 

and 2:, is C-true and is C-false, then K is C-inconsistent. 
(From T29-70, D2 ) 

T 31 - 23 . Each of the following conditions is a sufficient 
and necessary condition for K to be C-inconsistent: 

a. There is a C-ambivalent 2:, in K. 

b. E\ ery I, in K is C-ambivalent. 

c. Every 2:, in K is both C-true and C-false. 

d. A is C-false in K. 

e. There is a directly C-false Z, in K and V is 
C-true 

(From D2, Tisa, (b), T16, Tisb; T18, T15C and b.) 
-f-T 31 - 24 . If every directly C-false 2:, in iC is such that 
every sentence in X is derivable from it, then each of the 
following conditions is a sufficient and necessary condition for 
K to be C-inconsistent: 

a. There is a 2:, in A' which is both provable and 
C-false. 

b. Every 2:, in A is both provable and C-false. 

c. There is a directly C-false 2 :f in A, and V is 
provable. 

(From T23, T29-SS.) 
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+D 31 - 3 . A calculus K is G-consistent =Df if is not 
C-inconsistent. 

T 31 - 30 . If K contains a which is not C-tnie, K is 
C-consistent. (From T23C.) 

+T 31 - 31 . If K does not contain a directly C-false I,, K 
is C-consistent. (From T29-22, T23C.) 

Hence any calculus of the ordinary kind, containing only 
primitive sentences and rules of inference but no rule of 
refutation, is C-consistent But m many cases, in order to 
fulfill the intention of the author of a calculus, we have to 
add a rule of refutation tacitly assumed by the author, e g. a 
rule of the form III3 for K2 (§ 27) or the simple rule “V is 
directly refutable” By an addition of this kmd, those 
calculi which usually are regarded as containing a contra- 
diction become C-inconsistent. 

T 31 - 32 . If every directly C-false I, in K is such that 
every sentence in K is derivable from S, and if there is a X, 
in K which is not provable, then K is C-consistent. (From 
T24b.) 

T 31 - 35 . Each of the following conditions is a sufficient 
and necessary condition for K to be C-consistent: 

a. Xo 2:, in if is C-ambivalent. 

b. There is a 2:, in if which is not C-ambivalent. 

c. A is not C-false in K. 

d. There is a 2:, in if which is not C-false. 

(FrOm T23a; T23b, T23d, T23C, (c).) 

T 31 - 36 . If K is C-consistent, then ‘C-true in if’ coin- 
cides with ‘derivable from A (in ’ (and hence with ‘prov- 
able in K’). (From D28-5, D28-4, T35C; D28-12.) 

Examples. We previously constructed the calculi Ki and K2 (§ 27, 
C-terminology: § 30 at the end) Both are C-consistent. For Ki, this 
follows simply from the lack of a rule of refutation (T31). For Kj, it 
is ^own in the following way. The rules of Ki are those of the ordinary 
propositional calculus, for this it is known that an atomic sentence, 
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eg ‘P(a)’ (©i), IS not provable (From the analysis which will be 
carried out m § 35, it follows that every sentence which is provable m 
Ki IS L-true m S3 (§ 15), ©1 is not L-true in Ss, hence not provable in 
Ki ) Therefore, ©1 is also not provable in K2 Only the class { ‘ P(a) ’ , 
‘~P(a)’} (®i) IS directly C-false in K2 In § 27 we saw that every 
sentence is derivable in Ki from a class of the form {©,, ~©,} and 
hence also from the same holds for K2 Thus both conditions in 
T32 are fulfilled, and K2 is C-consistent. 

For an example of a C-inconsistent calculus see Ke in § 35. 

If a calculus is given, and we take as sentences of an- 
other calculus K„ some (or all) of the sentences of Km and 
as rules of deduction for K„ some (or aU) of the rules of Km, 
then we call K„ a direct sub-calculus of Km Here, the 
rules of K„ may be formulated in a way different from those 
of Km, it is only required that direct C-implication in K„ is 
a sub-relation of the corresponding concept in Km, and 
direct C-falsity in K„ a sub-dass of the corresponding con- 
cept in Km (D5). It is easy to see (T40 and 45) that in this 
case the extension of C-implication, C-falsity, and other 
C-concepts in K„ is also contained in that of the correspond- 
ing concepts in Km, or, as we shall say, that K„ is also a sub- 
calculus of Km (D6) Suppose that we construct K„ as a 
sub-calculus of Km in the following way. As V„ (the class of 
the sentences of K„) we take any sub-class of Vm (the class 
of the sentences of Km), and we keep as C-implication and 
C-falsity in K„ the corresponding concepts in Km as far as 
they hold mthin V„ Then we shall caU K„ a conservative 
sub-calculus of Km (Dy) If Km and K„ are direct sub- 
calculi of each other, in other words, if the direct C-concepts 
in these two calculi coincide, we shall call them directly co- 
incident calculi (D8). Although in this case the concepts 
defined by the rules of deduction for the two calculi have 
the same extension, the formulation of the rules may stiU 
differ. If Km and K„ are sub-calculi of each other we shall 
call them coincident calculi (Dp). In this case some 
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C-concepts coincide (T6s and 69), while the direct C-con- 
cepts may or may not coincide. 

D 31 - 5 . K„ is a direct sub-calculus of K™ =Df the 
following three conditions are fulfilled 

a. Every sentence in K„ is a sentence in K„. 

b. If 2:, dc % in then likewise in K^. 

c. If SE, is directly C-false in K„, it is likewise in 
Km- 

T 31 - 40 . If K„ is a direct sub-calculus of Km, then the 
following holds: 

a. If 2:, 2:^ in K„, then likewise in Km. 

b. If I, is C-false in K„, then likewise in Km- 

(From Ds, D28-1, 2, 3, and 4.) 

-I-D 31 - 6 . K„ is a sub-calculus of Km =Df the following 
two conditions are fulfilled: 

a. If 2:, "c* 2:^ in K„, then 2 :, "c* I, in Km. 

b. If 2 :, is C-false in K„, it is C-false in Km. 

T 31 - 45 . If K„ is a direct sub-calculus of Km, it is a sub- 
calculus of Km- (From T40, D6.) 

T 31 - 46 . If K„ is a sub-calculus of Km, then for any in- 
stance (i e. 2:, or pair X„ 2:,) for which one of the following 
concepts holds in K„ the same concept holds in Km: 

a. Sentence. (From T29-32.) 

b. C-true. (From D28-5.) 

c. C-equivalent. (From D28-6.) 

d. C-determinate. (From D30-1, (b), D6b.) 

e. C-exclusive. (From D30-3, D6b.) 

f. C-dependent. (From 1)30-4, D6a, (e).) 

g. C-ambivalent. (From Di, (b), D6b.) 

T 31 - 47 . If K„ is a sub-calc\xlus of Km, then the follow- 
ing holds: 

a. If K„ is C-inconsistent, Km is also. (From D2, 

T46g) 

b. If Km is C-consistent, K„ is also. (FromD3, (a).) 
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D31-7. K„ is a conservative sub-calculus of Km =Df 
the following three conditions are fulfilled: 

a. K„ is a sub-calculus of Km. 

b. If SC, "c* SSj in Km and ST, and Zj belong also to 
K„, then SC, "c* in K„. 

c. If SC, is C-false in K® and belongs also to K„, 
it is C-false in K„. 

T31-50. If K„ is a conservative sub-calculus of Km, then 
for any instance (i e. SC, or pair X„ SC,) which belongs to K„ 
and for which one of the following concepts holds in Km, the 
same concept holds in K„: 

a. C-true. (From D28-5.) 

b. C-equivalent (From D28-6 ) 

c. C-determinate. (From D30-1, (a), D7C.) 

d. C-indeterminate (From D30-2, T46d ) 

e. C-exclusive. (From D30-3, D7C ) 

f. C-dependent. (From D30-4, D7b, (e).) 

g. C-complete. (From D30-5, T46a, (f).) 

h. C-comprehensive. (From T30-52b, T46a, D7b.) 

i. C-perfect (From 1)30-7, D7b.) 

j. C-ambivalent. (From Di, (a), D7C.) 

T31-51. If K„ is a conservative sub-calculus of Km, 

then for any instance (i e. 2:, or pair 2:,, 2,) which belongs 
to K„, each of the following concepts holds in K„ if and only 
if the same concept holds in Km'. 

a. C-implication. (From D7a, D6a, D7b.) 

b. C-false. (From D6b, D7C.) 

c. C-true. (From T46b, Tsoa.) 

d. C-equivalent. (From T46C, Tsob.) 

e. C-determinate. (From T46d, Tsoc.) 

f. C-exclusive. (From T46e, Tsoe.) 

g. C-dependent. (From T46f, Tsof.) 

h. C-ambivalent. (From T46g, Tsoj.) 

T31-52. If K„ is a conservative sub-calculus of Km, 
then the following holds: 
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a. If Km is a C-determinate calculus, K„ is also. 
(From D30-8, T50C.) 

b. Km is C-inconsistent if and only if K„ is. 
(From T23d, Tsib.) 

c. Km is C-consistent if and only if K„ is. (From 

D3, (b).) 

D31-8. Km and K* are directly coincident calculi 
= d£ each of them is a direct sub-calculus of the other. 

T31-60. Km and K„ are directly coincident calculi if 
and only if the following two conditions are fulfilled. 

a. ^ Xj in Km if and only if the same holds in K„. 

b. 2:, is directly C-false in Km if and only if the 
same holds in K„. 

(From D8, D5.) 

T31-61. If Km and K„ are directly coincident calculi, 
then each of the C-concepts defined in §§ 28, 30, and 31 as 
properties or relations of X has the same extension in Km 
and in K„. (This follows from T60, because each of these 
concepts is defined directly or indirectly on the basis of 
‘direct C-implicate’ and ‘directly C-false’.) 

D31-9. Km and K„ are coincident calculi =Df each 
of them is a sub-calculus of the other. 

T31-65. Km and K„ are coincident calculi if and only 
if the following two conditions are fulfilled: 

a. C-implication in Km and in K„ coincide. 

b. C-falsity in Km and in K„ coincide. 

(From Dg, D6.) 

T31-66. If Km and K„ are directly coincident calculi, 
they are coincident calculi. (From T61, T65.) 

T31-67. Km and K„ are coincident calculi if and only 
if each of them is a conservative sub-calculus of the other. 
(From D7, T65.) 

T31-68. If Km and K„ are coincident calculi, they con- 
tain the same sentences. (From T46a.) 
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T31-59. If Km and K„ are coincident calculi, then each 
of the following concepts has the same extension in Km as 
in K„: a. C-true, b. C-equivaJent, c. C-determinate, d. 
C-indetenninate, e. C-exclusive, f. C-dependent, g. C-com- 
plete, h. C-comprehensive, i. C-perfect, j. C-ambivalent. 
(This follows from T6s, because all the concepts mentioned 
(D28-5 and 6, D30-1 to 7, D31-1) are defined on the basis 
of ‘C-implicate’ and ‘C-false’) 

T31-70. If Km and K„ are coincident calculi, the fol- 
lowing holds- 

a. Km is a C-determinate calculus if and only if 
K„ is (From T68, T69C ) 

b. Km is C-inconsistent if and only if K„ is. (From 
D2, T 69 j ) 

C. Km is C-consistent if and only if K„ is (From 
D3, (b).) 

D31-10. Km and K„ are isomorphic calculi = ut there 
is a one-one correlation H between the signs of Km and those 
of K„ such that the following two conditions are fulfilled, 
where J/ and 1/ are those sentences or sentential classes in 
K„ which correspond to X, and X, respectively in Km on the 
basis of E : 

a. 1/ Xj' in K„ if and only if Xi X, in Km- 

b. Xt.' is C-false in Kn if and only if Xi is C-false 
in Km. 

T31-80. Isomorphism of calculi is a. reflexive, b. sym- 
metric, c. transitive. (From Dio.) 

T31-81. If Km and K„ are isomorphic calculi with the 
correlation H, then each of the following concepts holds for 
an instance (i.e. 2:, or pair Xi, X,) in Km if and only if the 
same concept holds for the mstance in K„ correspondmg 
to the first on the basis of J?: a. C-true, b. C-equivalent, 

c. C-determinate, d. C-indeterminate, e. C-exclusive, 
f. C-dependent, g. C-complete, h. C-comprehensive, 
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i. C-perfect, j. C-ambivalent. (This follows from Dio, 
because all the concepts mentioned are defined on the 
basis of ‘C-implicate’ and ‘C-false’.) 

In some of the following definitions (Dio and 12 ) we make 
use of the concept ‘closed sentence’ which is based on the 
concept ‘free variable’ (§ 6). Thus it is assumed for these 
definitions that the latter concept is available in the system 
of general syntax, although we have not introduced it so far. 
It seems that this concept — or another suitable concept 
related to it — has to be taken as an additional primitive 
concept in general syntax. 

+D31-13. 21, is C-interchangeable with 21, (m K) =Df 
any closed sentence St is C-equivalent to every sentence ©; 
constructed out of @1 by replacing either 21, at some place 
in by 21, or 21, by 2I„ and there is at least one pair of 
sentences ©j, and of this kind. 

We add a few definitions and theorems concerning exiensionahty 
because they are needed in later discussions (e g in [II]) (For ex- 
planations of these concepts see [Syntax] § 65, T31-100 here is Theo- 
rem 6s-4b there ) We shall not go into further detail here because a 
discussion of extensional and non-extensional semantical and syntacti- 
cal systems and their features is planned for a later volume For the 
correspondmg radical semantical concepts, see D 10-20 and 21 
D31-16. Z , IS C-equivalent to X, vn relation to Xs = di Xt + X, "c^ X, 
and X* + X, "c* X, (Compare remark on D30-3 ) 

T31-90. X, and X, are C-equivalent (to one another) if and only 
if they are C-equivalent m relation to A (From D16, D28-6 ) 
D31-17. ©. is C-extensional (m K) in relation to a partial sentence 
©, occurring at a certain place in ©, = di is closed, and for every 

closed and every Xi, if ©, and ©* are C-equivalent m relation to 
Xi, then ©, and the sentence constructed out of ©, by replacing at 
the place in question by ©* are C-equivalent in relation to Xi 
D31-18. A calculus K is G-extensional in relation to partial 
sentences =Df for every in if, if ©, contains a closed sentence ©, 
at some place, then ©, is C-extensional in relation to ©, at that place. 
T31-100. If K is C-extensional in relation to partial sentences and 
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and ©, arc dosed and C-equivalent in K, then and are 
C-interchangeable in K. (From D18, D17, T90.) 

This theorem also holds for those non-extensional calculi (as e g 
Lewis’ system of Strict Implication with propositional constants 
added) m which every non-extensional connective a, fulfills the follow- 
ing condition if every two corresponding arguments m two full 
sentences ©, and of a, are C-equivalent, then and ©, are 
C-equivalent 

We have previously (§ 22) stated conditions with the help 
of characteristic sentences which hold not only for semantical 
concepts but also for syntactical concepts if the prefix ‘C-’ 
is substituted for ‘X-’. Besides some of the C-concepts ex- 
plained and defined in this chapter, there were also mentioned 
some other C-concepts, eg. 'C-umversal’, ‘C-empty’, etc, 
for predicates in general, ‘C-symmetric’, etc., for predicates 
of degree two, ‘C-synonymous’ for individual constants. 
The conditions given for these C-concepts may often suggest 
a way of defining them with respect to particular calculi. 
But the task of defining these concepts in general syntax and 
even the simpler task of formulating the conditions in a gen- 
eral form for those calculi which contain the signs required 
for the characteristic sentences involve some unsolved 
problems not occurrmg in the task of formulating conditions 
for the corresponding semantical concepts. 

The difficulty consists m the specification of the signs whose occur- 
rence IS essential for the characteristic sentences If e g T22-2 is ap- 
plied to the L-concept, it says; and ©, are L-equivalent m 5 if 
and only if the sentence ©, = ©, is L-true in 5 ” But this will ob- 
viously hold only if ‘ = ' fulfills a certam condition Thus we must 
add: “ . provided is m 5 a sign of equivalence”. The same 
condition has to be added for ‘equivalent’ and ‘F-equivalent’. And 
analogous conditions have to be added in the case of other concepts 
with respect to other signs or expressions, e g m T22-10: "... pro- 
vided‘(a:)’isauniversaloperatorin5”,andmT22-3o:‘‘. . . provided 
* = ’ is a sign of identity in S”. Now it is easy to formulate these con- 
ditions in semantics, i.e. to define the concepts ‘sign of equivalence’, 
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‘sign of negation’, ‘sign of identity’, etc , in general semantics For 
instance, ‘a, is a sign of equivalence (negation, disjunction, etc ) in 
S =Dj Qi fulfills such and such a truth-table’, ‘a, is a sign of identity 
in 5 =Df ct, designates identity’ (or: . =Df in, a, iut is true in 5 

if and only if in, and int designate the same object’). But it is a prob- 
lem how to formulate the corresponding conditions with respect to a 
calculus m general syntax The question can be put in this way what 
syntactical properties must a sign a, of K have m order to make sure 
that m every true interpretation of K a, wiU become, say, a sign of 
equivalence (or disjunction, or existence, or identity, etc)? With 
respect to the sentential connectives, this problem will be discussed 
and solved in [II]. For other kinds of signs, a discussion is planned for 
a later volume 

§ 32. C-Content and C-Range 

Two postulates for ‘C-content’, in analogy to ‘L-content’, 
are laid down, and likewise for ‘C-range’, in analogy to 
‘ L-range ’ Several ways of defining ‘ C-content ’ and ‘ C-range ’ 
so as to fulfill those postulates are shown. Here, C-contents 
and C-ranges are classes of sentences 

We have previously introduced the L-concepts ‘L-range’ 
(§§ 18, 19) and ‘L-content’ (§ 23) as correlations by which 
to every X, (in a semantical system S) a class is correlated. 
Diflerent ways of defining these concepts have been ex- 
plained, the chief distinction being whether the elements of 
the classes taken as L-ranges and L-contents are on the side 
of the designata (namely L-states or state-relations, see § 18 
and § 19K and L for L-ranges and D23-B1 for L-contents) 
or on the side of the object language (namely X, e.g. state- 
descriptions or sentences, see § 19E, F, and G for L-ranges 
and D23-F1 and D23-G1 for L-contents). We shall now 
introduce corresponding C-concepts: ‘the G-range of Xi’ or 
briefly ‘CrX,’, and ‘the C-content of X,’ or briefly ‘CcX,’. 
Since in syntax we cannot deal with designata, we can define 
these C-concepts only in analogy to the second kind of 
L-concepts just mentioned. 
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With respect to each of the concepts ‘L-range’ and 
‘L-content’ we first laid down two postulates (P18-1 and 2, 
P23-1 and 2) and then looked for possible concepts to fulfill 
these postulates We shall do the same here. We lay down 
the two postulates P32-A1 and 2 for ‘C-content’ in strict 
analogy to P23-1 and 2, and likewise the postulates P32-E1 
and 2 for ‘C-range’ in analogy to Pi 8-1 and 2 A duality 
analogous to that between ‘L-content’ and ‘L-range’ (see 
§ 23) is then found here between ‘C-content’ and ‘C-range’. 
In order to exhibit this duality more clearly, we put the cor- 
responding postulates or theorems side by side. 


C-CONTEM 

P32-A1. If I. 2„ then CcX. C CcS. 
P32-A2. If CcS, C CcT., then X, TZj 

T32-A1. CcX, C CcX, if and only if 
3:, "c* Xj (From PAi and 2 ) 
T32-A2. CcX, = CcX, if and only if 
and X, are C-equivalent 
(From TAi, D 28 - 6 ) 

T32-A5. For every X„ CcA C CcX, 
(FromT 2 g- 49 , PAr ) 

T32-A6. For every X„ Cc2. C CcV 
(From Tag-jO, PAi ) 

T32- A7. Ccl, = CcA if and only if X, is 
C-true (F rom TAa, T 29-90 ) 
T32-A8. Cc3r, = CcV if and only if X, 
IS C-comprchensive (From 
D 30 - 6 , TA 2 ) 

T32-A9. If K contains a directly C-false 
X„ then for every X„ CcX» = 
CcV if and only if X, is C- 
false (From TA 8 , T 30 - 6 ob ) 


C-Range 

P32-E1. If X,1tX„ then CiX, C CiX, 
P32-E2. If CtX, C CrX„ then X, t % 

T32-E1. CtX, C CrE, if and only if 
(From PEr and 2 ) 
T32-E2. CtX, = Cr3, if and only if 
2^, and X, are C-equivalent 
(From TEi, D 28 - 6 ) 
T32-E5. For every X., CrX. C CrA 
(From T 29 - 49 , PEi ) 
T32-E6. For every X., CrV C CrX. 

(From T 29 -SO, PEi ) 
T32-E7. CrXi = CrAif and only if Xi is 
C-true (From TE 2 , T 29-90 ) 
T32-E8. CrX. = CrV if and only if X. 

15 C-comprehensiv e (From 
D 30 - 6 , TE 2 ) 

T32-E9. If K contains a directly C-false 
X,, then for every X., CrX. = 
CrV if and only if Xi is C- 
false (From TE 8 , Tso-dob ) 


Inclusion of C-contents coincides with the inverse of 
C-implication (TAi). Therefore, identity of C-contents coin- 
cides with C-equivalence (TA2). The (T-content of A is the 
minimum C-content, which is contained in every other one 
(TAs). It is the C-content of aU the C-true X (TA7), and 
only these. The C-content of V is the maximum C-content, 
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in which every other one is contained (TA6). It is the C- 
content of all the C-comprehensive % (TA8), and only these; 
and also of all the C-false X, and only these, if there are any 
such, i e. if has a rule of refutation (TA9) The theorems 
concerning C-ranges are analogous 

Theorems concerning relations between C-contents and 
C-ranges (analogous to T23-20 and 21): 

T 32 - 1 . CcjTj C CcXt if and only if Crl, C Cr£j. (From 
TAi, TEi ) 

T 32 - 2 . CcI, = CcX, if and only if CrS:, = Cri;,. (From 
Ti.) 

In the following there are shown two possible ways of de- 
fining a concept ‘ C-content ’ which fulfills the postulates PAi 
and 2. The first (DFi) is analogous to the definition D23- 
Fi for ‘L-content’, the second (DGi) to D23-G1. 

D 32 -F 1 . CcXt =Df the class of those sentences (of K) 
which are C-implicates of 3 :,. 

T 32 -F 1 . Cclj C CcX, if and only if X, Xj. (From 
DFi, T29-44, 32, 33, 40) 

TFi shows that the postulates are fulfilled Therefore the 
theorems based on the postulates hold here too. Further, 
theorems hold here which are specific to this definition A 
few examples will be given 

T 32 -F 3 . CcA = the class of the C-true sentences (of K). 
(From DFi, D28-S.) 

T 32 -F 4 . CcXt = the class of the C-true sentences (of K) 
if and only if I, is C-true. (From TF3, T29-90, TA2.) 

T 32 -F 5 . CcV = V. (From DFi, T29-S0.) 

T 32 -F 5 . Cd, = V if and only if X, is C-comprehensive. 
(From TF5, D30-6, TA2.) 

T 32 -F 7 . If K contains a directly C-false Xj, then for 
every Xt, Cc 5 E, = V if and only if I, is C-false. (From TB6, 
T3o-6ob.) 
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T 32 -F 11 . ®, € Cc©,. (From DFi, T29-32.) 

T 32 -F 12 . CCc®, (From DFi, T29-33 ) 

T 32 -F 13 . 2;, and CcXi are C-equivalent. (From TFii 
and 12, T29-33, T29-40, T29-40 ) 

T 32 -F 16 . Cc(Cc 2 :,) = CcX,. (From DFi, T29-44.) 

The following theorems show the close connection between 
the concept ‘C-content’ as defined by DFi and the concept 
‘C-perfect’ (D30-7) 

T 32 -F 20 . Each of the following conditions is a sufficient 
and necessary condition for J?, to be C-perfect: 

a. Cci?, C^.. 

b. Ccfi, = i?,. 

(From D30-7, DBi, TB12, (a) ) 

T 32 -F 21 . For every I,, CcJ, is C-perfect. (From DFi, 
T30-83-) 

DGi gives an alternative definition for ‘C-content’ It is also in 
accordance with the postulates (TGs). 

D32-G1. Cd, =Df the class of those sentences (of X) which are 
C-implicates of I, and not C-tnie 

The following theorems are based on this definition (The proofs 
are analogous to those of the theorems with the same number in § 23 ) 
T32-G5. CcX, C CcS, if and only if "c^ X, 

T32-G14. CcA = A 

T32-G16. CcX, = A if and only if X, is C-true 
T32-G20. CcV = the class of the non-C-true sentences 
T32-G28. X, and CcX. are C-equivalent 
T32-G35. Cc(CcX.) = CcX. 

If we have a concept ‘C-content’ fulfilling the postulates PAi and 
2 , we can easily define a corresponding concept ‘C-range’ by taking 
CrX, as the complement of CcX. Then, according to Ti, this con- 
cept ‘C-range’ will fulfill the postulates PEi and 2 . In this way, 
DFi leads to DF'i, DGi to DG'i DF'i and DG'i correspond to the 
definitions D 19 -F 1 and D 19 -G 1 for ‘L-range’. 

D 32 -F'l. CrX. =Df the class of those sentences (df K) which are 
not C-implicates of X<. 
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T32-F'l. CrA = the class of the non-C-true sentences (of K). 
(From DF'i, D 28 -S ) 

T32-F'2. CrV = A (From DF'i, T 29 -S 0 ) 

D32-G'l. CrI, =Df the class of those sentences (of K) which are 
either C-true or not C-implicates of I,. 

T32-G1. CrA = V. (From DG'i, D 2 &-S.) 

T32-G'2. CrV = the class of the C-true sentences (of E). (From 
DG'i, T 29 - 50 .) 



E. RELATIONS BETWEEN SEMANTICS AND 
SYNTAX 

The sentences of a calculus K may be mterpreted by the 
truth-conditions stated in the semantical rules of a system 5, 
provided S contains all sentences of K. Therefore, if this con- 
dition is fulfilled, S is called an interpretatton for K Different 
kinds of interpretations are distinguished If the direct C-con- 
cepts of K (and, hence, also the other C-concepts of K) are m 
agreement with the corresponding radical concepts in an in- 
terpretation 5 for K, then S is called a true mterpretation for 
K‘, otherwise, a false interpretation If there is a similar agree- 
ment with the L-concepts m 5, 5 is called an L-tnie interpre- 
tation for K In this case, the rules of K and .S suffice to show 
that 5 is a true mterpretation for K Other kmds of interpre- 
tations; L-false, L-determinate, factual, F-true, F-false, logical, 
and descriptive interpretations These concepts of different 
kinds of interpretations are useful for the logical analysis of 
science, for what is usually called the construction of a model 
for a set of postulates is the same as the semantical interpreta- 
tion of a calculus 

§ 33. True and False Interpretations 

S is called an interpretation for A if S contains all sentences 
of K An mterpretation 5 for A is called a true mterpretation 
for A if in any case where a direct C-concept (eg durect 
C-implication) holds in K the correspondmg radical concept 
(e.g. implication) holds in S, otherwise, S is called a false m- 
terpretation for K. If J is a true mterpretation for K, then in 
any case where a C-concept (e g ‘C-true’) holds m K the cor- 
responding radical concept (e g ‘true’) holds in 5 (T8) 

In this chapter, certain relations between semantical sys- 
tems and calculi will be investigated, especially relations of 
interpretation. Since these relations belong neither to seman- 
tics nor to syntax, we are here in a wider field, which com- 
prehends both pure semantics and pure s3Titax but goes 
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beyond them (for terminological remarks, see § 37, Theory 
of Systems). 

A calculus K is constructed and analyzed within syntax in 
a formal way. As long as we stay in syntax there do not 
arise questions as to the meaning of the expressions and sen- 
tences occurring in Z, i e as to the designata of the expres- 
sions and the truth-conditions of the sentences. But, if a 
calculus K is given, we may go over to semantics and assign 
designata to signs of K and truth-conditions to sentences of 
K by semantical rules Hereby sentences of K become in- 
terpreted. And if we lay down a sufficient set of such rules 
or, m other words, a semantical system 5 containmg all the 
sentences pf K, then all these sentences become mterpreted. 
In this case we call S an interpretation for K (I) 1 ) S may 
contain many more sentences than those of K, but it must not 
contain fewer. We will call S, moreover, a true interpreta- 
tion for K if the semantical rules of S are in accordance with 
the syntactical rules of K in such a way that if, according to 
a rule of K, a direct C-concept holds in a certain case, then 
the corresponding radical semantical concept holds in this 
case in 5 (D2) This definition involves that every primitive 
sentence of K is true m 5 (T8a). It will be shown that if this 
condition is fulfilled an instance of any C-concept, whether 
direct or not, becomes an instance of the corresponding radi- 
cal concept That is to say, if 5 is a true interpretation for 
K, then every I, which is C-true in K becomes true in S, 
and likewise every C-false I, becomes false, when C-impli- 
cation holds, implication holds, etc (T8). 

Interpretations of calculi play an important role in the 
method of science. In mathematics, geometry, and physics, 
systems or theories are frequently constructed in the form 
of postulate sets. And these are calculi of a special kind (see 
[Foundations] § 16). For the application of such systems in 
science it is necessary to leave the purely formal field and 
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construct a bridge between the postulate set and the realm 
of objects. This is usually called constructing models for the 
postulate set or laying down correlative definitions for it 
(‘Zuordnungsdefinitionen’, Reichenbach). It is easUy seen 
that this procedure, described in our terminology, leads from 
s)mtax to semantics and is what we call here constructing 
an interpretation for a calculus. 

In the following, we lay down definitions but no postu- 
lates, and add a few theorems based on the definitions We 
make use of the definitions and theorems concerning C-con- 
cepts (§§ 28 to 31) and radical concepts (§ 10), and later (m 
§ 34) also of the postulates, definitions, and theorems con- 
cerning L- and F-concepts (§§ 14 and 21). 

-t-D33-l. 5 is an interpretation for if =Dfi^ is a calculus 
and 5 is a semantical system and every sentence of if is a 
sentence of S. 

While A in if = A in 5, V in if and V in S may be differ- 
ent. Therefore we shall write simply ‘A’, but ‘Vj^’ and ‘V5’. 

T33-1. If 5 is an interpretation for if, then Vjr C Vc. 
(From Di.) 

4-D33-2. 5 is a true interpretation for K =d£ 5 is an 
interpretation for if such that the followmg two conditions 
are fulfilled’ 

a. If I, 3c 2^} A”, then X, — > I, in S. 

b. If 2:, is directly C-false in K, is false in S. 

As mentioned before (§ 27 at the end), here we leave aside the con- 
cept ‘C-disjunct’. If it were to be used in a calculus K, then K would 
have to contam special rules defining ‘directly-C-disjunct in K’. The 
calculi constructed m modern logic and malJiematics do not contam 
rules of this kmd If, however, we also wanted to take into considera- 
tion calculi contammg such rules, then D2 would have to be supple- 
mented by the condition “c. If £, and Sty are directly C-disjunct in 
K, then they are disjunct m S". 
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+T33-6. If 5 IS a true interpretation for K and is 
derivable from i?, in if, then S, — > ©, m 5 

Proof If the conditions are fulfilled, then there is in X a derivation 
SRt with the premiss-class and ©, as the last sentence (D28-2a). 
According to D28-T, every sentence ©i of 5 K* is either a sentence of 
S, or a direct C-implicate of a class of sentences which precede 
©I m Therefore the following holds i The first sentence of SR* 
IS an implicate of m S (T10-15, D2a) 2. If every sentence which 
precedes ©( in 9ii, is an implicate of then ©i is an implicate of if, 
(Tro-17, T10-16, Tio-i4b) The assertion follows from (i) and (2) 
accordmg to the principle of complete mduction (This proof holds 
also if K contains transfinite rules of deduction and 9 }* is transfinite 
In this case, transfinite mduction can be applied for the last step m 
the proof, because 91 * is well-ordered, compare the remark at the end 
of § 25 ) 

-I-T33-8. If 5 is a true interpretation for K, then for any 
instance (i e. I, or pair T,, %,) for which the concept (i) in 
one of the following pairs of concepts holds in K, concept ( 2 ) 
holds in S. 



(l) IN K 

(2) IN 5 

Fkou 

a. 

pnimtive sentence 

true 

D28-10, D2, T9-34 

b. 

denvable 

impbcate 

T6, D28-2b and c 

c. 

provable 

true 

D28-12, (b), T9-34 

d. 

C-false 

false 

D28-3, (b), Tp-ii 

e. 

C-implicate 

impbcate 

D28-4, (b), (d), T9-12. 

f 

C-true 

true 

D28-S, (e), T9-34 

g- 

C-equi\alent 

equi\ alent 

D28-6, (e), Tp-soc 

h. 

C-exdusive 

exclusive 

(d), T9-27. 


(Thus e.g. T 8 b is meant to say: “If 5 is a true interpreta- 
tion for K and X, is derivable from S, in K, then X, is an 
implicate of 2 :» in 5”.) 

T33-9. If 5 is a true interpretation for K and I, is 
C-comprehensive in K, then the following holds: 

a. is equivalent in 5 to Vj^. (From D 30 - 6 , 
T 8 e.) ( 2 :, is not necessarily comprehensive in 
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S because that would mean: equivalent in S 
to V5.) 

b. is true in 5 if and only if every sentence of 
K is true in S. (From (a), D9-1.) 

c. I, is false in 5 if and only if at least one sen- 
tence of X is false in 5 (From(b).) 

d. If K contains a directly C-false then I, is 
false in S. (From D2, (c).) 

e. If I, is C-true in K, then every 2:, of K is true 
in S. (From T8f, (b).) 

T33-12 (lemma). If 5 is a true interpretation for K, 
then K does not contain a C-ambivalent !£,. (From D31-1, 
T8f, T8d, T9-2.) 

-1-T33-13. A C-inconsistent calculus has no true interpre- 
tation. (From D31-2 , Ti 2.) 

-FD33-3 . 5 is a false interpretation for K =Df 5 is an 
interpretation for K but not a true interpretation for K. 

-1-T33-20. 5 is a false interpretation for K if and only if 
at least one of the following two conditions is f ulfill ed- (If 
K does not contain a rvde of refutation, then condition (b) 
drops out and hence condition (a) is sufficient and necessary.) 

a. There is a I, and a I, such that I, ^ in 
K, and I, is true in S and is false in S 

b. There is a 3:, such that 2;, is directly C-false 
in K and true in S. 

(From D3, D2, T9-18.) 

This means that 5 is a false interpretation for K if and only 
if at least one of the rules of deduction in if is not in accord- 
ance with S', that is to say, either a primitive sentence (of K) 
is false (in 5), or the application of a rule of inference to true 
sentences leads to a false sentence, or a 2;, which is estab- 
lished as directly C-false by a rule of refutation is true. 

-1-T33-21. If S is an interpretation for K and if there is an 
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instance (i e. a 2:, or a pair X,) for which both concq)ts 
of one of the following pairs of concepts hold, then 5 is a 
false interpretation for K. 



Concept in K 

Concept in S 

Frou 

a. 

pnimtive sentence 

false 

TSa. 

b. 

X, derivable from X. 
provable 

X. true, X, false 

T8b, T9-18. 

c. 

false 

T 8 c 

d. 

C-false 

true 

T 8 d. 

e. 

jC, "^X, 

X. true.X, false 

T 8 e, Tp-rS 

f. 

C-true 

false 

T 8 f 

6 - 

C-eqmvalent 

non-eqmvalent 

T 8 g 

h. 

C-evclusn e 

both true 

TSh, Dg- 6 . 


§ 34. L-True and L-False Interpretations 

An interpretation 5 for ^ is called an L-tnie interpretation 
for K if direct C-unplication in K becomes L-implication m S 
and direct C-falsity m K L-falsity in 5 Under these conditions, 
the rules of K and 5 suffice to show that 5 is a true interpreta- 
tion for K. ‘L-false mterpretation’ is defined analogously, and 
further L- and F-terms for other kinds of mterpretations are 
defined. 

In accordance with our previous intentions with L-concepts 
in general (§ 16), we shall define 'L-tnic interpretation’ in 
such a way that this concept holds for those cases where the 
definitions embodied in the rules of K and S without any 
reference to factual knowledge constitute a suflBcient basis 
for establishing that 5 is a true interpretation for K. Thus 
in this case, according to T>^$-2a,, if by virtue of the rules 
of 2 ^ 2;, ^ Ij, then the rules of S must suffice to show that 
S, — » X3 in S, and hence I, T? I, in S. And likewise (D33- 
2b), if 2:, is directly false in K, it must follow from the rules 
of S that 2:, is false in S, and hence Xi must be L-false in S. 
This consideration shows that D34-1 is in accordance with 
our intention. 

-I-D34-1. 5 is an L-true interpretation for K S is 
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an interpretation for K such that the following two conditions 
are fulfilled. 

a. If S, 3c 2:^ in K, then 2:, T? Z, in 5 . 

b. If 2, is directly C-false in K, then 2, is L-false 
in S. 

T 34 - 1 . An L-true interpretation is a true interpreta- 
tion. (From Di, P14-3, P14-2, D33-2.) 

- 1 -T 34 - 6 . If 5 is an L-true interpretation for K and ©, is 
derivable from m K, then if, T? ©j in 5 

(The proof is analogous to that of T33-6, making use of 
P14-11, 12, and <;.) 

- 1 -T 34 - 8 . If 5 IS an L-true interpretation for K, then for 
any instance (i e. 2, or pair 2„ 2,) for which the concept 
(i) in one of the following pairs of concepts holds in K, con- 
cept (2) holds m S. 



(l) IK K 

(1) IK S 

From 

a. 

primitive sentence 

L-true 

D 28-10, Di, T14-34 

b. 

denvable 

L-implicate 

T6, Da^ab and c 

c. 

provable 

L-true 

D28-12, (b), T14-34 

d. 

C-false 

L false 

D28-3, (b), P14-7 

e. 

C-implicate 

L-implicate 

D28-4, (b), (d), P14-1S 

f. 

C-true 

L-true 

D28-5, (e), T14-34 

g- 

C-eqmvalent 

L- equivalent 

D28-6, (e), P14-9 

h. 

C-deternunate 

L-determinate 

D30-1, (f). (d), D14-1 

1. 

C-exclusive 

L exclusive 

D30-3. (d), D14-2 

J- 

C-dependent 

L-dependent 

D30-4, (e), ( 0 i D14-3 


T 34 - 9 . If 5 is an L-true interpretation for K and 2 , is 
C-complete in K, then the following holds. 

a. Every 2, in .ST is L-dependent upon 2 , in S. 
(From D30-4, T8j.) 

b. If V5 = Vjj (i.e. if S does not contain other sen- 
tences than K) 2 , is L-complete in S. (From 
(a), T14-64 ) 

T 34 - 10 . If 5 is an L-true interpretation for K and 2 < is 
C-comprehensive in K, then the following holds. 
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a. Every X, in K is an L-implicate of I, in S. 
(From T30-52d, T8e ) 

b. If K contains a Xj which is L-complete in S, 
then Xi is L-complete in S. (From (a), Tr4- 
92.) 

c. If K contains a Xj which is L-comprehensive 
in S, then Xi is L-comprehensive m 5 . (From 
(a), Tr4-io6.) 

T 34 - 11 . If S is an L-true interpretation for K and is 
factual in S and belongs to K, then I, is C-indeterminate in 
K. (From D2o-r, T8h, D30-2.) 

T 34 - 12 . If 5 is an L-true interpretation for K and 1 ?, 
is L-perfect m S and belongs to K, then 2;, is C-perfect in K. 
(From D30-7, T8e, 014-7.) 

We shall define ‘L-false interpretation’ in such a way 
that this concept holds for those cases where the rules of K 
and S, without reference to facts, sufiSce to show that 5 is a 
false interpretation for K A consideration similar to that 
for ‘L-true interpretation’ leads here to the following defi- 
nition. 

+D 34 - 2 . S is an L-false interpretation for K =Df 5 is 
an interpretation for K and at least one of the following two 
conditions is fulfilled. 

a. There is a X, and a X, such that X, Xj in .K 
and X, IS L-true and X, L-false in S. 

b. There is a X, which is C-false in K and L-true 
in S. 

It is noteworthy that the conditions for ‘true interpretation’ 
(D33-1), ‘false interpretation’ (T33-20), and ‘L-true interpreta- 
tion’ (Di) need only refer to direct C-concepts, while that for ‘L-false 
interpretation’ (D2) must make use of general C-concepts (‘C-im- 
phcate’ and ‘C-false’). In order to show that this is necessary, let us 
suppose, for instance, that K possesses two rules of inference Ri and 
R2 such that Ri leads e g from ©x to ©2 and R2 from ©2 to ©j, and 
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that in 5 ©i is L-true, ®3 L-false, but ©2 factual Then each of the 
two rules separately does not lead in these two instances — nor, let 
us suppose, in any other instance — from an L-true to an L-false sen- 
tence. Nevertheless, the two rules combined lead from the L-true ®i 
to the L-false ©3, and therefore we want to call S an L-false interpre- 
tation for K 

Generally, if 5 is a false mterpretation for K, then there must be 
a single rule of deduction m K for which S is a false interpretation 
(T33-20), while m the case of an L-false interpretation it is not neces- 
sarily a smgle rule which is responsible but sometimes only a combma- 
tion of rules. This situation is analogous to the followmg any false 
Si necessarily contams a false sentence, but an L-false S, need not 
necessarily contain an L-false sentence, it might be that every sen- 
tence of S, IS factual and only their combination makes the whole of 
S, L-false (see example Ss m § 21) 

T 34 - 20 . An L-false interpretation is a false interpreta- 
tion. (From P14-1 and 2, T33-2ie and d.) 

-hT 34 - 21 . If S is an interpretation for K and if there is an 
instance (i.e. a I, or a pair I,, I,) for which both concepts 
of one of the followmg pairs of concepts hold, then S is an 
L-false interpretation for K. 



Concept in K 

Concept in 5 

From 

a. 

E, derivable from X, 

X. L-true, X, L-false 

D2a, T29-30 

b. 

provable 

L-false 

D28-12, (a),Ti4-33 

c. 

primitive sentence 

L-false 

(b) 

d. 

duectly C-false 

L-true 

D2b, T29-21 

e. 

C-true 

L-false 

Daa, T14-33 

f. 

2:1 dC 3:, 

X. L-true, X, L-false 

T29-37, D2a 


-I-T 34 - 25 . Every mterpretation of a C-inconsistent calcu- 
lus is an L-false interpretation. (From T3i-23d, T14-33, 
D34-2b.) 

The followmg definitions of L- and F-concepts for inter- 
pretations are analogous to the definitions of the correspond- 
ing L- and F-concepts for I (§ 21). 
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+D34-3. S is an L-determinate interpretation for 
K = Df -S' is an L-true or an L-false interpretation for K. 

+D34-4. S is an (L-indeterminate or) factual inter- 
pretation for if = Df 5 is an interpretation for K but not an 
L-determinate interpretation for K 

In the case of an L-determinate interpretation the rules of 
K and 5 suffice to find out whether it is a true or a false in- 
terpretation, while in the case of a factual interpretation 
knowledge about facts is necessary. 

D34-5. S is an F-true interpretation for K =Df •S' is 
a true interpretation for K but not an L-true interpretation 
ioiK. 

T34-40. S is an F-true interpretation for K if and only 
if 5 is a factual and a true interpretation for K. (From 
Ds, D4, D3.) 

D34-6. 5 is an F-false interpretation for K =Df 5 is 
a false interpretation for K but not an L-false interpretation 
for K. 

T34-45. S is an F-false interpretation for K if and only 
if 5 is a factual and a false interpretation for K. (From D6, 
D4, D3.) 

T34-46. 5 is a factual interpretation for K if and only if 
5 is an F-true or an F-false interpretation for K. (From 
T40 and 45.) 

The definitions given furnish a classification of the inter- 
pretations for any given calculus, which is perfectly analogous 
to the classification of the sentences of a given semantical 
system as exhibited by a diagram in § 21. There we found 
that for a particular system any one or two or three of the 
four kinds of sentences (i. L-true, 2. F-true, 3. F-false, 
4. L-false) may be empty. As to the corresponding kinds of 
interpretations for a particular calculus K, we have seen that 
(i), (2), and (3) are empty if K is C-inconsistent (T34-25). 
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Whether in any other case any of the four kinds may be 
empty is not known. It seems doubtful whether there can 
be a C-consistent calculus for which any of the four kinds 
of interpretation is impossible (in a sufficiently rich meta- 
language). 

If the concepts ‘logical sign’ and ‘descriptive sign’ (§13) 
are available, either in general semantics or in the special 
semantics of a particular system S, we may distinguish be- 
tween logical and descriptive interpretations in the following 
way. 

D 34 - 7 . S is a logical interpretation for iS" = or 5 is 
an interpretation for K and every sign of K is logical in S. 

D 34 - 8 . S IS a descriptive interpretation for — of 5 
is an interpretation for K and at least one sign of K is descrip- 
tive in S. 

T 34 - 50 . If K„ and K„ are coincident calculi and S is 
an interpretation for of one of the kinds here defined 
(a. interpretation, b. true, c. false, d. L-true, e. L-false, 
f. L-determinate, g. factual, h. F-true, i. F-false, j. logical, 
k. descriptive interpretation), then 5 is an interpretation 
of the same kind for K„. (From T31-68 and 69.) 

§ 35 . Examples of Interpretations 

Several calculi and semantical systems are outlmed, as ex- 
amples of the different kmds of interpretations defined in 
§§ 33 and 34 

Among the examples of systems constructed previously 
there were the semantical S3rstems S3 and S4 (§§ 8 and 15) 
and the calculi Ki and K2 (§§ 27 and 30) We shall now ex- 
amine the relation between Ki, K2, and some similar calculi 
on the one hand and S3, S4, and some similar semantical 
systems on the other hand, in order to find out whether some 
of these systems are interpretations for those calculi, and, if 
so, to which of the kinds of interpretations defined above 
they belong. 
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Ki represents the ordinary propositional calculus. S3 shows 
a close relationship to Ki , but ivhile Ki, as a calculus, applies 
primitive sentences and rules of inference, S3 applies truth- 
tables. These two methods are sometimes regarded as on a 
par, as alternative methods for representing the ordinary 
propositional calculus But in fact they are fundamentally 
different. The method of primitive sentences and rules of 
inference is formal and hence belongs to s> ntax. The method 
of truth-tables states truth-conditions for the sentences and 
hence gives an interpretation and belongs to semantics. 
[There is, however, a formal method of value-tables (some- 
times called matrices) analogous to that of the truth-tables 
but not mvohmg the concept of truth] A system which, 
like S3, applies truth-tables should therefore not be called 
propositional calculus, a term like ‘propositional logic’ 
would seem more suitable (A more detailed discussion of the 
relation betiveen propositional calculus and propositional 
logic will be given m [II].) 

lor reference in the subsequent discussion of interpretations some 
features of S3, S4, Ki, and Ka are listed here 

A. S3 (§ 8) contains some atomic sentences and molecular sentences 
with ‘ ~ ’ and ‘ V ’ 

B. S4 (§ 8) contains the same atomic sentences as S3 but more 
connectives 

C. S4 contains all sentences of S3 

D. Truth rules for the atomic sentences of Ss, see § 8, rules (3) and 
(4a) 

E. Truth rules for the atomic sentences of Si are the same as those 
for S3 

F. Truth rules for the molecular sentences of S3, see § 8, rules (4b) 
and (4c) , they correspond to the ordmary truth-tables 

G. Truth rules for the molecular sentences of Si, see § 8, rules (4b) 
to (4!), they correspond to the ordinary truth-tables For the sen- 
tences which belong to S3 also, the rules are in accordance with those 
of Sa. 

H. The L-concepts for S3 and Si are defined with the help of the 
ordinary tmth-tables (§ 15 at the end, rules sa to g). 
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M. Ki and Kj (§27, C-termmology § 30 at the end) contain the 
same sentences as S3 

N. Ki and Kj contain four forms of primitive sentences. 

O. Ki and K2 contain only one rule of inference is directly 
derivable from (§ 30 a direct C-implicate of) {~©», V ©,, ©*} 

P. Ki contams no rule of refutation 

Q. Rule of refutation for K2. “ {‘P(a)’, ‘~P(a)’} (^1) is directly 
C-false”. 

S3 is an inlerpretalion both for Ki and for Kj (D33-1, M), likewise 
S4 (C). It will be shown that they are true and, moreover, L-true 
mterpretations 

It can easily be seen that any sentence of the four forms of primitive 
sentences (N) satisfies the ordmary truth-tables and hence is true in 
S3 (F) and S4 (G), and, moreover, L-tnie (H, rule (sa)) Therefore, 
for any sentence ©a of this kind, A ©i in S3 and S4, and, moreover, 
A 1? ©A Now we examine the rule of inference (O), If ~©a V ©, and 
©A are true m S3, then ~©a is false (F, rule (4b)) , if in this case ©, were 
false, ~©* V ©, could not be true (rule (4c)), therefore ©, is true 
Hence ©, is an implicate of {~©aV2,, ©a| (D9-3) Thus ©3 is a 
true interpretation for Kj (P, 1)33-2) Likewise S4 (E, G) For Kz, the 
rule of refutation (Q) must also be examined Si is false in S3 (T9-1, 
F rule (4b)) and m S4 (E, G) Therefore condition (b) m D33-2 is 
also fulfilled Hence S3 is a true interpretation for K2, and likewise S4 

If we construct the truth-table (§ 15) with the arguments ©a and 
©„ then we find ‘T’ for ©a on lines (i) and (2), for ©, on (i) and (3), 
hence for ~©a on (3) and (4), for ~©a V ©, on (i), (3), and (4), for 
{~©iV©,, ©Alon(i)only Thus©, has ‘T’ on every line on which 
the class mentioned has ‘T’ Therefore ®, is an L-rmplicate of this 
class in Ss and S4 (see rule (50) for S3, § 15) Previously we found that 
the primitive sentences of Ki are L-true in S3 and S4 Therefore, S3 
IS an L-true interpretation for Ki (P, D34-1), and likewise S4 For Kz, 
the rule of refutation (Q) must also be examined The truth-table 
for £1 has ‘F’ on each line Therefore, £, is L-false m S3 and S4 (H) 
Thus condition (b) m D34-1 is also fulfilled S3 is an L-true interpreta- 
tion for K2, and likewise S4 

We construct the calculus K3 out of Ki by adding ‘P(a)’ (©1) as a 
primitive sentence Accordmg to D, ©, is true m Ss if and only if 
Chicago IS large Hence, ©i is true However, ©, does not fulfill the 
condition for L-truth in S3 (H), hence ©, is F-true m S3 (D21-2) We 
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know that ®i is true in S3 not by merely analyzuig this sentence on the 
basis of the semantical rules of S3 but by using, in addition, the result 
of certain geographical observations The other rules of K3, namely 
those of Ki, have already been examined Thus S3 is a true interpre- 
tation for K3 as it IS for Ki, but here, m contradistmction to Ki, it is 
not an L-true interpretation Hence, S3 is an F-triie interpretation for 
K3 (D34-5) , and likewise S4 

We construct K4 out of Ki by addmg ‘~P(a)’ ( 02 ) as a primitive 
sentence By an analysis similar to that concerning 0 i, is e find that 
©2 IS false but not L-false and hence F-false in S3 Hence, S3 is a false 
mterpretation for K4 (T33-2ra), and likewise S4 S3 is not an L-false 
interpretation for K4 (D34-2) Therefore, S3 is an F-false ‘interpreta- 
tion for K4 (D34-6) . and likewise S4 

We construct Ks out of Ki by addmg both 0 i and ©2 as primitive 
sentences Then each of these sentences is C-true m K5 (T29-ioib) 
Hence the class of these two sentences, is also C-true in Ks (T29- 
73), but it is L-false in S3 (as found above in the analysis of Kq) 
Therefore, S3 is an L-false interpretation for Ks (T34-2re). and like- 
wise S4 

We construct Ka out of K2 by adding the same two sentences Si 
and ©2 as primitive sentences Then is C-true in Ka also On the 
other hand, fii is directly C-false m K2 (Q) and hence m Ka, and there- 
fore also C-false m Ka (T29-21) Thus, ^1 is C-ambivalent m Ka 
(D3i-r), and Ka is a C-inconsistent calculus (D31-2) Therefore every 
interpretation for Ka is an L-false mterpretation (T34-25), e g S3 and 
S4 and any other semantical system contammg the sentences of Ka 
For S3, this IS easily seen by the same consideration as with Ks 

We have found L-false mterpretations for Ks and Ka Ka is C-m- 
consistent because it contams a C-ambivalent Ks is, although 
C-consistent (P, T31-31), similar to C-inconsistent calcuh, because 
is, although not C-ambivalent, i e both C-true and C-false, never- 
theless both C-true and C-comprehensive m Ks (because every class 
of the form {©,, ~@,} is C-comprehensive in Ki, see examples at the 
end of § 30). There are, however, L-false interpretations also for 
calcuh of other, so to speah, quite normal kinds, e g. for Ki and K2, as 
seen by the following example 

We construct the semantical system S9 out of S3 by taking the fol- 
lowing rule instead of rule (4c) (F). A sentence of the form ®, V ®j 
is true if and only if both ©, and ©, are true, in other words, we take 
as the truth-table for ‘ V ’ m Sg not the table of disjunction, as in S3, 
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but the table of conjunction (i c the tabic for ‘ ’ in S4) We change 
(H) in the same way for Sg Then every sentence of the form ©, V ~®, 
is L-false m Sg (as ©, • ~©, is L-false in S4) On the other hand, m 
K.1 and Kg, ©, V ~®, is provable (the proof is similar to the example 
in § 27, with an additional step usmg a primitive sentence of the form 
(ic)) and hence C-true (T2g-ioo) Therefore, Sg is an L-false mter- 
pretation for Ki and for Kg (T34-2ie) But Ki and Kg are C-consistent 
(see examples for D31-3) 

§ 36. Exhaustive and L-£xhaustive Calculi 

K is said to be m accordance with 5 if 5 is a true interpreta- 
tion for K If, m addition, the C-concepts m K comcide with 
the radical concepts or with the L-concepts m S, K is called, 
respectively, an exhaustive or an L-exhau stive calculus for S. 

In the last sections we regarded calculi as given and dis- 
cussed the relations which semantical systems might have 
to them as interpretations of various kinds. Now let us look 
at the relation between calculi and semantical systems from 
the other direction let us suppose that a semantical system 
5 is given, under what conditions should we say of a calculus 
K that it is in accordance with If S is given and we try to 
construct K so as to fit to S, then that means that K is in- 
tended to be a syntactical representation of some features 
of S, these features must be such that they can be repre- 
sented in a syntactical, that is to say, a formal, way. That 
a certain sign of 5 designates a certain object and that a 
certam sentence of S asserts a certain fact cannot be repre- 
sented syntactically, these features are essentially semanti- 
cal. But that a certain sentence @1 of S is true, that @3 is 
an implicate of ©2, that ©4 and ©5 axe exclusive, can be 
represented s)mtacticaUy. These and similar features of S, 
especially also those concerning L-relations, e.g. L-implica- 
tion, can be mirrored in a calculus K and thereby formalized. 
The fonnahzation of the features mentioned would e.g. con- 
sist in constructing K in such a way that ©1 becomes C-true, 
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that ®3 becomes a C-implicate of ®2, and that ©4 and ©5 
become C-exclusive. 

We should obviously not accept K as being in accordance 
with 5 , i.e. as a correct syntactical representation of features 
of S, if some I, which is false in S were C-true in K, or if a 
I, which is true in S were C-false in K, or if I, were true 
in S and X, false in S but X, a C-implicate of 2:, in K. But 
we need not explicitly exclude these cases. If we exclude the 
correspondmg cases for the direct C-concepts, as Di does m 
combination with D33-2, then the cases mentioned for the 
general C-concepts are also excluded, as shown by T33-8. 

D 36 - 1 . A calculus is in accordance with a semantical 
system 5 = d£ 5 is a true interpretation for K. 

Since the relation here defined is simply the converse of the 
relation ‘true interpretation for’, we need not state special 
theorems here, the theorems in § 33 can immediately be 
applied The concept defined does not involve that K covers 
the whole of S, conditions of this kind will constitute other 
concepts (D2 and 3). Here it is only required that K does 
not, so to speak, contradict any features of 5 , it may cover 
any part of 5 , however small. Therefore, for any semantical 
system S there is a calculus — and indeed many calculi — 
in accordance with it. 

A simple though trivial way of constructing a calculus K such that 
It IS in accordance with a given system S and even contams aU sen- 
tences of S IS to make ‘direct C-implication’ and ‘directly C-false’ 
empty — in other words, let K not possess any primitive sentences, 
rules of inference, or rules of refutation, then, nevertheless, there are 
derivations mK — though only trivial ones — and ‘C-true in K’ and 
‘C-implicate in K’ are not empty (T29-76, T29-32, 49, and 50) 

If we find out that certain sentences are true in 5 — either 
finding by a logical analysis that they are L-true or finding 
by empirical investigation that they are F-true — then we 
may select any number of them and construct K in such a 
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way that they become C-true in K This is done by taking 
a suitable sub-class of these sentences, or if necessary all of 
them, as primitive sentences (i e. direct C-implicates of A) 
in K. And likewise, if we find instances of implication (other 
than with A), either L- or F-implication, in 5 , then we may 
select any part of them and represent them by C-implication 
in K This is done by taking a smtable sub-class of the m- 
stances selected, and if necessary all of them, as cases of 
‘ direct C-implication ’, to be represented by rules of inference 
in K. And finally, if we know instances of either L- or F-fal- 
sity in 5 , we may represent any selection of them (in custom- 
ary practice none) by C-falsity m K This is done by taking 
a suitable sub-class of them, and if necessary all of them, as 
directly C-false in K, to be represented by rules of refutation 
If we proceed in this way, then the resulting calculus K will 
be m accordance with S. The selection of the extension of 
C-implication (and thereby also of C-truth) and C-falsity is 
essential for the nature of the resulting calculus and its re- 
lation to 5 Of a different nature is the problem of the choice 
of suitable sub-classes as extensions for direct C-imphcation 
(primitive sentences and rules of inference) and direct 
C-falsity (rules of refutation) m such a way as to yield (at 
least) the selected extensions of C-truth, C-implication, and 
C-falsity. Whether this problem is solved in one way or 
another may sometimes be of great practical importance, 
but it does not affect the essential features of the resultmg 
calculus. If different ways are chosen, the resulting calculi 
will be coincident (031-9), although not necessarily directly 
coincident (D31-8). 

While in constructing a calculus we may choose the rules 
arbitrarily, in constructing a calculus K in accordance with 
a given semantical system S we are not entirely free In some 
essential respects the features of S determine those of K, 
although, on the other hand, there is still a freedom of choice 
left with respect to some features. Thus logic — if taken as 
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a system of formal deduction, in other words, a calculus — is 
in one way conventional, in another not. If, however, by 
logic we imderstand the rules of logical deduction expressed 
in the definitions of the L-concepts for a given semantical 
system, then logic is not essentially conventional because the 
L-concepts cannot be chosen freely if they are to fulfill the 
requirement of adequacy (§ 16 ). 

For discussions of the question of the conventional character of 
logic see WV Quine, “Truth by Convention”, PM Essays for A N. 
Whitehead, 1936, and [Foundations] § 12 

-1-T36-1. If K is in accordance with S, then K is C-con- 
sistent. (From Di, T 33 - 13 .) 

If a semantical system 5 is given, then among the calculi 
which are in accordance with S there are two cases of special 
interest first, when the C-concepts in K comcide with the 
radical concepts m S, and, second, when they coincide with 
the L-concepts in S. In the first case, the C-concepts in K 
have the maximum extension possible in a calculus m ac- 
cordance with S, in this case we call K an exhaustive calculus 
for S (D 2 ), m the second case we call K an L-exhauskve 
calculus for S (D 3 ) 

D36-2. K is an exhaustive calculus for 5 =Df the fol- 
lowing two conditions are fulfilled . 

a. ‘ C-implicate m K' and ‘ implicate in S ’ coincide. 

b. ‘C-false in K’ and ‘false m S’ comcide. 


T36-13. If iiT is an exhaustive calculus for S, then in each 
of the following pairs of concepts concept (i) in K and 
concept ( 2 ) in 5 comcide. 



(l) IN K 

{2) IN S 

From 

a. 

sentence (Vjc) 

sentence (V5) 

Dsa, T9-i4a, T2g-32 

b. 

C-true 

true 

T9-3S7 Dsa, D28-5 

c. 

C-eqmvalent 

equivalent 

T9-20C, D2a, D28-6 

d. 

C-exclusive 

exclusive 

T9-27, D2b, D30-3 

e. 

C-comprehensive 

comprehensive 

D9-9, Dsa, (a), D30-6 

f. 

C-mterchangeable 

interchangeable 

Dio-is, (a), (c), D31-13 
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T 36 - 14 . If K is an exhaustive calculus for S, then in each 
of the foUowmg pairs of concepts the extension of concept 
(i) in 5 is contained in that of concept (2) in K (i.e. for any 
instance, or pair 2:„ 2:^, for which concept (i) holds in S 
concept (2) holds in K). 



(l) IN 5 

(2) IN K 

From 

a. 

L-impUcate 

C-impUcate 

P14-3, Dsa 

b. 

L-false 

C-false 

P14-2, D2b 

P14-1, Ti3b 

c. 

L-true 

C-true 

d. 

L-equivalent 

C-equivalent 

T14-2, T13C 

e. 

L-detenmnate 

C-determinate 

D14-1, (c), (b), D30-1 

f. 

L-ezclusive 

C-exclusive 

D14-2, (b), D30-3 

6- 

L-dependent 

C-dependent 

D14-3, (a), (f), D30-4 

h. 

L-complete 

C-complete 

r>i4-4, (g), Ti3a, D30-S 

1. 

L-comprehensive 

C-comprehensive 

r>-i 4 -S. (a). Ti3a, D30-6 


T 36 - 15 . If iiC is an exhaustive calculus for 5 and is 
C-perfect in K, then S, is L-perfect in S. (From D30-7, 
D14-7, Ti4a.) 

T 36 - 18 . If K is an exhaustive calculus for 5 , then the fol- 
lowing is the case; 

a. 5 is a true interpretation for K. (From D2, 
D33-2, T29-37 and 21.) 

b. K IS in accordance with S. (From (a), Di.) 

c. K is C-consistent. (From (b), Ti.) 

d (lemma). Every is C-determmate. (From 

Ti3b, D2b, D30-1.) 

e. K a C-determinate calculus. (From (d), 
D3<^8.) 

T 36 - 20 . If is an exhaustive calculus for S, then K„ is 
an exhaustive calculus for S if and only if Km and K* are 
coincident. (From D2, D31-9.) 

T 36-21 (lemma). If every sentence which is true in 5 is 
C-true in K and every sentence which is false is 5 is C-false 
in K, then the following is the case: 
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a. Every 3:, which is true in S is C-true in K. 

(From Dio-i, T29-73.) 

b. Every 3;, which is false in 5 is C-false in K. 

(From Tio-i, T29-23.) 

c. If SE, — 3;^ in S, then 3 :, I, in K. 

Proof. If the condition is fulfilled, then either I, is false or X, is true 
(D10-3). In the first case is C-false (a), and T29-31 applies, in 
the second X, is C-true (b), and T29-74 appbes 

T36-22. K is an exhaustive calculus for 5 if and only if 
the following four conditions are fulfilled together: 

a. Every sentence which is true in 5 is C-true in K. 

b. Every sentence which is false in 5 is C-false in K. 

c. Every sentence of K belongs to S. 

d. K is C-consistent. 

Proof. If the four conditions (a) to (d) are fulfilled, the followmg 
holds. I If J, 'c* 3 i, m X, then S, — » in 5 [Otherwise E, would 
be true and X, false (T9-18), hence X^ C-true and X, C-false (T2ia 
and b), hence K C-inconsistent (T31-19).] 2 ‘C-implication in X’ 
and ‘implication in 5 ’ coincide (From (i), T21C.) 3 If 3 i, is C-false 
in X, It is false m 5 [Otherwise Xt would be true, and hence C-true 
(T2ia), hence C-ambivalent, hence X would be C-mconsistent ] 
4 ‘C-false m X' and ‘false m 5 ’ comcide (From (3), T2ib ) s X is 
an exhaustive calculus for S. (From D36-2, (2), (4) ) The inverse 
follows from Ti3b, D2b, Ti3a, Ti8c 

T36-23. K is an exhaustive calculus for S if and only if 
the following three conditions are fulfilled together: 

a. Every sentence of S belongs to K. 

b. 5 is a true interpretation for K. 

c. K is C-determinate. 

Proof I. Let X be an exhaustive calculus for 5 Then the conditions 
(a) (from Ti3a), (b) (from Ti8a), and (c) (from Ti8e) are fulfilled 
2. Let the conditions (a), (b), and (c) be fulfilled. Then every sen- 
tence which IS true m 5 is C-true m X, because it is C-determinate 
(c), and not C-false (b). Analogously, every sentence which is false 
in 5 is C-false m X Every sentence of X belongs to S (b, D33-1). 
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K is C-consistent (b, T33-13). Therefore, X is an exhaustive calculus 
for 5 (T22). 

T36-25. If X is an exhaustive calculus for S^, and S„ is a 
true interpretation for K containing only sentences of K, 
then Sm and S„ are equivalent systems (Compare D9-11.) 

Proof Let the conditions be fulfilled Then S„ contains the same 
sentences as K (Ti3a) and hence the same as Sn If 3 , is true m S,,, 
it is C-true in K (Ti3b) and hence true m S„ (T33-8f) If 3 , is false 
in S„, It IS C-false m K (D2b) and hence false m S„ (T33-8d) There- 
fore Sm and Sb are equivalent systems (T9-70). 

If a sj’stem S is rich in smgular factual sentences, then in 
most cases we do not have sufficient factual knowledge for 
determining the truth-values of all sentences in S. Under 
these conditions we are not in a position to construct an ex- 
haustive calculus for S. Therefore, the construction of an 
exhaustive calculus is usually attempted only in the follow- 
ing two cases i S contains no factual sentences. In this 
case the concept ‘exhaustive calculus for S’ coincides with 
the concept ‘ L-exhaustive calculus for 5 ’ to be defined soon. 
2. S contams factual sentences also, but m such a way that 
all of them are L-implicates of a small number of sentences 
which are knoivn (or assumed) to be F-true, eg a set of fun- 
damental laws of a physical theory In this case, in order 
to construct K„ as an exhaustive calculus for 5 , we first 
construct K„ as an L-exhaustive calculus for 5 (see below) 
and then build K„ out of by adding those fundamental 
F-true sentences as primitive sentences. 

Most of the calculi in practical use at the present time contain no 
rules of refutation and hence no C-false 2 !. Therefore, a calculus K 
of this kmd cannot be an exhaustive calculus for a system S (unless 
5 were to contain only true sentences) in the general sense defined by 
D2. But K may be exhaustive for S m the more restricted sense that 
C-implication in K comcides with implication m .S If this is the case, 
then the following of the previous theorems still hold for K and S, 
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because thej’’ are based only on condition (a) of Da' Ti3a, b, c, e, f, 
Ti4a, c, d, i, T15, TiSa, b, c, Tao 

+D36-3 . iiT IS an L-exhaustive calculus for 5 =Df the 
following two conditions are fulfilled' 

a. ‘ C-implicate in K' and ‘ L-implicate in 5’ co- 
incide. 

b. ‘C-false in K’ and ‘L-false in S’ coincide. 
-}-T36-30. If K is an L-exhaustive calculus for S, then 

in each of the following pairs of concepts concept (i) in K 
and concept (2) in S coincide. 



(l) IN K 

( 2 ) IN 5 

Fbom 

a. 

sentence 

sentence 

Dja, T29-32, P14-8 

b. 

C-true 

L-tnie 

D3a, D28-S, Ti4-sia 

c. 

C-equi\alent 

L-equivalent 

D3a, D28-6, T14-9 

d. 

C-determinate 

L-detenmnate 

D30-1, Di4-i, (a), D3b 

e. 

C-etclusive 

L-eaclusive 

D30-3, D14-S, D3b 

f. 

C-dependcnt 

L-dependent 

D30-4, D14-3, Dsa, (e) 

g 

C-mdeternunate 

factual 

D30-2, D21-1, (a), (d) 

h 

C-complete 

L-complete 

D30-S. D14-4. (a), Dsa, (e) 

1. 

C-comprehensive 

L-comprehensive 

D30-6, D14-S, (a), D3a 

j- 

C-interchangcable 

L-mterchangeable 

D31-13 D14-6, (a), (c) 

k. 

C-perfect 

L-perfect 

D30-7, D14-7, D3a, (a) 


-1-T36-34. If iT is an L-exhaustive calculus for S, then the 
follo-wing is the case: 

a. S is an L-true interpretation for K. (From D3, 
D34-1, T29-37 and 21.) 

b. iT is in accordance with S. (From (a), T34-1, 
Di.) 

c. K is C-consistent (From (b), Ti.) 

d. TT is a C-determinate calculus if and only if 
S is an T. -deter min ate system. (From D30-8, 
D14-8, T3oa and d ) 

T36-36. If Km is an L-exhaustive calculus for S, then 
K„ is an L-exhaustive calculus for S if and only if K*, and 
K„ are coincident. (From D3, D31-9.) 
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If a semantical system 5 is given, then it is often more 
important to construct an L-exhaustive calculus for S than 
an exhaustive one. An L-exhaustive calculus for S represents 
logical relations holding within S and especially logical deduc- 
tion in 5 in a formal way. Thus it is a formalization of the 
logic of S (as far as this logic is represented by L-implication 
and L-falsity). (The problems of the formalization of logic 
wUl be discussed in detail in [II] ) 

Here again we have to take into consideration the fact that most 
calculi up to the present do not contain rules of refutation and hence 
cannot be L-exhaustive for S (unless S does not contain any L-false 
I,) But we often find a calculus K which is in a restricted sense L-ex- 
haustive for a certain S, such that C-implication in K coincides with 
L-implication in S. If this is the case, then the following of the theo- 
rems given above apply also to K and S, although K is not an L-ex- 
haustive calculus in the strict sense for 5 T3oa, b, c, i, j, k, T34a, b, 
c, T36. 

For certam semantical systems, L-exhaustive calculi cannot be 
constructed without using transfimte rules (§ 25, at the end) (See 
[Foundations] § 10, at the end.) 

Examples of exhaustive and L-exhausiive calculi We again use the 
systems S3 and S4 and the calcuh Ki and Kj analyzed in § 35 We 
found that both S3 and S4 are true interpretations for Ki and for K2, 
therefore, both Ki and K2 are in accordance with S3 and with S4 

Now It wUl be shown that K2 is an L-exhaushve calculus for S3 
The primitive sentences and the rule of inference in Kj are those of 
the ordmary propositional calculus It is known for this calculus 
I that all the tautological sentences, ue those whose truth-table has 
a ‘T’ on each line, and only these, are provable (and hence derivable 
from A) m it, and 2 that ®, is denvable from a non-empty K, in this 
calculus if and only if the truth- table of ©, has a ‘T’ on every line on 
which that of has a ‘T’. Because of (i), ‘L-true in S3’ coincides 
with ‘provable in K2’ and hence with ‘C-true m K2’ (T31-36, it was 
shown in § 31 that K2 is C-consistent) In other words, ‘L-implicate 
of A in S3’ coincides with ‘C-implicate of A in K2’ Because of (2), 
for a non-empty J, ‘L-implicate of Si.m S3’ coincides with ‘derivable 
from I, m K2’ and hence with ‘C-implicate of S, m K2’ (T29-SS1 that 
K2 fulfills the condition in this theorem has been shown m §30). 
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Therefore, generally, ‘L-unplicate m S3’ coincides with ‘C-implicate 
in K2’. Finally, the class which is directly C-false in K; has been 
shown in § 35 to be L-false in S3 T, is C-false in Kj if and only if 
IS derivable from I, in K; (D28-3), hence if and only if 2 , in 
Sa (see above), hence if and only if 2 , is L-false in S3 (T14-5S) There- 
fore Kj IS an L-exhaustive calculus for S3 (D3) 

In order to get an example of an exltauslivc calculus for S3, let us 
construct Kg out of Kj bj- adding sue factual sentences as primitive 
sentences First, we have to find out by obser\-ations which of the six 
atomic sentences in Kj are, on the basis of their interpretation in S3, 
true and which false (as w-e did with one of them, 3 i, m § 35) Then 
we take as additional primitive sentences m Kg the true atomic sen- 
tences and the negations of the false ones, hence six F-true sentences 
We give an abridged indication of the proof for the statement that Kg 
IS an exhaustive calculus for S3 i With respect to the ordinary prop- 
ositional calculus and hence K* the following can be shown If a 
molecular sentence with n different components has ‘T’ on a cer- 
tain Ime of its truth-table, then is derivable from the class of 
the foUowmg « sentences if a component of has ‘T’ on the line 
m question, it. belongs to otherwise its negation belongs to 
2 If IS true m S3 it is provable and C-true m Kg (This foUow’S 
from (i). We take the Ime which ascribes to the components those 
truth-values which they have in S| Then all sentences of i?, are addi- 
tional primitive sentences m Kg is derivable from in Ka and 
hence provable in Kg ) 3 If is false in Ss, it is C-false m Kg (If 
®, is false is true m S3 and hence C-true in Kg (2). Hence ®, 
{©„ ~©,} ®i, the directly C-false class’in Ka and Kg, is a C-implicate 
of any class of the form just mentioned (§ 30). Therefore, ®, "c^ ^1, 
hence ©, is C-false ) 4 Kg is C-consistent (Ka is C-consistent; the 
class of the additional primitive sentences m Kg is not C-false in Eg.) 
5. Kg is an exhaustive calculus for Sg (T36-22). 
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§ 37. Terminological Remarks 

These remarks concern either particular terms or general 
terminological questions with respect to the formation of terms 
(e g as names of calculi, for kmds of variables, etc ). 

The new systematization of logic will make it necessary at some 
time in the future to construct a new, systematic terminology The 
present stage is not yet ripe for such an enterprise The terminology 
will certainly depend upon the structure of the whole theory. We can- 
not know whether the outlines of the structure as we see it today in 
its two parts, syntax and semantics (or three parts, if we divide se- 
mantics mto radical semantics and L-semantics), will not undergo 
major changes even in the near future, since everything is still in the 
first stages of development Thus, with respect to the choice of terms, 
we cannot do more at the present moment than look for terms which 
seem to fit into the framework as we see it today, paying due regard 
to terms which are in common use or used by outstanding authors 
In the terminological remarks m this section, reference will be 
made to the following books, in addition to the bibliography. 

Baldwin, J M Dictionary of Philosophy and Psychology. New York 
and London, 3 vols , 1901-05 

Cohen, M. R , and Nagel, E. An Introduction to Logic and Scientific 
Method. New York, 1934 

Eisler, R. Handworterbuch der Philosophic Berlin, 1913 
Lalande, A. Vocabulaire technique et critique de la philosophic Paris 
(1902-23), 4th ed , 3 vols., 1932. 

Langer, S. Introduction to Symbolic Logic. Boston and New York, 
1937 - 

Qume, W. V. A System of Logistic Cambridge, Mass , 1934 
Russell, B. [Prmciples] The Principles of Mathematics Cambridge 

(1903)1 1938- 

* If, in the following, different terms for a concept or different 
meanmgs for a term are discussed, then that marked by an asterisk 
is the one used in these studies. 
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AbsAtUe Concepts, see Connections, Radical Terms (2), 'True’. 

C-, see: Prefixes 

Calculi (§ 24). Two possible wa3rs of fo rmin g names for particular 
calctili: I with reference to expressions or signs occurrmg (eg ‘sen- 
tential calculus’, ‘calculus of predicates’). II* with reference to 
designata (eg ‘propositional calculus’* or ‘calculus of propositions’, 
‘functional calculus’* or ‘calculus of funcbons’, ‘calculus of classes’, 
‘calculus of relations’, ‘calculus of real numbers’). II seems much 
more usual, as the examples show A name of this kind is given to a 
calculus with regard to its chief interpretation, 1 e that which the 
author chiefly has in mmd Although this is, strictly speaking, some- 
thing outside of sjmtax and hence foreign to the calculus itself, the 
designation may be used within S3mtax also if taken merely as a con- 
ventional name for the calculus If used u ith this caution, method II 
seems convenient for practical purposes 

‘Concept’. The word is used chiefly m three meanmgs 

I. Psychological meaning, a certam result or feature of a certam 
mental activity 
II. Logical meaning' 

Ila, narrowest sense property* 
nb, wider sense property or relation (attribute*) 
lie*, widest sense property, relation, or function 
III As ‘term’ or ‘expression’. 

Connections (§ 6, [II] § 3). Terms for propositional connections of 
degree two [They are relations between propositions, not sentences, 
absolute, not semantical concepts, m distmction to the correspondmg 
radical relations (§ 9), see Radical Terms, i.] Since there are no terms 
in ordmaiy language for these concepts, we take mto consideration: 
a the usage in symbohe logic, b the suitability of a term as a root for 
the correspondmg L-term (constructed by prefixing ‘L-’). 

I ‘ Implication’* . Although the use of this term by Russell for the 
propositional connection has sometimes led to misunderstandings, we 
keep it because it is widely used and suitable as a root for the L-termj 
Other terms ‘material implication’ (Russell), ‘conditional’]: (Quine) 
Wc may take into consideration terms used for L-imphcation (either 
between propositions or between sentences) or its converse, to see 
whether they suggest a suitable term for the connection, to be used 
simultaneously as a root for the L-term. ‘Strict impheation’ (Lewis), 
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‘formal implication’ (Cohen-Nagel), ‘tautologous implication’, ‘logical 
implication’, ‘necessary implication’ are themselves not suitable as 
roots, but suggest again the root ‘implication’ ‘Entailment’ seems 
possible but not better than ‘implication’ For the converse ‘con- 
sequence’ and ‘deducible’ seem suitable as roots for an L-term but 
not acceptable for the connection (‘consequent’ seems possible for 
both purposes) 

2 ‘Disjunction’* We keep the term because it is m general use 
Disadvantage it has the connotation of exclusion Other terms: 
‘alternation’ (Quine, following Johnson, the same disadvantage), 
‘logical sum’t (Russell) 

3 ‘Conjunction’* Generally used Other term ‘logical product ’J 
(Russell) 

4 ‘Equivalence’* Widely used, well in accordance with the mean- 
ing “the same truth-value ’’f 

5 ‘ Exclusion’*^ Other term ‘non-conjunction’J (Sheffer) Other 
terms for the correspondmg L-concept: ‘incompatibility’, ‘inconsist- 
ency’, they do not seem quite suitable for the connection (the second 
IS used in a different sense, see D31-2), 

6 ‘ Bi-negation’{*) might be considered for the neither-nor con- 
nection 

General remarks. 

t The terms (i), (4), and (5) origmally, m traditional logic and in 
everyday language, have the meaning of the correspondmg L-concepts 
This IS sometimes confusing for the beginner. On the other hand, this 
fact makes the terms suitable as roots for the correspondmg L-terms 

t This term, although suitable for the connection, does not seem 
suitable as a root for L- and C-terms. 

‘Consequence’, see: ‘Derivable’. 

‘Derivable’* (D25-A4) Other terms: ‘consequence’, ‘deducible’. 
These terms are used in two different meanmgs (leavmg aside their 
use in the sense of ‘provable’, which should certainly be avoided) 

I: As “ constructible (out of the premisses) with the help of the rules 
of inference (of the calculus in question) ”. 

II*' As “constructible (out of the premisses) with the help of the 
rules of inference and the primitive sentences” (D25-A4, D26-4). 

[Accordmgly, ‘provable’ is to be defined as follows. I. ‘derivable 
from the primitive sentences’, II*: ‘derivable from A’, D26-S.] Con- 
cept n is much more important than I, more characteristic for the 
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calculus in question If, in the construction of a calculus, we wish to 
make it possible to infer a certain sentence from certain other sen- 
tences, then we often have the choice of doing this by laying down 
either a primitive sentence or a rule of inference This diSerence has 
no effect upon the deductive power of the calculus and is therefore 
unessential, but it changes concept I, while concept II is the same in 
both cases Therefore, if we want a term for only one of the two con- 
cepts — otherwise we should have an unnecessary increase in the num- 
ber of terms — it seems preferable to use it for II* 

F-, see- ‘Factual’, Prefixes 

‘Factual’* (§ 21) Leibnix ‘verites de fait’ Other terms ‘syn- 
thetic’ (Kant), ‘material’, ‘empirical’, ‘contmgent’ (Leibniz) 

‘Formal’, ‘formalization’ (§§ 4, 24) Among the many meanings in 
which the term is used m modern logic, the following three seem es- 
pecially important. 

I As ‘general’ (in distinction to ‘singular’) 

II As ‘logical’, ‘necessary’ (eg truth) (m distinction to ‘factual’, 
‘contingent’) 

III* As ‘m abstraction from meaning’, ‘without reference to desig- 
nate’ (‘syntactical’*) 

I is used e g by Russell in his distinction between ‘material impli- 
cation’ (e g ‘P(a) D Q(b) ’) and ‘formal implication’ (e g ‘ (x) (P(x) D 
Q(x)) ’) It IS to be noticed, however, that a formal implication in this 
sense is merely a universal material implication (the truth of ‘ (x) (P(x) 
D Q(x)) ’ IS in general not more of a formal or logical nature in the 
ordinary sense of these words than that of ‘ P(a) D Q(b) ’ , it may like- 
wise be contmgent) 

‘Function’. This term is used for many difierent concepts. 

I. As ‘expression with free variables’ (§6). [Other terms ‘open 
expression’*, ‘functional’, ‘matrix*, ‘expressional function’*] Here 
we may distinguish two kmds: 

lA As ‘expression of sentential form with free variables’. [Other 
terms- ‘open sentence’*, ‘sentential function’*, ‘propositional func- 
tion’, ‘sentential (propositional, statement) matrix’ (Quine), ‘sen- 
tential (propositional) functional’, ‘sentential (propositional) form’ 
(Sheffer, Langer) ] 

IB. As ‘expression with free variables, not of sentential form’. 
[Other terms: ‘nominal function’, ‘functional’.] 
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II For the corresponding designatum (strictly speaking, the entity 
determined by the expression, §11) 

IIA As ‘ attribute ’■*' (§ 6) [Other terms, ‘propositional function’, 
‘attribute’, ‘concept’ ] 

IIB [Other terms' ‘object function’ (‘Gegenstandsfunktion’), 
‘correlation’*, ‘descriptive function’ ] 

Frege used the term ‘function’ m [BegrifEsschrift] for I, later m 
[Grundgesetze] for II Russell mixes the two uses (perhaps following 
Frege without being aware that Frege changed the meaning) as with 
‘proposition’ (which see) [For I I shall call the expression a 
propositional function” [Principles] p 13, ‘‘By a ‘propositional func- 
tion’ we mean somethmg which contains a variable x, and expresses a 
proposition as soon as ” [Prmc Math ] p 38, ‘‘A function is what 
ambiguously denotes . ” [Prmc. Math ] p 39 For II ‘‘The proposi- 

tional function ‘v has the relation i? to y’ will be expressed by the 
notation xRy" [Prmc Math ] p 26 ] The term has been taken from 
mathematics There it is m general use for II, its occasional use for 
I may be regarded as a loose way of speaking, 1 e as an abbreviation 
for ‘function expression’ Therefore it seems advisable to use the 
term ‘function’ m logic also primarily for II* (or IIB), and to search 
for a new term for I At present, no other satisfactory term for I is 
known, in this book, therefore, we use ‘expressional function’* for I 
and ‘ sentential function’ * for lA as long as no better term has been 
found, the adjectives ‘expressional’ and ‘sentential’ will make it clear 
that II IS not meant. 

Implication, see' Connections, Radical Terms 

L-, see Connections, ‘Formal’, Negation . , PreSxes, ‘Tautolo- 
gous’ 

Negation of L-terms. With respect to a given radical concept, we 
must distmguish between two negative L-concepts: 

I. The L-concept correspondmg to the negation of the radical con- 
cept (‘L-non- . . .’), 

2 the negation of the L-concept correspondmg to the radical con- 
cept (‘non-L- . ’) 

Examples 1 ‘A’ and ‘B’ are L-non-equivalent if ‘~(A = B)’ is 
L-true and hence ‘A = B’ L-false 2 ‘A’ and ‘B’ are non-L-equiva- 
lent (i.e. they are not L-equivalent) if and only if ‘A = B’ is not 
L-true, it need not be L-false but may be factual In many cases the 
radical term and its negation have httle use (e g ‘exclusive’) or none 
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at all (eg ‘deteniunate’, ‘dependent’, ‘complete’), whfle the corre- 
sponding L-tenn and its negation are useful It might be convenient 
to use m these cases the simpler and more natural form ‘L-m . ’ in- 
stead of ‘non-L- ’ In this way we might use ‘L-mdeterminate’ 
(instead of ‘non-L-determmate') as negation for ‘L-determinate’ 
(D14-1; D21-1), ‘L-mdependent’ as negation for ‘L-dependent’ 
(D14-3), ‘L- incomplete’ as negation for ‘L-complete’ (D14-4), and 
perhaps ‘L-mexclusive’ as negation for ‘L-exclusive’ (D14-2) (hence in 
the sense of ‘logically compatible’) The same convention might be 
made for the correspondmg C-terms 

^Postulate’, see. ‘Primitive Sentence’. 

Prefixes. I The use of prefixes for semantical and syntactical terms 

— quite aside from the question of which particular letters are chosen 

— leads to a considerable increase in simplicitj’- and uniformity of 
theorems Compare e g the foUowmg formulations (As old tennmol- 
ogy that of [Sjmtax] is taken, the result would be similar with the 
termmology of other authors ) 

Old Terminology New Terminology 

“If an equivalence sentence is “If an equivalence sentence is 
true, the two components have true, the two components are 
the same truth-value, if it is vahd, equivalent, if it is C-true, they 
they are equipollent, if it is ana- are C-equivalent, if it is L-true, 
lytic, they are L-equipollent ” they are L-equivalent ” 

2 Choice of letters as prefixes. The prefixes are added to radical 
terms m order to construct terms for the correspondmg syntactical 
concepts (‘C-’), for the L-semantical concepts (‘L-’), and for their 
counterparts (‘F-’). Th^ are added mostly to ‘ true’ and ‘imphcate’, 
therefore it is chiefly these terms that we take into consideration 
a ‘C-true’* (§28) for ‘true in a calculus’. Other possibihties: 
‘F-true’ for ‘formally true’ (but this might be mistaken for 
L-true), ‘D-’ for ‘deductively’, ‘S-’ for ‘syntactically’ or ‘m a 
(syntactical) system’ (but ‘S-’ might be misunderstood as ‘se- 
mantically’ or ‘in a semantical system’) 
b ‘L-true’* (§ 14) for ‘logically true’ Other possibilities ‘F-true’ 
for ‘formally true’ (but this might be mistaken for C-true); 
‘S-implication’ for ‘strict implication’; ‘N-true’ for ‘necessarily 
true’, ‘A-true’ for ‘analytic’ (Kant). 
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c. ‘F-true’* (§ 21) for ‘factually true’ For other possibilities, see 
‘Factual’ 

‘Primitive Sentence’* (§ 24) Other terms, i ‘primitive proposi- 
tion’; if, however, ‘proposition’ is used for meaning II*, it is a se- 
mantical term and carmot be used in the construction of a calculus; 
2 ‘postulate’, 3 ‘axiom’ I prefer to make a distinction between 
‘primitive sentence’ and terms (2) and (3), between a calculus and a 
postulate (or axiom) set The latter consists of a basic calculus with 
a certain interpretation (both are usually tacitly presupposed) and a 
specific calculus consisting of the postulates (see § 38(f) and [Foun- 
dations] § 16) 

‘Proposition’. The term is used for two different concepts, namely 
for certain expressions (I) and for then designata (II) 

I; As ‘declarative sentence’. Other terms: ‘sentence’*, ‘statement’ 
(Quine), ‘formula’ (Bemays). 

II*: As “that which is expressed (signified, formulated, represented, 
designated) by a (declarative) sentence” (§§ 6 and 18) Other terms 
‘Satz an sich’ (Bolzano), ‘Objectiv’ (A Meinong), ‘state of affaurs’ 
(Wittgenstein), ‘condition’. 

The philosophical dictionaries give only meaning I for the term 
‘proposition’ Lalande; “enonce verbal ”, “I’enonce d’un juge- 
ment”, quoting Bosanquet “the umt of language which represents a 
judgment” Baldwin: “a judgment expressed in words” Eisler 
“Satz (irpirao-is, propositio, enunciatio) ist . der sprachliche Aus- 
druck fur emen Gedanken”. Concise Oxford Dictionary (1931) 
“statement, assertion, especially (Logic) form of words Russell 
sometimes uses the term with meaning I [“An expression such as . . 
IS not a proposition, . . the expression becomes a proposition” 
[Prmciples] p 13, “the fact that propositions are ‘incomplete sym- 
bols’ ...” [Prmc Math] p 44, “a form of words which must be 
either true or false I shall call a proposition”. Our Knowledge of the 
External World, p 52] and sometimes with meaning II [“. sym- 
bolizes the proposition that " [Princ Math] p 15, “the symbol 
denotes one definite proposition” [Prmc. Math ] p 16, “ . what 
we call a ‘proposition’ (m the sense m which this is distinguished from 
the phrase expressmg it) . . .”, “ . . the phrase which expresses a 
proposition ...” [Prmc. Math ] p. 44, “ the propositions m the written 
expression of which such symbols occur ...” [Principles] Introd. to 
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2nd ed (1938), p ix ] This makes his explanations often difficult to 
understand. 

Many authors, even in books and papers in the field of symbolic 
logic, use some terms in the ambiguous way just mdicated for ‘propo- 
sition’, namely, sometimes for certam expressions and sometimes for 
their designata (besides ‘proposition’, eg ‘function’ (which see), 
‘propositional function’, ‘number’, and others) Further, the dis- 
tmction between speakmg about a sign (e g “we substitute ‘R’ for 
. . ’’) and using a sign in order to speak about its designatum (e g. 
“the relation R is symmetric”) is often neglected and hence the quotes 
m the first case are omitted Each of these two inaccuracies, the am- 
biguity of terms and the omission of quotes, would be harmless alone 
(the reader would understand both “the proposition ‘P(a) ’ ” and “the 
sentence P(a)” as “the sentence ‘P(a)’ ”) But the two combmed 
make many formulations ambiguous and even incomprehensible 
(Does “the proposition P(a)’' mean “the proposition P(a)’' or “the 
sentence ‘P(a)’ ”?) 

It seems that at present many authors (perhaps the maj’ority of 
those in modern, as distmguished from traditional, logic) use the term 
‘proposition’ with meaning IP [For example, Cohen and Nagel 
(p 28). “We have distmguished the proposition (as the objective 
meaning) from the sentence which states it”, Lewis and Langford: 
“the proposition . is the same with the fact that (p 472), 
“that sentence does name a fact (p 475), Langer (p 50)’ “any 
Imguistic statement of a proposition . ”, “any symbolic structure, 

such as a sentence, expresses a proposition, if ”, Quine (p 32): 
“propositions, not m the sense of sentences, but m the sense of what 
sentencesmaybetakentosymbolize”, A. A Bennett and C A Baylis, 
Formal Logic (p 47) “Propositions are usually expressed by sen- 
tences” ] 

Some authors use the term ‘proposition’ for meamng I but with 
the qualification that it applies to sentences only insofar as these are 
not regarded from a merely formal pomt of view but as having a mean- 
mg — in our terminology, sentences m semantics, not in syntax. This 
use seems to go back to Aristotle Followmg Schlick, I used the term 
in this w'ay m [Foundations] But it now seems to me preferable to 
use It m meaiung II, and then to use only one term (namely ‘ sentence ’) 
for I both in calculi and in semantical systems. 


‘Propositional Calculus’, see: Calculi. 
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'Propositional Function', see: ‘Function’. 

‘Propositional Variable', see: Vanables 

Quotes. I use quotes mainly in two ways 

1. By addmg quotes to an expression (sign, word) of a language, a 
name for that expression is constructed in the metalanguage for that 
language. [Examples a In English as metalanguage for a symbolic 
object language: “ ‘x’ is a variable”, “ ‘a’ designates Chicago”, b In 
English as metametalanguage* “ ‘equivalent’ is a semantical word”, 
“we define ‘implicate’ . . .” ] Concerning the necessity of distin- 
guishmg between an expression and its name, whether formed with the 
help of quotes or in some other way, compare: Frege [Grundgesetze] 
I, p. 4, [Syntax] § 42 The requirement of the distinction should of 
course not be pedantically exaggerated There is no objection to all 
kinds of shorter and simpler formulations, provided the reader can 
have no practical doubt as to what is meant. For examples of the con- 
fusion caused by a lack of the distinction, see ‘Proposition’ 

2. In a few cases, I mclude an expression (English word or phrase) 
m quotes although I am not speaking about that expression but about 
its designatum. This is done where the omission of quotes would look 
strange because of the restrictions of English grammar In these cases 
a word like ‘concept’, ‘property’, ‘relation’, etc , is always added, 
thereby it immediately becomes clear that it is not the expression but 
Its designatum which is being talked about [Examples I write “ the 
relation ‘implicate’ is . .” mstead of “the relation implicate is . . .”, 
because the latter formulation looks strange and might even be mis- 
understood, and because for the relation meant here, namely the con- 
verse of implication, there is no simple noun m English, likewise “the 
concept ‘logical’” mstead of the ambiguous formulation “the concept 
logical” or the awkward “the concept logicality” ] 

Radical terms. 

I. Choice of terms. For the chief radical properties of sentences there 
IS practically no problem of the choice of terms, the terms ‘true’ and 
‘false’ seem in accordance with general usage (see ‘True’). But the 
radical relations between sentences (eg implication, exclusion, etc., 
§ 9) are hardly ever referred to m everyday life or m traditional logic 
and only occasionally even m modem logic. Therefore, there are no 
terms for them in common use. It seems convenient to take for them 
the terms used for the correspondmg relations between propositions 
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(§ 17), 1 e. the propositional connections (see ‘Connections’)- Here, it 
sometimes seems convenient to use the adjectival form of the terms 
also, especially for the symmetric relations. Two sentences are then 
called (2) disjunct*, (3) conjunct (not used in this book), (4) equiva- 
lent*, (s) exclusive*, m relation to one another (§ 9) In the case of the 
non-symmetric relation (i) (implication) it seems convenient to have 
simple terms both for the relation and for its converse We use. 
implies (because it is customary m modern logic, although not 
in accordance with the ordinary meaning of the word) and (more 
frequently) ‘©, is an implicate of (D9-3), both these terms seem 
suitable as roots for L- and C-terms 

2 Midtiple use of the terms We use many radical terms m four 
different ways, namely, as designatmg relations between a. proposi- 
tions (eg “A IS equivalent to B”, D17-4), b sentences (“‘A’ is 
equivalent to ‘B’”, D9-4), c attributes ("P is equivalent to Q”, 
Dio-s), d predicates (“‘P’ is equivalent to ‘Q’”, Dio-iib). Since 
the context always shows the nature of the members of the relation, 
no confusion can arise from this multiple use The relations of the 
kmds (a) and (c) are absolute concepts, those of the kmds (b) and (d) 
are semantical This multiple use makes the practical application of 
the terminology much easier, otherwise we should need four times as 
many terms And it is sufficiently in accordance with general use 

‘ Semantics’ (§§ 4, 7) The term was coined by Michel J A Br6al, 
Essai de simantique, science des significations, Paris, 1897 (English 
translation. Semantics Studies m the Science of Meaning, London, 
1900) (Breal used it from 1883 on, see Lalande) Baldwm: “Se- 
mantics (or Semasiology) the doctrme of historical word meanings”. 
The term is used by A. Korzybski [Science and Sanity and many 
papers) for a theory concerning the use of language, and especially the 
causes and effects of, and cures for, certain misuses of language, thus 
here the term corresponds more to our ‘pragmatics’ For Chwistek’s 
use of the term, see ‘Syntax’ Other term with a similar meaning: 
‘semasiology’ (used in linguistics, sometimes also in logic, eg by 
Aj’dukiewicz, covering semantics in connection with pragmatics). 

‘Semiotic’ (§ 4). (Original meanmg’ medical theory of symptoms ) 
Locke- ‘‘Sriii&MTiKTi’, a science of signs and significations. Other terms 
used with a similar meanmg: i. ‘signifies’ (V. Welby, What is Mean- 
ing?, 1903, Baldwm: theory of signification, in all senses — verbal 
sense, intention, worth, also used by a group of Dutch mathematicians, 
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Brouwer, Mannoury, and others, with special emphasis on pragmatical 
questions), 2. ‘sematology’ (BuHer) The term ‘semiotic’ used with 
a different meaning see ‘syntax’, Hermes 

‘Sentence’, see ‘Proposition’. 

Signs, see: Variables. 

‘Syntax’, ‘Syntactics' (§§ 4, 24) Sometimes used for the general 
abstract theory of order and combinations (eg Cournot, Traits de 
I’enchainement . . , chap II, § ii (Lalande), he mentions the German 
word ‘Syntaktik’ used with this meaning) Morris ([Foundations] 
p. r3ff) distinguishes between ‘s)mtactics’ (for the wider field of 
formal (which see, meaning III) analysis of signs of any kinds, not 
only in declarative sentences) and ‘(logical) syntax’ (for the part of 
syntactics concerned with a formal analysis of declarative sentences 
only). Other terms used with a similar meaning r ‘Metamathemat- 
ics’, used by Hilbert for the syntax of mathematics, and sometimes, e g 
by the Polish logicians, used for the whole field of what we call syntax 
2 ‘Morphology’, used (besides ‘metamathematics’) by Tarski for 
syntax, but sometimes also in a wider sense, including semantics 
3. ‘Semiotik’, used by H Hermes {Sermohk erne Theone der 
Zeichengestalten als Grundlage fur Untersuchungen von forniahsierim 
Sprachen, 1938) for what we call pure general syntax, he seems to 
understand the term ‘syntax’ only m the sense of ‘ descriptive syntax’. 
4 ‘Semantics’, used by L Chwistek (eg Math Zeitschr 14, r922, 
Erkenntms 3, 1933) for a theory which seems to correspond to what we 
call syntax; whether this theory also contams semantical concepts is 
difficult to see because of a fundamental and thoroughgoing ambiguity 
m his formulations (of the kind described above under ‘Proposition’) 
— The reason for the choice of the term ‘syntax’ for the field of formal 
investigations is its close relationship to the branch of Imguistics 
usually called syntax, i e the theory of the construction of sentences 
out of words There is, however, this difference' the latter field is, on 
the one hand, narrower than the former because it does not mclude 
the theory of formal deduction, and, on the other hand, wider because 
it does not restrict itself to formal analysis but formulates rules which 
refer to designata Whenever a misunderstandmg seems possible, one 
might use the terms ‘logical syntax’ and ‘grammatical syntax’ for 
the two fields. 

‘Tautologous’, ‘tautology’. Two meanings: I: as ‘anal}rtic’, ‘L- 
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true’, II as “ true for each truth-possibility of the components on the 
basis of the truth-tables for the connectives” (compare § 15, this cor- 
responds to ‘L-true by NTT’ m [II] Dii-30) Wittgenstein intro- 
duced the term into modern logic, he perhaps meant I, but he defined 
it only with the help of the truth- tables, so that the concept defined is 
really II The former use of the term by the Vienna Circle m meaning 
I frequently led to misunderstandings Therefore it seems preferable 
to use It for II, if at all 

Theory of Systems. It would be convenient to have a term for 
the field in which semantical and syntactical systems are investigated 
This field contains pure semantics and pure syntax and, m addition, 
the study of the relations between syntactical and semantical systems 
(eg interpretation), the latter belongs neither to syntax nor to se- 
mantics Terms which might be considered i ‘systematics’ (but the 
adjective ‘systematical’ could hardly be used m this sense), 2 ‘sys- 
temics’ (suggested by K R Symon), 3 ‘(logical) grammar’ (Witt- 
genstein seems to use this term and likewise ‘(logical) syntax’ for an 
analysis which, m our terminology, combines syntactical and seman- 
tical questions but also covers what we call descriptive syntax and de- 
scriptive semantics, and perhaps even something of pragmatics). (If 
I had known a suitable term, I should have taken it instead of ‘se- 
mantics’ in the title of these studies ) 

‘True’ (§ 7) I Some philosophers restrict the use of the term to 
what we call factual truth But the wider use, including logical, neces- 
sary truth, is m accordance both with traditional use (e g Leibniz, 
Kant, and many others ‘necessary truths’) and with the generally 
accepted use m modern logic This wider use is also much more con- 
venient because the formulation of rules and theorems becomes much 
simpler ([Foundations] p 14). 

2. In another respect, there are chiefly three possible domains of 
application of the term ‘true’ (and likewise of ‘false’), it may be ap- 
plied (I) to propositions (m traditional terminology, ‘judgments’ or 
‘content of judgments’), (II) to sentences (m traditional terminology, 
‘propositions’), (III*) to both The concept I is non-semantical, it is 
absolute in the sense of § 17 (see D17-1) 11 is the semantical concept 
of truth (see § 7 or D20-13 or D17-C1) [The name ‘the absolute 
concept of truth’ has occasionally been given to II (e g by M. Ko- 
koszynska [Wahrheit]) If that name is to be used at all, it seems to be 
more appropriate for I.] Our use III* is deliberately ambiguous, see 
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above: Radical terms, 2 Multiple use In traditional philosophy and 
logic, all three uses seem to occur (Lalande “en parlant des jugements 
ou des propositions qui les expnment”) In modern logic, also, the 
use is not uniform Many authors speak of ‘true propositions’, but 
because of the ambiguity of this term (see ‘Proposition’) it is not clear 
whether they mean I or II Some accept I and reject II explicitly 
(eg Cohen and Nagel (p 27) “sentences are not true or false 
Truth or falsity can be predicated only of the propositions they 
signify”) But there seems to be an increasing tendency to accept II 
or III It seems that III* is also the one used in everyday language, 
although a clear decision on this question is hardly possible in view of 
the lack of precision m that language We may perhaps construe 
phrases like ‘true statement’, ‘true report’, ‘true enunciation’, as 
instances of II, and formulations of the form “it is true that ” as 
instances of I 

Variables (§§ 6, ii) Two possible ways of forming designations for 
kinds of vanahles (and analogously for kinds of constants, and for kinds 
of signs, comprehending both) I, with reference to their value-expres- 
sions (eg ‘sentential variable’, ‘predicate variable’, ‘functor vari- 
able’), II with reference to their values (designata) (eg ‘propositional 
variable’*, ‘function variable’, ‘individual variable’*, ‘numerical 
variable’, ‘real number variable’, ‘relation variable’) This question 
IS related to that of names for calculi (see Calculi) II seems 111 general 
more usual, but in some cases the terms (formed with the terms for 
designata given in §6) would be unusual (eg ‘property variable’, 
‘attribute variable’) The terms in II, when used in syntax, would be 
taken from the chief interpretation for the calculus in question, they 
would be used in this case as technical terms for certain syntactical 
classes of variables and not understood as saying something about 
designata (m the same way as terms like ‘predicate’, ‘numerical ex- 
pression’, ‘sign of negation’, etc , are used in S3aitax). Disadvantage 
of II: strange combinations like “propositional variables and other 
sentences”, “a predicate which is a variable is an attribute variable”, 
etc. But II might, nevertheless, be preferable 
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§ 38. Outline of Further Semantical Problems 

Here are listed some problems of semiotic and, especially, 
semantics, which either could not be discussed sufficiently in 
the present treatise or have not been mentioned at all. It is 
planned to deal with some of them m subsequent volumes of 
these studies 

a General semantics and general syntax. It seems desirable to con- 
struct general semantics and general syntax systematically This 
might be done in the form of systems of postulates in such a way that 
first a system is constructed exhibiting the features which are common 
to radical semantics, L-semantics, and syntax This system might 
then be branched out into three systems for the three theories men- 
tioned The use of the new concepts mentioned in (b) below may lead 
to a simplification of these systems 

h The propositional calculus and its interpretations The system of 
the ordinary truth-tables for the connectives is a semantical system 
which we may call propositional logic It is known to be a true in- 
terpretation of the ordinary propositional calculus (see § 35) consist- 
ing of primitive sentences and rules of inference It can easily be shown 
to be, moreover, an L-true interpretation This mterpretation will be 
called the normal mterpretation of the propositional calculus It can 
be shown that there are two kinds of true interpretations for the propo- 
sitional calculus which are non-normal. Hence, the propositional 
calculus IS not, as seems to be generally believed, a full formalization 
of propositional logic in the sense of not admittmg further syntactical 
determmations If certain new syntactical concepts are used, which 
are not definable on the basis of those ordmarily used, the proposi- 
tional calculus can be supplemented m such a way that the normal 
interpretation is the only true mterpretation for it. 

The introduction of the new concepts into the common foundation 
of syntax and semantics wdl also have other consequences of a more 
general nature It will eliminate the lack of symmetry in this foun- 
dation which we found at several places (e g §§ 9, 14, 28) and 
thereby simplify the structure of the whole edifice of syntax and seman- 
tics (In [II], the propositional calculus and its mterpretations will 
be analyzed and the new concepts wiU be introduced ) 

c. L-semantics The distinction between logical and descriptive 
signs and the distinction between logical and factual truth belong to 
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the most important problems of logical analysis Our previous dis- 
cussion has shown the difficulties connected with the problem of a 
general formulation of these distinctions (§§ 13 and 16) This problem 
is very much in need of further mvestigation The discussion might 
perhaps distinguish between the two cases of an extensional and a 
non-extensional metalanguage (see d). 

d Extensional and non-exiensional languages Besides extensional 
language systems, non-extensional (so-called intensional) ones should 
also be studied as object languages both m semantics and m syntax. 
(An extensional system contams only extensional connectives, i.e 
such as possess truth- tables, compare D 10-21 and 22 ) Among non- 
extensional connectives different kinds are to be studied, especially 
those designating logical modalities (like those of Lewis’ system of 
Strict Implication, compare §§ 17 and 18) and those designating 
physical or causal modalities Today no satisfactory and sufficiently 
comprehensive system for the connectives of the first kind exists, and 
no system at all for those of the second kmd, it seems 

If and when a satisfactory non-extensional system is constructed, 
it would be worth while to examine how it can be applied as meta- 
language, especially for semantics, and whether this application would 
have advantages in comparison with an extensional metalanguage 
Certam conditions, especially in L-semantics, seem to pomt in this 
direction (see § 16 at the end, §§ 17 and 18) But the situation is at 
present not yet clear enough for a judgment 

e Antinomies. Some of the so-called logical antmomies or para- 
doxes belong to the field of semantics, e g. the antinomy of the con- 
cept ‘heterological’ and that of the concept ‘false’, usually called 
“the Liar” The modern analysis of these antinomies and of their 
consequences for logic, especi^y by Russell, Ramsey, Godel, and 
Tarski, has brought clarity concerning the nature of the antmomies, 
shown ways of avoiding them, and led to further important results 
It seems that the problem and the results will gam clarity if looked 
at from the present semiotical pomt of view, especially by distmguish- 
mg between the semantical and the syntactical form of the antmomies 
(For their syntactical representation, compare [Syntax] § 6oa-d ) 

/ Postulate systems Postulate systems (or axiom systems), whose 
construction has been found so useful m mathematics, geometry, and 
physics, are, regarded from the point of view of semantics and syntax, 
combinations of two parts, a basic system and a specific addition. The 
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basic system usually contains logical words like ‘not’, ‘and’, ‘every’, 
etc , these are not dealt with in a formal way but taken m their ordi- 
nary meanmg Therefore this part of the system is semantical, though 
not explicitly The specific part, however, is taken in a formal way, 
deductions are carried out without presupposing a particular interpre- 
tation Therefore this part is syntactical What is usually called the 
construction of a model for a postulate set is the construction of an 
mterpretation for this S3mtactical part (compare [Foundations] § 16). 

Hence, the general theory of postulate systems, dealing with the 
various kinds of such systems and with problems of consistency, in- 
dependence, completeness, monomorphism, existence of models, etc , 
IS a branch of general syntax and general semantics Hence, when 
general syntax and general semantics has been developed sufficiently, 
the theory of postulate systems will be in a position to make use of 
the concepts and theorems of these fields 

g. Truth, probability, degree of confirmation For certain concepts 
which are related to the concept of truth m some way it is first essential 
to see their difference from the concept of truth, with which they are 
sometimes identified erroneously, and second, to study their nature 
and their relation to the concept of truth Because of the fact that 
strict verification for factual sentences is not possible, the concept of 
verification has to be replaced by the concept of confirmation and the 
concept ‘verified’ by ‘confirmed to such and such a degree’ Some- 
times the concept ‘verified’ is taken as being the same as ‘true’ — 
although the difference between these two concepts becomes obvious 
from a semiotical analysis, since the first is pragmatical and the second 
semantical On the basis of this error, it is then believed that the con- 
cept of truth has to be replaced by the concept of degree of confirma- 
tion Sometimes a second wrong identification is combined with the 
first, namely, that of the concepts of probability (in the statistical sense, 
as used m the mathematical calculus of probability and its applica- 
tions) and of degree of confirmation The second concept is pragmatical 
(although there are corresponding syntactical and semantical con- 
cepts), but the first is not (Probability can be expressed either as a 
semantical concept, applied to sentences or predicates, or as an ab- 
solute, non-semiotical concept, expressible in the object language, ap- 
plied to events, 1 e propositions or attributes ) On the basis of these 
two identifications, the view is sometimes held that the concept of 
truth has to be replaced by that of probability, while in fact these two 
concepts are to be used one beside the other. Fmally, the concept of 
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probability was identified in previous stages of the development of the 
theory of probability, and by some philosophers is still identified to- 
day, with the concept of the degree of belief This concept is, however, 
a pragmatical, psychological concept 

It may be expected that the nature of these and related concepts 
and their relations to one another will become more clear by an analy- 
sis from the point of view of semiotic and its branches, making use of 
the concepts to be developed in pragmatics, semantics, and syntax 

h Philosophical problems It has turned out to be very fruitful to 
look at the problems of theoretical philosophy from the point of view 
of semiotic, 1 e to try to understand them as problems which have to 
do with signs and language in one way or another Among problems 
of this kind we may first distmguish between those problems — or 
components in complex problems — which are of a factual, empirical, 
rather than logical nature Thqr occur especially in the theory of 
knowledge and the philosophy of science If construed as problems of 
semiotic, they belong to pragmatics They have to do, for instance, 
with the activities of perception, observation, comparison, registra- 
tion, confirmation, etc , as far as these activities lead to or refer to 
knowledge formulated in language On the other hand, We have the 
problems of logical analysis, they occur in what is known as logic and, 
combined with problems of the first kind, in the theory of knowledge 
and the philosophy of science These problems belong either to seman- 
tics or to syntax The first is the case if the logical analysis takes into 
consideration the meaning of the expressions (m our technical terminol- 
ogy, their designata), the second, if the analysis is carried out in a 
purely formal way 

Many sentences in philosophy are such that, in their customary 
formulation, they seem to deal not with language but merely with cer- 
tain features of things or events or nature m general, while a closer 
analysis shows that they are translatable into sentences of L-seman- 
tics Sentences of this kind might be called quast-logical or crypto- 
logical By translating quasi-logical sentences into L-terms, the 
philosophical problems mvolved will often become clearer and their 
treatment m terms of L-semantics more precise. The same problems 
can often also be formalized and then dealt with by syntactical meth- 
ods if a suitable calculus corresponding to the semantical system m 
question and formalizing its L-concepts is constructed This way of 
syntactical reformulation of philosophical problems has been dealt 
with in [Syntax] Chapter V The method of semantical formulation 
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of philosophical problems is to be developed in an analogous way; it 
may sometimes turn out to be more appropriate than the syntactical 
method (compare § 39 below) 

i Apphcahon of semiotic in empirical science A great number of 
sentences m the books and papers m all branches of empirical science 
do not belong to the object language but to the metalanguage, in other 
words, they do not speak about the things and events of the field in 
question but about the laws or other sentences of the field, which in 
their turn deal with the events The difference between these two 
kinds of sentences is often not manifest in the ordinary formulation, 
but can easily be exhibited by a simple analysis. (See the examples 
of sentences of a treatise in physics in [Syntax] § 85, and examples 
in psychology in S S Stevens, “Psychology and the Science of Sci- 
ence,” Psychological Bulletin, vol 36, 1939, Appendix I, p 251 ) If an 
author in any field of science is conscious of this distinction between 
metasentences and object sentences, and, within the first kind, of the 
distinction between pragmatical, semantical, and syntactical sentences, 
then many ambiguities and mutual misunderstandings in scientific 
discussions might be avoided 

§39. Remarks on “Logical Syntax of Language” 

The modifications which the views explained in my earlier 
book [Syntax] have to undergo, especially in view of semantics, 
are here indicated Most of the earlier results remain valid. 
But certain concepts, especially the L-concepts, are now re- 
garded as semantical, not syntactical, hence, the earlier at- 
tempts at syntactical definitions for them are abandoned 
Many of the earlier discussions and analyses are now seen to be 
incomplete, although correct, they have to be supplemented by 
corresponding semantical analyses The field of theoretical 
philosophy IS no longer restricted to syntax but is regarded as 
comprehending the whole analysis of language, including syn- 
tax and semantics and perhaps also pragmatics 

I wish to indicate how the views exhibited in my earlier book. The 
Logical Syntax of Language, have to be modified as a result, chiefly, 
of the new point of view of semantics (The German original of the 
book appeared in 1934, the English translation with additions in 1937 ) 

Parts I, II, and III of [Syntax] belong to special syntax They deal 
with two particular calculi called Language I and Language II. Here 



§ 39 . REMARKS ON “LOGICAL SYNTAX” 


247 

no decisive modifications have to be made Today I should not call the 
rules in § 14 rules of I but rather rules of a different though related 
system, say It, containing transfinite rules, instead of ‘analytic in I’, 
I should say ‘provable in It’ Analogously, §§ 34b to f give the rules 
for system lit, defining ‘provable in lit’, etc. By the way, the rules 
for lit can be brought into a technically more simple but not essen- 
tially different form by a procedure analogous to the method (origi- 
nated by Tarski) of defining ‘true’ in semantics. 

The principle of tolerance (perhaps better called “principle of con- 
ventionality”), as explained in [Syntax] § 17, is still maintained It 
states that the construction of a calculus and the choice of its particular 
features are a matter of convention On the other hand, the construc- 
tion of a system of logic, 1 e the definitions for the L-concepts, within 
a given semantical system is not a matter of mere convention, here the 
choice is essentially limited if the concepts are to be adequate (see 
above, § 16) And if a semantical system S is given, then the con- 
struction of a calculus K in accordance with S is also not purely con- 
ventional , in some respects the features of K may be chosen arbitrarily, 
in other respects they are predeternuned by S (compare above § 36, 
and [Foundations] § 12) 

[Syntax] Part IV gives an outline of general syntax, which “is to be 
regarded as no more than a first attempt” ( [Syntax] § 46) Here, as 
was to be expected, greater changes are necessary Some definitions 
(especially those for L-concepts) have to be abandoned In general, 
the syntactical discussions remain valid , but in many cases, they should 
be supplemented by semantical discussions 

The most important change concerns the distinction between logical 
and descriptive signs, and the related distinction between logical and 
factual truth. It seems to me at present that these distinctions have to 
be made primarily m semantics, not in syntax. They can then also be 
formalized, 1 e represented by S3mtactical concepts with respect to a 
suitably constructed calculus. But even this procedure is not entirely 
independent of semantics, because the question whether or not a 
given syntactical concept, eg ‘C-true m K’ is the formal represen- 
tation of the corresponding L-concept, say ‘L-true in S’, is a question 
which cannot be answered in syntax alone Its answer depends not 
only upon the syntactical features of K but, in addition, upon the 
semantical features of S and its relation io K {K might, for instance, 
be an L-exhaustive calculus for S, see D36-3 ) The syntactical L-con- 
cepts defined in [Syntax] §§ 50 to 52 will in many cases be the formal 
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representations of the corresponding semantical L-concepts, and the 
syntactical P-concepts of the semantical F-concepts But this corre- 
spondence will not hold with respect to every calculus and every 
semantical system And it does not seem possible to define in general 
syntax concepts which would correspond to semantical L-concepts 
with respect to every system Therefore I abandon the definitions in 
§§ so to 52 

With respect to the concept of range ( [Syntax] § 56) an analogous 
remark holds It is primarily a semantical L-concept (‘L-range’, see 
above, §§18 and ig) In this case, however, a certain analogous con- 
cept in general syntax is of some mterest too (‘C-range’, see above, 
§ 32), although m general it will not coincide with the concept of 
L-range 

A second change is more one of emphasis and terminology than of 
content In [Syntax] §§ 34a and 47 , 1 emphasized very much the dis- 
tinction between two procedures of deduction, called dertvatton and 
consequence series, the first using only definite rules, and the corre- 
sponding distinction between two kinds of concepts and terms based 
on these two kinds of procedure (called ‘d-concepts’ and ‘c-concepts’ , 
in the original, ‘a-Begriffe’ and ‘f-Begriffe’) At present, I prefer to 
simplify the terminology by usmg the same terms for both kinds of 
concepts The chief reason is that I found in the meantime that the 
same procedure, namely the construction of a sequence of sentences, 
can be applied with both kinds of rules This has been briefly indi- 
cated above (see remark concerning transfinite rules at the end of § 25) 
and will be explained in a later volume Thus, the previous term ‘con- 
sequence in K’ IS now replaced by ‘derivable in K\ and the previous 
term ‘derivable in K’ becomes ‘derivable in the sub-calculus of K 
which contains only the finite rules of K’ or simply ‘derivable in K’ 
if K contains only finite rules 

The syntactical characterization of the propositional connections 
(‘junctions’) as given in [Syntax] § 57 holds for many calculi but not 
for all, hence it is not adequate m general syntax It is possible to 
define the connections not only in semantics but also in general syn- 
tax, but not on the basis of those concepts hitherto used by logicians 
The new syntactical concepts and the syntactical characterization of 
the propositional connections with their help will be explained in vol 
II of these studies (see above, § 38b) An analogous remark holds for 
the characterization of universal and existential operators in [Syntax] 
§ 55. But with respect to these operators, it seems doubtful whether 
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they can be defined at all in general syntax, with respect to all kinds of 
calculi 

I should prefer now to call the procedure called interpretation in 
[Syntax] § 62 a transformation of one calculus into another (or a 
translation or a correlation), in order to reserve the term “interpreta- 
tion’ for a relation between a semantical system and a calculus (see 
above, §§ 330). 

I now regard extenstonaltty as primarily a semantical concept (see 
above, D 10-20 and 21), but there is a S3mtactical concept correspond- 
ing to it (see above, 031-12 and 13) Thus the discussion of exten- 
sionality in [Syntax] §§ 6sff remains valid in general, but it has to 
be supplemented by a semantical discussion The thesis of extensional- 
ity IS still held as a supposition ( [Syntax] § 67) , it can be applied to 
the semantical concept of extensionality mtensional (i e non-exten- 
sional) sentences are translatable mto sentences of an extensional 
language, translatability is here meant in the strong sense of 
L-equivalence 

In [Syntax] § 71 (2) it was asserted that an analysis of language is 
either formal, and hence syntactical, or else psychological Today I 
would say that, in addition to these two kinds of analysis (the second 
IS what IS now called pragmatical) , there is the possibility of semantical 
analysis Hence I no longer believe that “a logic of meaning is super- 
fluous”, I now regard semantics as the fulfillment of the old search for 
a logic of meaning, which had not been fulfilled before in any precise 
and satisfactory way 

Instead of the prefix ‘S-’ in [S5Titax] § 7rb I should now use ‘C-’ 
(compare above, §§22 and 37). 

The concept of quasi-syntactical sentences plays a large role in the 
discussions in [Syntax] §§ 632 and Part V. It seems to me at present 
that the concept of quasi-logical sentences (see above, § 38h) is more 
important in connection with the same problems (non-extensional 
sentences, especially modalities, philosophical problems in general) 
But in many cases it will still be convenient to translate sentences of 
this kind not only into L-semantical sentences but, in addition or in- 
stead, into syntactical sentences with respect to a suitably constructed 
calculus, in other words, to construe them not only as quasi-logical 
but as quasi-syntactical Therefore, the discussions in the sections 
mentioned remain valid; but they should be supplemented by corre- 
sponding semantical discussions. 
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In [Syntax] Part V, many examples of philosophical sentences are 
translated into syntactical ones It follows from the preceding re- 
marks that they may first be translated into semantical sentences and 
then, under suitable conditions, into syntactical sentences also. For 
some of these examples, chiefly those which have to do with designa- 
tion and meaning ( [Syntax] § 75, and examples S4) SSi^nd S6i° § 81)1 
the semantical translation seems more natural Some of the examples 
of this kind involve radical concepts (e g. examples 7 and 9 in § 75) , 
thus they are not quasi-logical Some even refer to a speaker or his 
activity (e g examples 15 and 16 in § 75) , therefore, they belong to 
pragmatics but involve semantical concepts also. 

The explanation of the dangers of the material mode of speech — 
which IS now to include the quasi-logical sentences in addition to the 
quasi-syntactical ones — m [Syntax] §§ 78-80 remains valid 

The chte] thesis of Part V, if spht up into two components, was like 
this: 

a. “(Theoretical) philosophy is the logic of science” 

b “Logic of science is the syntax of the language of science.” 
(a) remains valid It is a terminological question whether to use the 
term ‘philosophy’ in a wider sense, including certain empirical prob- 
lems If we do so, then it seems that these empirical problems will 
turn out to belong mostly to pragmatics. Thesis (b), however, needs 
modification by adding semantics to syntax. Thus the whole thesis is 
changed to the following the task of philosophy is semiotical analysis; 
the problems of philosophy concern — not the ultimate nature of being 
but — the semiotical structure of the language of science, including 
the theoretical part of everyday language We may distinguish be- 
tween those problems which deal with 1±e activities of gaining and 
communicating knowledge and the problems of logical analysis Those 
of the first kind belong to pragmatics, those of the second kind to 
semantics or syntax — to semantics, if designata (“meaning”) are 
taken into consideration, to syntax, if the analysis is purely formal. 

For the convenience of the readers of [Syntax], there is given below 
a list for the translation of terms of [Syntax] (here in italics, the terms 
of the German original are added m square brackets) into the present 
terminology The translation is not always a strict one When two 
new terms are given (as e.g. for ‘demonstrable’), they are sometimes 
not synonymous but so closely rdated that both correspond practically 
to the same old term. 
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analyhc [analytisch] — L true* 
axiom [Axiom] — postulate 
compatible [vertraghch] — non C exclu 
swe, (C mexclusive) 
complete [vollstandig] — C complete 
consequence [Folge] — derivable*, C- 
implicate* 

consistent [konsistent] — C consistent 
content [Gehalt] — C content 
contradictory sentence [kontradiktorisch] 
— L-false* 

contradictory system [widerspruchsvoll] 
— C inconsistent * 

contravalid [widergultig] — refutable *, 
C false* 

demonstrable [bew eisbar] — provable *, 
C true* 

dependent [abhangig] — C dependent 
derivable [ableitbar] — derivable C 
implicate* 

determinate [determimert] — decidable*, 
C detenmnate* 

direct consequence [unmittelbare Folge] 

— directly derivable* 

directly derivable [urumttelbar ableitbar] 

— directly derivable* 

equipollent [gehaltgleich] — C equiva- 
lent 

extensional [exten«ional] — C exten- 
sional 

formation rules [Formbestinimungen] — 
rules of formation 

genus [Gattung] — syntactical genus 
Gothic (symbols) [Fraktur] — German 
incompaliVe [unvertraglich] — C exclu 
sive 

indeterminate [mdetermimert] — unde- 
adable*, C mdetenmnate’ 
independent [unabhangig] — C-inde- 
pendent 

intensional [intensional] — non-exten- 
sional 

interpretation [Ceutung] — (translation, 
transformation, correlation) 
irresoluble [unentscheidbar] — undecid- 
able*, C mdetemiinate* 
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isogenous [gattungsgleich] — C-isoge- 
nous 

junction [Verknupfung] — connection 
junction symbol [Verknupfungszeicben] 
— connective 

language [Sprache] — calculus, (lan- 
guage system) 

L compatible [L vertragbch] — non L- 
exclusive *, (L mexclusive) 

L consequence [L Folge] — L implicate 
L equipollent [L gehaltgleich] — ^L-equiv- 
alent * 

L incompatible [L unvertraglich] — L 
exclusive * 

non contradictory (system) [wider- 
spruchsfrei] — C consistent * 

P consequence [P Folge] — F implicate ' 
P contravalid [P widergultig] — F false* 
perfect [abgeschlossen] — C perfect 
P mild [P gultig] — F true * 
range [Spielraum] — C range, (L range*) 
refutable [niderlegbar] — refutable*, C- 
false* 

regressive (definition) [rekursiv] — re 
cursive 

resoluble [entscheidbar] — decidable *, 
C determinate* 

resolution (method, problem of) [Ent- 
scheidung] — decision 
rides of consequence [Folgebestimmun- 
gen] — (transfinite) rules of deduc- 
tion 

sentential calculus [Satzkalkul] — propo- 
sitional calculus 

5 i3 mmetrical [S-symmetnsch] — C- 
symmetnc 

symbol [Zeichen] — sign 
synonymous [synonym] — C inter- 
changeable 

synthetic [synthetisch] — factual *, (L- 
mdetemunate*) 

transformation rides [Umformungsbe- 
stimmungen] — rules of deduction 
truth value table [Wahrheitswerttafel] — 
truth-table 

valid [gultig] — provable *, C-true * 



APPENDIX 


252 

Remarks' 

^ This term tj belongs to semantics and is therefore defined in a 
way quite drfierent from the old syntactical term ti with which it is 
correlated here The syntactical term ti was previously intended to 
represent a concept which is now seen to be semantical and hence is 
designated by the semantical term t2 (This holds especially for the 
old L- terms, the correspondence between the old P-terms and the 
new F-terms is still less close ) 

This new term tj (eg ‘derivable’, and likewise ‘C-implicate’) 
corresponds to two old terms tu (‘consequence’) and tib (‘derivable’), 
tia being a c-term and tib a d-term, the termmological distmction be- 
tween c- and d-terms has been abandoned (see above remark on 
[Syntax] §§ 34a and 47) 

Most of the terms of [Syntax] not listed above are still used in the 
same sense, or a similar one, as before, among them are ‘atomic sen- 
tence’, ‘autonymous’, ‘bound variable’, ‘calculus’, ‘closed expres- 
sion’, ‘conjunction’, ‘definite’, ‘derivation’, ‘descriptive’, ‘design’, 
‘disjunction’, ‘equivalence’, ‘formal’, ‘formal mode of speech’, ‘free 
variable’, ‘fuU expression’, ‘functor’, ‘general syntax’, ‘miplication’, 
‘indefinite’, ‘L-content’, ‘L-deteiminate’, ‘level’, ‘logical sign’, 
‘L-synonymous’, ‘material mode of speech’, ‘molecular sentence’, 
‘negation’, ‘object language’, ‘open expression’, ‘operand’, ‘operator’, 
‘predicate’, ‘pr emiss ’, ‘primitive sentence’, ‘proof’, ‘sentence’, 
‘sentential function’, ‘truth-value’, ‘type’. 
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